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On The Transversal Vibrations of A Conveyor Belt with
A Low and Time-Varying Velocity. Part |: The
String-like Case.

G. Suweken and W.T. van Horssen *

Abstract

In this paper initial-boundary value problems for a linear wave (string) equation
are considered. These problems can be used as simple models to describe the vertical
vibrations of a conveyor belt, for which the velocity is small with respect to the wave
speed. In this paper the belt is assumed to move with a time-varying speed. Formal
asymptotic approximations of the solutions are constructed to show the complicated
dynamical behavior of the conveyor belt. It also will be shown that the truncation
method can not be applied to this problem in order to obtain approximations valid
on long time scales.

1 Introduction

Investigating transverse vibrations of a belt system is a challenging subject which has been
studied for many years (see [1-4] for an overview) and is still of interest today.

The main purpose of studying the dynamic behavior of a belt system is to know the
natural frequencies of the vibrations. By knowing these natural frequencies, the so-called
resonance-free belt system can be designed (see [3]). Resonances that can cause severe
vibrations can be initiated by some parts of the belt system, such as the varying belt speed,
the roll eccentricities, and other belt imperfections. The occurrence of resonances should be
prevented since they can cause operational and maintenance problems including excessive
wear of the belt and the support component, and the increase of energy consumption of
the system.

Belt vibrations can be classified into two types, i.e. whether it is of a string-like type or
of beam-like type, depending on the bending stiffness of the belt. If the bending stiffness
can be neglected then the system is classified as string (wave)-like, otherwise it is classified
as beam-like. The transverse vibrations of the belt system may be described as:
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e string-like by
Use + 2V Uy + Vitly + (kV? — )ty = 0,and (1)

e beam-like (with a string effect) by

Eyl
Uy + 2V gy + Viu, + (HJV2 - 02>umr + 1143/ Ugzrr = 07 (2)
p

where:
u(z,t) : the displacement of the belt in the y (vertical) direction,

: the time-varying belt speed,
: the wave speed,
: Young’s modulus,
: the moment of inertia with respect to the x (horizontal) axis,
: the mass density of the belt,
. the area of the cross section of the belt,
: a constant representing the relative stiffness of the belt. Its value is
in [0, 1],
: coordinate in horizontal direction, and

t : time.

The beam-like system with a low time-varying speed will be considered in the forth

coming paper [5]. In this paper we will study the string-like case where the belt velocity
V(t) is given by

T DN <

8

V(t) = (Vo + asin(§2)), (3)

where € is a small parameter with 0 < ¢ < l,and V and « are constants with V5 > 0
and Vy > |a|. The velocity variation frequency of the belt is given by Q. In fact the small
parameter € indicates that the belt speed V(t) is small compared to the wave speed c. The
condition V > || guarantees that the belt will always move forward in one direction. It
will turn out that certain values of €2 can lead to complicated internal resonances of the
belt system.

While for more accurate results, a non-linear model is required, it is not meaningless
to investigate first a linear model. Knowledge about linear models is important in order to
understand results found in non-linear models, especially for those cases which are weakly
non-linear. For non-linear models describing the dynamic behavior of belts, we refer the
readers to [4], [6], and [7]. In [7] the role played by the external frequency of the non-
constant belt velocity and the bending stiffness is studied. It is found that, as the bending
stiffness tends to zero, the system behaves more like a string and its dynamics becomes
more complicated than the beam-like system.

Most belt studies involve mainly belts moving with a constant velocity. Recently in
a series of papers [8-11] several authors considered the vibrations of belts moving with
time-dependent velocities and the vibrations of tensioned pipes conveying fluid with time-
dependent velocities. In fact in [8-11] the equations (1) or (2) have been studied, where
V() as given by (3) belongs to cases that have been studied in [8-11]. To find approxi-
mations of the displacement of the belt in vertical direction the authors use in [8-11] the
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method eigenfunction expansions, the Galerkin truncation method, and the multiple-time-
scales perturbation method as for instance described in [12,13]. To apply the method of
eigenfunction expansions, special attention has to be paid to terms involving u, and uy
in (1) or (2). To apply the truncation method the internal resonances between the vibra-
tions modes have to be studied. In [8-11] the terms in (1) or (2) involving u, and u,; are
not treated correctly, and it is assumed in [8-11] that truncation to one mode (or a few
modes) is allowed. In this paper we will show that truncation is not allowed. In [8,10]
no instabilities of the belt system (as described by (1)) were found using the truncation
method when the velocity variation frequency 2 is equal to or close to the difference of
two natural frequencies of the constant velocity system. In this paper it will be shown
that also instabilities can occur when 2 is equal to or close to the difference of two natural
frequencies of the constant velocity system. In [4] and in [14-18] several remarks can be
found on how and when truncation is allowed. In those papers weakly nonlinear problems
for wave and for beam equations have been studied.

