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Abstract. In this paper initial-boundary value problems for a string (a wave) equation are considered. One
end of the string is assumed to be fixed and the other end of the string is attached to a dashpot system, where
the damping generated by the dashpot system is assumed to be small, and is assumed to be proportional to
the vertical and the angular velocity of the string in the endpoint. This problem can be regarded as a rather
simple model describing oscillations of flexible structures such as for instance overhead power transmission
lines. A semigroup approach will be used to prove the wellposedness of the singularly perturbed problem.
It will be shown how a multiple scales perturbation method can be used effectively to construct asymptotic
approximations of the solution on long timescales. Based on these asymptotic results the effectiveness of the
dashpot system is discussed.
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1. Introduction

There are examples of flexible structures such as suspension bridges and overhead trans-
mission lines that are subjected to oscillations due to different causes. Simple models which
describe these oscillations can be expressed in initial-boundary value problems for wave
equations like in [1, 4-6, 10-13, 16, 17] or for beam equations like in [2, 3, 9, 14, 15, 24]. To
suppress the oscillations various types of boundary damping can be used (such as described
in [4, 6, 14-18]). For instance in [4] a spring-mass-dashpot system at one end of a string has
been applied. In [4] it has been assumed that the damping generated by the dashpot is only
proportional to the vertical velocity of the string in the endpoint, and it has been shown
in [4] that the energy of the string decays to zero, but does not decay uniformly to zero.
When the damping generated by the dashpot is also proportional to the angular velocity in
the endpoint it has been shown in [6] that for certain values of the dashpot-parameters the
energy decays uniformly to zero. How the oscillations of the string tend to zero remains an
open problem in [6].

In most cases simple, classical boundary conditions are applied ( such as in [1-3, 10,
12, 13, 24]) to construct approximations of the oscillations. For more complicated, non-
classical boundary conditions ( see for instance [6, 11, 14-18]) it is usually not possible
to construct explicit approximations of the oscillations. In this paper, we will study such
an initial- boundary value problem with a non-classical boundary condition and we will
construct explicit asymptotic approximations of the solution, which are valid on a long time-
scale. We will consider a string which is fixed at * = 0 and attached to a dashpot system at
T =T.

* On leave from State University of Sriwijaya, Indonesia
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To derive a model for flexible structures such as suspension bridges or overhead trans-
mission lines we refer to [2, 3, 12, 13]. It is assumed that [ (the length of the string), p
(the mass-density of the string per unit length), 7' (the tension in the string), and &, ( (the
damping coefficients of the dashpot which are assumed to be small), and k (for instance the
stiffness of the stays of the bridge) are all positive constants. Furthermore, we only consider
the vertical displacement (%, £) of the string, where  is the place along the string, and # is
time.

2|

Figure 1. A simple model for a flexible structure.

After applying a simple rescaling in time, space, and in displacement (¢t = \/; ?f, r =7z,

@(%,1) = u(x,t)), putting 3 = € (\/Tp%) B, & = ey/Tpa, and p? = (I/7)?L) we obtain as a
simple model for the oscillation of the string the following initial-boundary value problem
for u = u(zx,t) :

utt—um—i—pzu =0,0<z<mt>0,
u(0,t) = 0,t>0,

/-\/_\/_\A

Ugp(m,t) = —€(Buge(m,t) + au(m,t)), t >0,
u(z,0) = ¢(z), 0 <z <m, 4
u(z,0) = P(z), 0 <z <, (5

where € is a small, positive parameter with 0 < € < 1, where « and 3 are positive constants,
p? > 0, and where ¢ and 1 are the initial displacement and the initial velocity of the string
respectively. The functions ¢ and 1 are assumed to be sufficiently smooth and to be of order
one.

By using a semigroup approach (as described in [8, 22]) the well-posedness of problem (1) -
(5) will be proved for all ¢ > 0. The presence of the term u,; in the boundary condition at z =
7 will give rise to a singularly perturbed problem. In fact, it will turn out that a characteristic
layer near x = w will play an important role in the construction of an approximation of the
exact solution. To construct formal approximations of the solution of the singularly perturbed
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problem the method of multiple scales or that of matched asymptotic expansions can be used.
However, when the method of matched asymptotic expansions (as for instance described in
[7, 19-21, 23, 24]) is used at least two (inner and outer) expansions( which must be matched
and assumed to have an overlap domain) have to be generated. Usually it is extremely
difficult to give a justification of the asymptotic results when the method of matching is
applied to problems for partial differential equations. When the method of multiple scales
is used the problem with matching can more or less be avoided. Moreover, the asymptotic
validity of the results can be obtained more easy as will be shown in this paper. So for that
reason we will use the method of multiple scales to construct asymptotic approximations of
the solution of the initial - boundary value problem (1) - (5).

This paper is organized as follows. In section 2 we will show that the solution of the initial-
boundary value problem (1) - (5) is bounded. In section 3 we will prove the well-posedness of
the problem for all £ > 0. In section 4 a formal approximation of the solution of the problem
will be constructed explicitly, and in section 5 the asymptotic validity of the approximations
will be proved on a long time-scale. Finally, in section 6 some remarks will be made and
some conclusions will be drawn.

2. On the boundedness of solutions

In this section we will show that the solution wu(z,t) is bounded if an expression which is
related to the initial energy is bounded. By multiplying the PDE (1) with u; and then by
integrating the so-obtained equation with respect to « from 0 to m and by taking into account
the boundary conditions (2) and (3) we obtain

0 ™ 15} 2

5| (et + ) ) dot Dl =S, ©
where o and [ are positive constants. By integrating (6) with respect to ¢ from 0 to ¢ we
then obtain

p(t) = /O " (1) + R 0) + PR, )) do o R ()

= 50~ = [ w2 s)ds < p(0) (7)

Note that p(t) > 0. By using the Cauchy-Schwarz inequality it now follows that

< Uﬂ/OTr u2(s,t)ds < \/ﬂ'p(t) < \/ﬂ'p(O). (8)

And so, u(x,t) is bounded if the initial energy of the string and u (7, 0) are bounded.

lu(z, £)] = ‘/O ua(s, £)ds
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3. The well-posedness of the problem.

In this section we will show that the initial - boundary value problem (1) - (5) with 0 < e < 1
is well-posed for all ¢ > 0. To show the well-posedness we will use a semigroup approach (as
for instance described in [8, 22]). For that purpose we define the following auxiliary functions

a(t) =u(e,t), b(t) =u(e,t), n(t) =eluy(m,t). 9)

We note that these auxiliary functions are functionals which map [0, 7] into . For simplicity,
we denote a, b, n for a(t), b(t), n(t) respectively. By differentiating these functions with respect

to t we obtain
Qg b
bt = Ay — p2a . (10)
Tt _ax(ﬂ) - 5046(77)

Next, we define the following function spaces:
V= {a € HY0,n], a(0) =0}, H:={y(t) = (a,b,n) €V x L?[0,7] x R}. (11)
We equip the space H with the inner product (-, -) : H x H — R which is defined by

{y, §) = 62ﬁ2/0 (agdy + bb + p*ad)dx + gnﬁ, (12)

where y = (a,b,n) and § = (a, b, 7)) are in H. Observe that this inner product is based upon
a function which is related to the energy of the string (see also (7)). The space H together
with the inner product (-, -) is a Hilbert space. Next we define the unbounded operator
A: D(A)CH — Hby

b

Ay(t) = ( Uzg — pPa ) » y € D(A), (13)
—ay(m) — eab(m)

where D(A) := {y(t) = (a,b,n) € (H?[0,7] NV) x V x R; n = eBa,(r)}. Using (13) it then

follows that (10) can be rewritten in the abstract Cauchy problem

@_.
ar Y

o
y(0)=<1>=< v ) (15)
n(0)

THEOREM 1. The operator A: D(A) C'H — H defined by (13) generates a C, semigroup
of contractions T'(t) on the space H.

Proof. According to the Lumer-Philips theorem (see [8], p. 26) it is sufficient to show that
the operator A is a m — dissipative operator and that the domain D(A) is dense in H. After
a straightforward computation we obtain

— Ay, (14)

() = -2 (16
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It should also be observed that the equation
(I—-A)y=0, (17)

is solvable in H. From (16) - (17) it then follows that A is m — dissipative operator. To prove
that D(A) is dense in H it is sufficient to show that D(A)+ = {0} (see [22], p.186). From the
definition of H equipped with the inner product (12) it easily follows that D(A) is dense in
H.o

If A is a linear operator on H generating the C, semigroup 7'(¢) and if the function y, is in

D(A) then we can show that T(t)y, is in D(A). Moreover, we have the following lemma.

LEMMA 1. Let A be the infinitesimal generator of the C, semigroup T(t). Then for any
f € D(A) we have T(t)f € D(A) and the function [0,00) 3t — T(t)f € H is differentiable.
In fact, T (t)f = AT(t)f = T(t)Af.

Proof. See [22] p. 398.