In this paper we consider the vibrations of a belt modeled by a string moving with
a non-constant velocity V(t) = €(Vy + asinQt), where Vj, «, and 2 are constants with
Vo > |a|. The velocity V(¢) can be considered as a periodically changing velocity such that
the belt still moves in one direction. This variation in V'(¢) can be considered as some kind
of an excitation. In relation to excitations, some results in this area have been obtained
in [19] and in [20]. In [19] problems for a string moving with a constant velocity are
considered for which one of its ends (i.e. z = L) is subjected to an harmonic excitation.
In [21], the vibrations of the string at © = L is forced to be v(x,t) = vocosQt. In [21]
the author also studied the case where one end of the moving string is subjected to an
harmonic excitation to represent the case of a belt traveling from an eccentric pulley to
a smooth pulley. Whereas the case where both ends of the string are excited is studied
in [22]. In that paper a moving string model is used to study the transverse vibrations of
power transmission chains. In all of these papers[19-22], the belt velocity is assumed to be
constant.

This paper is organized as follows. In section 2, an equation to describe the transversal
vibrations of a belt (which is modeled as a string) is derived. Here we assume that the
belt moves with an arbitrary low velocity which is varied harmonically, i.e. V(t) = ¢(V +
asinQt). In section 3 we study the energy and the boundedness of the solution of the
problem as derived in section 2. In section 4 we discuss the application of the two time-
scales perturbation method to solve the equation. It turns out that there are infinitely
many values of {2 that can cause internal resonances. In this paper we only investigate the
resonance case {2 = <. All other resonance cases can be studied similarly. In this section
it will also be shown that the truncation method can not be applied to this problem due
to the distribution of energy among all vibration modes. In the last part of section 4 we
also study a detuning case for the value 2 = <. Finally, in section 5 some remarks will be
made and some conclusions will be drawn.



2 A string model

In this section the dynamic behavior of a conveyor belt which is modeled by a moving
string is studied. Since the belt is assumed to move with a speed V(¢) (which explicitly

u(x,t)
AN A
X

Figure 1: Conveyor belt system

depends on t) we obtain for the time-derivative of the transversal displacement u(z,t) of
the belt

Du 0Ou Oudxr Ou ou
Dt ot Oxdt Ot ox
and for the second order derivative with respect to time
D?u
D = W + 2V gy + Vg, + Viug,. (5)
Accordingly, we have the following equation of motion
D?u
T Tx NaYO R
ou P th
CQU:{::{: = Uy + 2vuzt + VQUCCCC + ‘/tu:ca (6)
where ¢ = %, in which Tj, and p are assumed to be the constant tension and the constant

mass-density of the beam, respectively. At x = 0 and © = L we assume that the string is
fixed in vertical direction, where L is the distance between the pulleys.

For V (t) we use V(t) = e(Vp + asinQt) with Vy > 0 and V > |«|. This low velocity
should be interpreted as low compared to the wave speed ¢ of the belt. The condition
Vo > |a| guarantees that the belt will always move forward in one direction. Consequently
(6) becomes:

ClUpe — Uy = €[S cos(Q)u, +2(Vo + asin(Q))uy] +
[V + asin(Qt)]* gy, (7)



where the boundary and initial conditions are given by

u(0,t;e) = wu(L,t;e) =0,

U(ZE, 0; 6) = f(ZU) and ut(x> 0; E) = g(ﬂf), (8)
where f(x) and g(z) represent the initial displacement and the initial velocity of the belt,
respectively. Throughout this paper it is assumed that f and g are sufficiently smooth
such that a two times continuously differentiable solution for the initial-boundary value
problem (7) - (8) exists. Moreover, it is assumed that all series representations for the
solution u (and its derivatives), and for the functions f and g are convergent.

To satisfy the boundary conditions all functions should be expanded in Fourier- sin-
series. So the solution is of the form u(x,t;€) = Y00, u,(t;€) sm(”zr). This is an odd
function in z, both with regard to x = 0 and z = L. All functions in the right hand side
of (7) should be extended properly to make them odd with respect to x = 0 and = = L,
and periodic with period 2L thereof. Note that this extention or expansion process is not
applied in [8-10] causing the occurence of incorrect results in the critical values of €.

To make the right hand side of (7) odd, terms which are not already in Fourier-sin-series
form in z are multiplied with (see also [14,17]):

1 if 0 < x < L . 2+ D
H(x)_{ 1 if -L < 2 < 0 E 23+1 sin () )
Substituting (9) into (7) results in
> (25 + V)rz
c‘u Uy ]Zo o +1 ( )[a cos(Qt)u
2(Vo + asin(Qt))ug] + (Vo + asin(Qt))*uy,. (10)

Substitution of u(x,t) = 307 uy(t; €) sin(*F*) into (10) results in:

i <— (%)zun — un> sin (n”) 2:: Z 5t 1) sin ((2j +Ll)7ra:)

n=1

(aQ cos(Qt) - 7 ", cos (T) + 2 (Vo + asin(t)) TU" cos (?)) _

622(‘/()+OéSiDQt ( )unsin (11)

By multiplying (11) with sin( k”) and by integrating the so-obtained equation with respect
to x from x = —L to x = L, we obtain:

ckr )’
iy, + (T) Uy = € [Z Z Z } 2] Y L (a2 cos(2t)u,+
2(Vo + asin(Qt))a,] + (Vo + asin(Qt))? <kg> U, (12)

where Zl = Zk:n—(2j+1)722 = Zk:2j+l+n7 and 23 = Zk=2j+1—n . Equation (12) will be
studied further in section 4.



3 Energy and boundedness of the solution

We are going to use the concept of energy in many parts of the next sections. In this
section we shall derive the energy of the moving string as modeled by the wave equation

CUyy = Uy + 2V Uy + V:Uge + Vi, (13)
By multiplying (13) with (u; + Vu,) we obtain after some elementary calculations
L, Loo 1o,
(§ut + uVu, + 5C Ua + §V ug)e +
1 1 1
(—cugu; — 502Vui + Vui + V:uu, + §V3u§ — §Vut)z = 0. (14)

Integrating (14) with respect to = from z = 0 to z = L, and then integrating the so-
obtained equation with respect to ¢ from ¢t = 0 to ¢, we obtain:

L1 1 1t
/0 (508 + Vs + 5(¢* + V)| _gdo = 3 /0 (2 — VA Vu2|L_dt. (15)

The energy E(t) of the moving string is now defined to be:
1 /L
B(t) =5 [ (e + Vi) + ud)da. (16)
0
So, (15) can be written as

_ _ Lt o oL
B(t) - E(0) = ; /O (2 — VA V2|l dt
dE 1

& = (@ = VAV (ul(L,1) = u(0.1)),
< Mv, (17)

where M is the maximum of 3(c* — V?) (u2(L,t) — u2(0,t)), where we have assumed that
u(z,t) is two times continuously differentiable on 0 < x < L and 0 < ¢ < Te ™! for some
positive constant 7' < oco. It follows from (17) that % < O()on0<t<Te since V
is O(¢). And so, E(t) — E(0) < O(et) on 0 < t < Te . The following estimate on u(z,t)
then also holds

(e, ) = \/Oxux(x,t)dm\S/Ox\ux(a:,tﬂdx
< /L\ux(m,tﬂdx

0

< \//OL 12dx\//0L 2. %(c%u% + (u + Vug)?)de
= VL\/2E(1), (18)

on 0 <t < Te ', We refer to [23] for more detailed descriptions of energetics of translating
continua.




4 Application of the two time-scales perturbation
method

Consider again equation (12). The application of a straight-forward expansion method
to solve (12) will result in the occurrence of so-called secular terms which causes the
approximations to become unbounded on long time-scales. To remove those secular terms,
we introduce two time-scales to =t and t; = et. The introduction of these two time-scales
defines the following transformations:

up(tie) = wilto, trse),
duy,(t; €) Owg  wy,

@ o
dQUk(t; E) 62wk 62wk 2 82wk
dt? ot * “Otoot, e o3 - (19)
By substituting (19) into (12) we obtain:
0wy, 0% wy, o 02wy, ckr\”
_— 2 p—
o oot at2 L)
. Qwy,
>, -3, Z] 2j+1 > (a2 cos(Q)wn +2[V5 + asin(Qt) 7)) +
O(e?). (20)

Assuming that Wi (to, tl; E) = wko(to, tl) + €Wy (to, tl) + e2wk2(t0, tl) +... then in order
to remove the secular terms up to O(¢), we have to solve the following problems:

82wk0 ckm 2
O(l) . 61% +< L) wkozo,

_ 9wy ek’ awko
O = 5 +<L> WhL = o X -5 Z} 2]+1L

(aQ cos(Qt)wyo + 2(Vo + asin(2t)) a;m) :
0

The O(1) problem has as solution

ckmty

. (ckmt
wio(to, t1) = Aro(t1) cos (——) + Byo(t1) sin (——), (21)
where Ay and Byg are still arbitrary functions that can be used to avoid secular terms in
the solution of the O(e)-problem.