For y, € D(A) we define
(a,b,n) = y(t) :== T(t)yo. (18)

Applying the lemma we find that
a € C* (R L2(0,x]) N C (R V N H?(0,7)) (19)

So y(t) = T(t)y, is a strong solution of (14) - (15) for all y, € D(A). But for y, € D(A?),
applying the lemma twice we have

agt b gz — P2a
( byt ) = A ( gz — P2a ) = ( bre ) . (20)
Net —ag(m) — eab(m) by () — e (azq(m) — p?a(r))

From (20) and the definition of D(A) we obtain

t — a(t) € C! (§R+,H2ﬂV),and t s Ggp — pPa € V. (21)

On the other hand, we also have
t — a(t) € C* (R, V). (22)

From (21) - (22), it follows that
a€C(RTV)NC (REV N HY0,m) NC (R HY0,m) N V). (23)

So from (18) and (23), for all y, € D(A?), y(t) = T(t)y,, we have the equivalence between
problem (1) - (5) and problem (14) - (15). So, the following theorem has now been established.

THEOREM 2. Let &€ D(A?), then the initial - boundary value problem (1) - (5) and the
initial value problem (14) - (15) are equivalent.
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Next, we will show that the solution of the initial - boundary value problem (1) - (5) depends
continuously on the initial values. Let ¢(t) satisfy (14) with the initial values §(0) = ®, where

~

¢

b= | (55, 1[)) € (C?[0,7] NV) x V. Now we approximate the difference between y(t)
7(0)

and ¢(t) as follows: |ly(t) — g(t)[| < HT(t)(q) = <i>)HH < Hq) - QAJHH for all ¢ > 0. This means

that small differences between the initial values cause small differences between the solutions

y(t) and §(t) for all t > 0. We observe that if we take ¢(z) € H?(0,7), #(0) = ¢”(0) = 0

and ¥(x) € H%(0,7) NV then we have ® in the domain A2. So, we can now formulate the

following theorem on the well-posedness of the initial-boundary value problem (1) - (5).

THEOREM 3. Suppose ¢(z) € H3(0,7), $(0) = ¢”(0) = 0 and y(x) € H*(0,7)NV, 1(0)=0,
then problem (1) - (5) has a unique and twice continuously differentiable solution for x € [0, 7]
and t > 0. Moreover, this solution depends continuously on the initial values.

It should be observed from (3) that it is necessary to assume additionally that ¢’ () is of
order €. This assumption will influence the calculations in the next section.

4. The construction of a formal approximation

In this section a formal approximation of the solution of the initial-boundary value problem
(1)-(5) will be constructed for arbitrary a and . For a = 0 an exact solution can be
constructed as will be shown in section 4.1. This exact solution for o = 0 gives a good
indication what scalings are necessary to construct approximations of the solution of the
initial-boundary value problem (1)-(5) for arbitrary a and (. Using a multiple scales per-
turbation method these approximations of the solution will be constructed in section 4.2
for arbitrary a and 3. The asymptotic validity of these approximations on long time-scales
will be proved in section 5. In section 4.3 we will present shortly an alternative way to
approximate the solution by applying the method of separation of variables to the problem.
This approach of course can only be applied to linear problems, whereas the method as
presented in section 4.2 can also be applied to weakly nonlinear problems.

4.1. THE CASE a = 0.

Using the method of separation of variables the exact solution of the initial-boundary value
problem (1)-(5) with a = 0 will be constructed in this section. Firstly a nontrivial solution in
the form X (z)T'(¢) of the boundary value problem (1)-(3) will be constructed. Substituting
X (x)T(t) into (1)-(3) it follows that

X'(m)(T(t) +eBT'(t)) =0« X'(r)=0 or
T(t)+eBT'(t) =0,
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where A\ is a separation parameter. The problem (24)-(26) is in fact a classical boundary
value problem with a Dirichlet condition at £ = 0 and a Neumann condition at x = . This
problem can readily be solved, and a nontrivial solution of the initial-boundary problem

(1)-(3) is
(An cos(\/(n —1/2)2 4+ p%t) + B, sin(\/(n —1/2)2 4+ pzt)) sin((n —1/2)x) (28)

with n = 1,2,3,---, and A,, and B,, arbitrary constants. The problem (24), (25), and (27)

can be solved in the following way. From (27) it follows that T'(t) = T'(0) exp (E_—ﬁt) and
T(t) = ——T(t) = T"(t) = ——=T'(t) = =T () (20)
e e €232 '
Substituting (29) into (24) yields
X" 1
Y = ag +p% = X(z) = Asinh(y/1 + (66]))2%) + Bcosh(y/1 + (66]))2%) (30)

with A and B arbitrary constants. From (25) it follows that B = 0. So, a nontrivial solution
of the boundary value problem (1)-(3) is also