From the O(e€) problem it can readily be seen that there are infinitely many values of {2
that can cause internal resonance. In fact these values are (n 4 k)<, (n — k)<, (k —n)5E,

and —(n + k), where k =n —2j — 1, or k =2j+1—mn, or k =n+2j+ 1 (see also the
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summations in (12)). It is also easy to see that these values for Q) are always odd multiples
of & (or are in an O(e)-neighbourhood of these odd multiples). In [8] and [10] the critical
values of €2 are found to be even multiples of the natural frequency. These incorrect results
in [8] and [10] are due to the fact that certain terms in the PDE (that is, terms involving
u, and u, in (7)) are not extended or expanded correctly.

To show how the secular terms can be eliminated we will consider three cases: ) =
I, = & +¢0, and the case that € is not in a neighborhood of an odd multiple of {2 = <.

4.1 Case 1: ) = %

In appendix 1 it has been shown for ) = 9¢ what equations Ao(t1) and Byo(t1) have to
satisfy such that the approximations of the solution of the problem do not contain secular
terms. It turns out that Ay and By have to satisfy:

dB
dffo = —(k+1DAgsno = (k= 1 Ag-10,
dA
d{ko = (k+1)Bgy1yo + (K —1)Bg-10,
1
(22)
where t; = Zti, and k = 1,2,3,.... For Q@ = m% where m is odd the same analysis as

presented in appendix 1 can be followed. It then follows that A,y and By have to satisfy
(k=1,2,3,..):

df{ko (k+m)(2k +2m — 1) (k—m)(2k —2m + 1)

- Bl 0
dty m(2k +m) (k) F m(2k —m) (k=m0
dBro _ (k+m)(2k+2m —1) B (k:—m)(2k—2m~|—1)A
dty m(2k +m) (k+m)0 m(2k —m) (h=m)0:

It should be noticed that for m = 1 this system of ordinary differential equations is reduced
to system (22). In this section we will study system (22), which is a coupled system of
infinitely many ordinary differential equations.

4.1.1 Application of the truncation method

First we will try to find an approximation of the solution of system (22) by using Galerkin’s
truncation method. So, we will use just some first few modes and neglect the higher order
modes. For example, in the case we consider the first 3 modes, we obtain from (22):

X = AX, (23)



Bio 0 00 —-20 0

Aqg 0 0 2 0 0 O

v | B 10 -10 0 0 =3
where: X = Ao and A= 1 00 0 3 0 ,

Bsg 0 0 0 =20 0

Asg 0 0 2 0 0 O

and where X represents the derivative of X with respect to ¢;. This system has eigen-
values 2v/2i, —2v/2i, and 0, all with multiplicity 2. Their associated eigenvectors are:
(0,1,/2i,0,0,1),(1,0,0, —v/2i,1,0), (1,0,0,/2i,1,0), (0,1,
—/2i,0,0,1),(—3,0,0,0,1,0) and (0,—3,0,0,0,1), respectively. The solution of (23) is
then given by:

Byo(t1) = Cj cos(2\/§t1) + (4 sin(2\/§t1) — 3Cs5,

Ap(ty) = C cos(2x/§t1) + Oy sin(2\/§t1) — 3C5,

By(t) = —V2C;sin(2v2t;) + V20, cos(2v/2t,) — V2C, cos(2v/2t1),

Ayp(t) = V20, sin(2\/§t1) — V20, cos(2\/§t1),

Bao(t;) = Cscos(2v/2t) + Cysin(2v/2t)) + Cs,

Aso(ty) = Ccos(2v2t) + Cysin(2v/2t)) + Cg, (24)

where C1,Cs, ..., Cy are all constants of integration. Note that we have dropped all the
bars in (24).