Asinh(y/1 + (eﬂp)Q%), (31)

where A is an arbitrary constant. The general solution of the boundary value problem (1)-(3)
then follows from (28) and (31), yielding

ulz,t) = 3 (Ancos(y/(n — 1/2)2 + pt) + Bysin(y/(n — 1/2)? + p2t)) sin (n — 1/2)z)
n=1

Y —t

Asinh(4/1 2 — 2

+Asinh(y/1 + (¢fp) eﬂ)eXp<eﬂ>’ (32)

where A,, B, and A are constants which are determined by the initial conditions (4) and
(5). The constant A follows from (4) and (32), that is, from

up(m0) = ¢(r) = A= be'(r) (33)

V1 + (eBp)? cosh(y/1+ (efp)n/(eB))

The constants A,, and B,, then easily follow from (4), (5), (32), and (33), yielding

= z " ) sin n — 1 X T — (—)n(66)2¢,(7")
An =2 (/0 #a) (( ) )d 1+(eﬁp)2+(n—%)2(65>2>’

- - " o@rsin (- N do (0)"(eA)d ()
" (n—3)*+p? </0 v <( ) >d ’ 1+(eﬂp)2+(n—%)2(eﬂ)2>' )

(34)
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Figure 2. A characteristic layer x — t — m = O(¢) in the neighborhood of z = 7 and ¢ = 0.

From (32) and (33) it can be seen that the angular velocity damper only plays a significant
role in a very small neighborhood of the boundary at x = . The damper induces a small
characteristic layer  —t — 7 = O(€)(see also figure 2) in which the angle of the string tends
to zero in a very short time. Outside this layer the vibrations are undamped when o = 0.

4.2. THE CASE a >0 AND § > 0.

Using the multiple scales perturbation method an approximation of the solution of the initial-
boundary value problem (1)-(5) with &« > 0 and 8 > 0 will be constructed in this section.
To describe the characteristic layer near x = 7 correctly it follows from section 4.1 that the
following scalings are needed: z = %, z, t = %, and t. The single term —eawu; in boundary
condition (3) does not lead to a singularly perturbed problem, that is, for this term the
following scalings ,t,7 = et,; = €%t,--- are usually needed to approximate the solution
correctly for large values of t (see also [1-5, 12, 13]). Based on these observations it is
reasonable to put u(z,t;e) = v(Z,x,t,t, 7, pu;€), and to assume that the function v can be
approximated by a formal expansion in e, that is, by u, + euj + €?ug + - - -, where each u; is
a function of Z,z,t,t,7, and pu, and where each u; and its derivatives are of order one. By
substituting the formal expansion into the initial - boundary value problem (1) - (5), and by
taking terms of equal power in € together the following problems are obtained

Ui = Uiy = 2 (U(i—nm - U(i—lm) — U(i-)y T UG-2),, — P UG-2) — 2(-2);,  (36)

=2 (ug-ay,, + ), ) ~ (200 + UG—)0 )~ 205y, U600
O<z<mt>0,
wi(Z,x,t,t,7,u) = 0, 2=0,7=0,t>0, (37)
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Uiy + Bu;, = —UG-1), — 5“@—1)@5 - 5“(1'—1)15 - QUG—1); — 5“(1'—2)5, - 5“(1'—2)1,5 (38)

—ou gy, — Bu_3),, — BU@-3),, — QUG—3), — Pu(i_1),, — QUG_4),;

r=m,t>0,
ui(Z,2,0,0,0,0) = ¢i(z), 0 <z <m, (39)
ui(Z,2,0,0,0,0) = ¥;_1(z) — u—1),(7,2,0,0,0,0) — ug_g), (7,2,0,0,0,0)
—u(;-3),(Z,2,0,0,0,0), 0 <z <, (40)

for i =0,1,2,3,---, and where it is assumed that ¢(x) = ¢o(z) + €p1(x) + - -, and P(x) =
Yo(x)+ €1 (x)+- - -. For a negative index the function u; is defined to be identically equal to
zero. For instance, u_1 = 0,u_9, = 0,u_9,. = 0, and so on. From (3) for ¢ | 0 it follows that
¢ (m) = —ef'(7) — earp(m), and so ¢'(7) is of order €. To describe the characteristic layer
sufficiently accurate it follows from (32) and (33) that an approximation has to be constructed
at least up to order €2. For that reason a secular free approximation @ = wug + eu; + €2uy will
be constructed in this section. From (36)-(40) it follows that wu(Z,x,t,t, 7, u) has to satisfy