From the initial conditions (8), that is, u(z,0) = f(x) and u.(x,0) = g(z) it follows
that

flz) = i 1(0: €) sin (’”T“")

& 0; L/ sm )dx,

g(z) = 2_: i, (0; €) sin (’”TI)

& u(0€) = %/OLg(x) sin (me)dx (25)

Moreover, since u(0; €) = wg(0, 0; €) = wko(0, 0)+ewg1(0,0)4+. .. and 4y (0; €) = wg(0,0;¢€) =
wWro(0,0) + €1 (0,0) + ... it follows that

kmx
wo(0,0) L/ ) sin (T)dw,
Wo(0,0) L/ s1n )dx. (26)

From (21) and (26) we then obtain

Ako(0 =7 / sm )dx and



Figure 2: Approximations for u(z, t) with initial displacement f(z) = = sin(7x) and initial

velocity g(z) = 0. The graphs are given for x = 0.5,¢ € [45,55], and € = 0.01.

Byo(0) = 2 /OL g(x)sin (me)dx (27)

 ckm
Equation (27) can be used to calculate the constants in (24).
In summary, after all constants in (24) have been calculated, wgo(to,t;) can be deter-
mined using (21). Then u(x,t;€) can be approximated by 33 _, u(t; €)

s (kT
sin(“7%).
For example, using 1, 2, or 3 modes, respectively, with f(z) = =8 sin(7x),

3
g(x) =0,¢c = L =1 we find as approximations for u(x,t;¢):

P cos(mty) sin(mx),

Q

u(z, t;€)

— 4+/2
u(z, t;e) = —f cos(V/2t1) cos(mty) sin(mz) + —\/?f sin(v/2t, ) sin(27t,) sin(27x),
7T 7T

2 6 2+/2
u(z, t;e) = (_ﬁ cos(2v/2t,) — ﬁ) cos(mtp) sin(mx) + W—\/; sin(2v/2t, ) sin(27t)

sin(2rz) + (;—f cos(2v/2t) + %) cos(3to) sin(37). (28)

The graphs of these approximations for u(x,t) for x = 0.5 and ¢ = 0.01 are depicted in
Figure 2.

For more than three modes, eigenvalues and eigenvectors become more and more dif-
ficult to compute by just using pencil and paper. Using the computer software package
Maple , the eigenvalues of system (22) have been computed up to 20 modes and are listed
in Table 1. From the table, it can be seen that the eigenvalues of the truncated system are
always purely imaginary, each has multiplicity two, and for an odd numbers of modes we
get an additional pair of zero eigenvalues. From the approximations (28) and from table

10



1 it can readily be seen that the truncation method will not give accurate results on long
time-scales, that is, on time-scales of order e~!.

4.1.2 Analysis of the infinite dimensional system (22)

In the previous subsection we found that if system (22) is truncated then the eigenvalues
of the truncated system are always purely imaginary or zero. In this section we shall show
that the results obtained by applying the truncation method are not valid on time-scales
of order e 1.

By putting kBpo(t1) = Yro(t1) and kAo (t1) = Xpo(t1), system (22) becomes:

dY;
p = E[—=Xk11)0 — Xk—1)0);
131
dX
dtko E[Y(kt1)0 + Yie—1)0)s (29)
1
for k=1,2,3,..., and Xy = Yy = 0.
Accordingly we also have:
YioYso = —k[YioX @10 + YioX k1)),
XioXwo = k[XkoYrs1)0 + XroYk-1)0]- (30)

By adding both equations in (30), and then by taking the sum from k£ = 1 to co we
obtain:

1 d >
52 d_tl(Yk20 +Xi0) = D _[Xer10Yio — YirnoXiol- (31)
k=1 k=1
By differentiating (31) with respect to ¢; we find (see also appendix 2)
1> d2 o)
5 @(Yko +Xi) = Z Xio + Vi), (32)
k=1""1 k=1

and so, by putting 372, (X7, + Y;3) = W (t;) we finally obtain:
d*W (ty)

dt?
The solution of (33) is W (t;) = Kie*' + Kye ' where K; and K, are constants. Note

that W (t;) is a first integral of system (22). K; and K, are both positive numbers as is
shown in the following calculation. From W (t;) = 372 [ X7, + Y;3] it follows that

— AW (t;) = 0. (33)

Z [XZ,(0) +Y2(0)]>0= K, + Ky, >0 (34)

Differentiating W (t;) with respect to t; and then putting ¢; = 0 we get:

[e.e]

K1 — Kz = [Yio(0)X(11)0(0) = Xko(0)Y(r41)0(0)]- (35)

k=1

11



From (34) and (35) it then follows that

[e.e]

2K, = Z:[XI?O(O) + Y,5(0) + Y20(0) X (541)0(0) — X50(0)Y(k11)0(0)]

1

1
= _X120(0) +

2 1 2 1 2
5 53/10(0) + §(X10(0) — Y(0))" + 5(3/10(0) + X50(0))" +
£ (Xa0(0) = ¥in(0))? + 5(Vao(0) + Xi(0))* + ..+
5 (X0(0) — Yiueno(0) + 5 (¥ao(0) + Ko 0))7 +

> 0. (36)

So, K7 > 0 and 0 if and only if X(0) = Yi(0) = 0 for each &k = 1,2,3,.... Using a
similar method, K5 also can be shown to be a non-negative number. Consequently, W ()
is, in general, non-negative and increases as t; increases. This behavior is different from
the behavior of Ag(t;) and Byo(t1) as obtained by applying the truncation method. If
we apply the truncation method, we merely obtain sin and cos functions for A,y and By
while the energy (see next subsection) is described by exponential functions. This means
that the approximations obtained by applying the truncation method to system (22) are
not accurate on long time-scales, that is, on time-scales of order ¢ .

4.1.3 The energy

The energy E(t) of the conveyor belt system can also be approximated using the function
W (ty). Since

i lAko t1) cos (CkL t) + Bio(t1) sin (ckzrt)l sin (lmrTx) + O(e) (37)

it follows that the energy E(t) satisfies

1 L 2 29
Et) = 5/ (ug +vuy)” +c um} dx
. kmt krty )
= —§ k2 < Akosm(z)%—Bkocos(%)) +

<Ak0 cos (Ckzrt) + Byosin ( dmt)) 2] + Ofe)

L
C27T2 o)
= E [(k}Ako)2 + (ICBk())ﬂ + 0(6)
k=1
C27T2 e ) ) )
Y ;[Xko + Yol + O(e)
=1



cAn?

- @w(tl) +O(e) (38)
= E(Kle2t1 + Kye 2) + O(e). (39)

So, the energy increases, although it is bounded on a time-scale of order %

4.2 Case 2: () = %T + €0

In this section we will consider the detuning from 2 = <, that is we will study the case
Q0 = ¥ + € where 6 = O(1). In order to avoid secular terms in the approximation, it can
be shown (the calculation are similar to those in section 4.1) that Ayo(t1) and Byo(t1) have
to satisfy:

dA _ - _
d{ko = (k+ D[Bt1) cos(0t1) + A@1yosin(dt1)] + (kK — 1)[Bg—1)0 cos(dty) —
1
A(k—l)O Sin(éfl)]u
dB _ L _
dfko = —(]C + 1)[A(k+1)0 COS(5t1) — B(k+1)0 81n(5t1)] — (k? — 1)[A(k_1)0 COS(5t1) +
1

Bg_1y0 sin(681)], (40)

for k =1,2,3,.... It should be noticed that for 6 = 0 we obtain again system (22). For
convenience, we will drop the bar from #;.

The calculations as given in section 4.1.2 can be followed again, and we obtain:
d*W(t

dt—g 1) + ((52 — 4)W(t1) = D1§2, (41)

1

where W (t;) is defined as in section 4.1.2, and D; = W(0). Elementary calculations then
yield:

Dl 2 D2 .
for ‘5| < 2: W(tl) = 4_752[4C0Sh(t1 \/4 - 52) -0 ] + m Sll’lh(tl\/4 — 52),
1
for ‘5| =2: W(tl) = D1 + DQtl + §D152t%,
D D .
for [0] >2: W (t;) = 52 _1 4[(52 —4cos(t1Vo? —4)] + \/5227—4 sin(t;V02 — 4),

where Dy = d‘ilvtgo). The interesting features of these solutions are, that for |§| < 2, W (t;)

(and so the energy) increases exponentially. For |0 = 2, W (¢;) increases polynomally, and
finally for |§] > 2, W (¢;) is bounded due to the trigonometric functions.
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4.3 Case 3: The non-resonant case

If ) is not within an order e-neighborhood of the frequencies that cause internal resonance,
that is, not within an order e—neighborhood of m< (with m odd) then Ago(¢1) and Byo(t1)

L
have to satisfy

dAko dByo
=0 =0 42
dtl 7 dtl 7 ( )

in order to avoid secular terms. Consequently, Ax(t1) and Byo(t1) are constants, say K1y
and K2g. So, we have ugo(tg,t1) = Klgo cos(Ck’L”O) + K25 sin(Ck’LrtO). Since u(z,t) =
S ug(t) sin(*T%) ) where u(t) is approximated by wp(to,t1), it follows from the initial

L
conditions u(z,0) = f(x) and u(x,0) = g(x) that

2 L . kmx
Kly = E/o f(x)sm(T)dx, and

K2, = i/Lg(a:) sin (me)dx (43)

ckm Jo

The energy E(t) of the conveyor belt system for this case can be approximated from:

u(z,t) ~ g:l (Klko cos (ck‘zto) + K20 sin (ckzt0)> sin (kana:) + O(e), (44)

where K1yo and K2 are given by (43). Then,

E(t) = /OL(U? + *u?)dz + O(e),

< (ckm)? 2 2
= X551 (K13, + K2,) + OCe),
C27T2 o) 2 )
= SR (K1, + K25) 4+ O(e). (45)
2L b
Using (43), we finally obtain:
2 2L = 1 ?
BE(t) = = V f"sin ] -
w2
L3 < 1 ’
T Zk;4 [/ g sm dx] + O(e)
= constant + O(e). (46)

5 Conclusions

In this paper we studied initial-boundary value problems which can be used as models to
describe transversal vibrations of belt systems. The belt is assumed to move with a non-
constant velocity V(t), that is, V(t) = ¢(Vo + asin(Q2t)), where 0 < ¢ < 1 and Vp, , 2 are

14



constants. Formal approximations of the solution of the initial-boundary value problem
have been constructed. Also explicit approximations of the energy of the belt system
are given. It turns out that there are infinitely many values of € giving rise to internal
resonances in the belt system. These values for {2 are m<< + €6 where m is an arbitrary
odd integer, < is the lowest natural frequency of the constant velocity system, and ¢ is a
detuning parameter of O(1). For 2 = < +¢0 (that is, m = 1) the problem has been studied
completely. The following interesting results have been found: for |0| < 2 the energy of
the belt system increases exponentially, for |§| = 2 the energy increases polynomally, and
for [0] > 2 the energy is bounded and varies trigonometrically. When €2 is not in an order
e—neighborhood of m< (with m odd) the energy of the belt system is constant up to order
€. All the results found are valid on long time-scales, that is, on time-scales of order € ~*.

One major conclusion in this paper is that the truncation method can not be applied
to obtain asymptotic results on long time-scales (that is, on time-scales of order ¢ ') when
Q) is in an order e—neighborhood of an odd multiple of the lowest natural frequency of the
constant velocity system. Moreover, in this paper we improve the (incorrect) results and
applied methods as for instance given and used in [8-11].

Appendix 1

To avoid secular terms in the approximation for u(z,t;€) we will show in this appendix
that the function Agg(t1) and Byo(t1) have to satisfy:

dAgo(t
% (k + 1) Bso(tr) + (k = 1) Bge—no(t1),
1
dByo(t
% = —(k+ 1D Agao(t) — (k= D) Ag_1o(t1) (A-1)
1
for K =1,2,3,.... This can be derived as follows. After introducing a slow and a fast time

in section 4, we obtain:

82uk0 ckm

- 2 —
O(1) oi2 + ( 7 )uro = 0,
- Pupy ko, 8 Uk
Ol = G+ () um = =255 MDD VEDD } 29 T1)L
(a2 cos(Qt)ung + 2(Vo + asin(2t)) a(;ino,
0

where 351 = i 2j41)) 22 = Zk=ntaj+1, and X3 = Y011, and where ) = . The
solution of the O(1) problem is wuyo(to, 1) = Ako(t1) cos(Z) + Byo(ty) sin(%r), where
Ayo and By can be determined from the O(¢€) equation by removing terms in the right
hand side of this equation that cause secular terms in wy; (o, t1)-

The first term in the right hand side of the O(€) equation causing secular terms is

_2 g;%];l 2 ckm [d:?tk() Sln( Ck]zrt() ) + dgko COS( Ckz‘to )]
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Taking apart those terms in the second term of the right hand side the O(e€) equation
that cause secular terms, we find:

2naQ

5,5, 5 2 st -
{Z Z Z } 2naQ L cos(Qto)[Ano(t1) cos(cnzto) + Byo(t1) sin(

cnmty

)

acm ck:7rt kE+1
=72 cos ( I 0) l(k? + 1)A(k+l)0 — (k- 1)A(kz—1)0 - 2kjiJrlA(kJrl)o—
k — actt ., ,cknt
o 1A(k 1)0 ] 72 Sin ( 7 “) [k + 1) Byno — (k= 1) Bg-1o -
E+1 k—1 " . .
_ )0} + “terms not giving rise to

Y] (k410 ~ 57
secular terms in ug;”

Similarly we find for the third term:

6un0

{Z Z Z} o +1 7 (Vo + asin(Q2ty)) o =

cnm cnmty )

{Z Z Z} 2 —l—lL (Vo + asin(Qtg))— 7 {Bnocos( 7

. scenmt acm ckmt
Ay sin ( 7 0)] = 72 €08 ( 7 0) [ —2(k + 1)* Ao — 2(k — 1)*Agp-1y0 +
2(k +1)2 2(k —1)* acr . ,ckmiy
ok b1 0 T Ty Agno] + 2 o ( L )
2(k +1)2
[ — 2(/{5 + 1)2B(k+1)0 — 2(/{5 — 1)2B(k_1)0 + (QT—G—BB(k+1)O —
Q(k - 1)2 )
0% 1 Bk-1)0 } + "terms not giving rise to secular terms in wg;”.

Collecting all terms in the right hand side of the O(e) equation containing cos( %)
and all terms containing sin( Ck}jto) and then setting their coefficients equal to 0 in order to
remove the secular terms, we obtain (A-1).

Appendix 2

In this appendix we will show that:

1 o0 o0
5 Z Yko + X5) = Z Xi+Y0) (A-2)

k:l
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From (4.12) and (4.13) it follows that

[e.e]

> d— Ya+ X)) = > [YioYro + XeoXno]
k=1 s

= Z[X(k+l)0Yk0 - Y(k;+1)0Xk0].
k=1

N =

Differentiating this expression with respect to ¢, and using (4.11) we find:

1.0 o . . . .
5 Z Y;fg + X5 = Z[X(k—l-l)OYkO + Xtk11)0Yr0 — Y110 Xk0 — Yit1)0X k0]
k’=1 k=1

= Sk DX+ YA = S (m - DX+ Y

= 22+ YR) S (k)X + V2] -
§2<m S [XZ, 4 V2
= X+ Y2+ YAk ) — (k- ]XE 1 YR

- 2(X120 + Y120) + Z 2[X,§0 + Ykzo]
k=2

= Z Xio + Y.

And so, (A-2) has been proved.
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No. of | Eigenvalues of matrix A Dimensi-
modes | (all multiplicity 2) on eigen-
space of A

1 0 2

2 | V2 4

3 0, £2v/2i 6

4 +1.137, +£4.33¢ 8

5 0, +2.307, +5.89: 10

6 +7.50¢, £1.00¢, +3.564 12

7 0, +£9.15¢, £2.05z, £4.90¢ 14

8 +10.837, +0.93¢, £3.18¢, £6.304, 16

9 | 0,+12.54i, +1.89, +4.38i, +7.74i 18

10 +14.264, £0.877, £5.65i, +9.23i, 2.93¢ 20

11 0,+16.01%, +1.78¢, £4.05¢, £6.97¢, +10.76¢ 22

12 +17.767, £0.83¢, £2.76i, +5.224, +8.337, £12.314 24

13 0,4+19.53¢, +1.70¢, +3.814, £6.45¢, £9.73¢, +13.88i, £19.53¢ 26

14 +21.314, £15.482, +0.80%, £2.637, £4.92¢, +7.72¢, +11.164 28

15 0, +23.114, +17.10¢, +1.644, +3.63¢, 6.077, £9.03i, £12.63¢ 30

16 +24.914, £18.73i, +0.78¢, £2.53i, +£4.68i, +7.28i, +10.384, 32
+14.114

17 0, +£26.714, +20.38:, +1.58¢, +3.49¢, £5.79¢, £8.524, +11.751, 34
+15.62i

18 +28.53i, +£22.05¢, +0.75¢, £2.45i, +4.504, +6.937, £9.79¢, 36
+13.162, £17.152

19 0, £30.35¢, +23.72¢, +1.544, +3.374, £5.55¢, £8.124, +11.104, 38
+14.58¢, £18.70¢

20 +32.184¢, £25.414, +0.73¢, £2.38i, +4.344, +6.657, £9.33¢, 40
+12.43:, £16.032, 20.27:

Table 1: Approximations of the eigenvalues of the truncated system (22).
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