U0 — U035 =0, O0<z<m t>0, (41
wo(Z,x,t,t,7) =0,2=0,2=0,t>0,
uo, + Buo_; =0, z=m, t>0,
uo(Z,2,0,0,0,0) = ¢o(x), 0 <z <,
uo;(Z,,0,0,0,0) =0,0 <z <.
To solve (41)-(45) the method of separation of variables will be used. Firstly nontrivial
solutions of the boundary-value problem (41)-(43) will be constructed by separating space
and time variables in the form X (Z,z)T(¢,t,7, ). By substituting X (z,z)T(¢,t, 7, 1) into
(41)-(43) the following eigenvalue problem is obtained

T{{ E,t,T _ Xzz T,x) __
T(g,t,f,;lj)) - X(éyx)) =-—02 0<z<mt>0, 46
X(0,0)=0, 47

(

(
Xf(%vw)(T+ﬁTf):O<:> X@(%,ﬂ‘)zo or (
T+pTz=0, t=>0, (

where ¢ € C is a separation parameter. It should be observed that this parameter is e-
independent since all e-dependence is already included in the variables z, z, t,¢, 7 and u, and
in the formal expansion ug+ €u +€>us + - - - for u. Nontrivial solutions of the boundary-value
problem (46)-(48) for X (z,z) are given by

ao(2)Z + bo(z) and Ay, (z)cos(0Z) + Boy(z)sin(oz), (50)
for o0 = 0, and for o # 0 respectively. From (47) and (48) it follows that
bo(0) = Apy(0) =0, and ag(m) = — Ao, (7)sin(cZ) + By, (7) cos(aZ) = 0 (51)

respectively. Since o is e-independent it then follows that Ay, () = By (m) = 0. And so,
nontrivial solutions of the boundary value problem (46)-(48) for X (z,x) are given by (50)
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with
bo(0) = Ags(0) =0, and ag(m) = Age (1) = Boy(m) = 0. (52)

Nontrivial solutions of the problem (46) for T'(¢,t, 7, ) are given by
co(t, 7wt +do(t,7,11) and  Cog(t, 7, 1) cos(ot) + Doo (t, 7, 1) sin(of), (53)

for 0 = 0, and for o # 0 respectively. Another nontrivial solution follows from (49), that is,
T, t, 7, 1) = T(t,7, 1) exp (——) From (46) it then follows that Xzz = (1/8%) X, and so

X (3,7) = Ag(x) exp (5) + Bo(x) exp (%) (54)

From (47) it follows that . .

Obviously ug can not contain secular terms. For that reason we have to take ag(z) = 0
n (50), and co(t,7,u) = 0 in (53). By adding up all nontrivial, non-secular solutions
X(z,2)T(t,t, 7, 1) as given by (50)-(54) it follows that the general solution of the boundary
value problem (41)-(43) for ug is given by

uo(z, 2, 0,t, 7, ) = Y ((Age cos(o) cos(at) + By cos(oz) sin(ot) + Co, sin(oz) cos(ot)
0;0
0276;—21

+Dy, sin(oz) sin(ot))) + <y0 exp (%) + 2o exp (%)) exp <_%)
+vo(x, t, T, 1), (56)

where Aoy, Boo, Cos, Doo, Yo, and zg are functions of x,t, 7, and u, satisfying the following
conditions

AOU(O7 t, T, ﬂ) = BOU(Ov i, :u) = y0(07 t,T, ”) + 20(07 l,T, 'u) = UO(Ov l,T, 'u) =0, (57)
AOU(7T7 t, T, ﬂ) = BOU(7T7 t, T, ﬂ) = 000(777 t, T, ﬂ) = DOU(7T7 t, T, ﬂ) = Ov (58)

and where ug satisfies (44) and (45). The still arbitrary functions Aoy, Bos, Cos, Dos, Y0, 20,
and vg in (56) will be used to avoid secular terms in w1, uz, and so on. It now follows from
(36)-(40) and (56) that the function uq(Z, z,t,t,7, 1) has to satisfy

Uty — Uty = 2 Z [Apsin(o(z +t)) + Bosin(o(z — t)) + Cocos(o(z + 1))

+Dg cos(o(z — 1))] + % ((Z/oz + Yo,) exp (j R t) + (=20, + 20,) exp <7_(jﬁ+ ﬂ)) 7
O<z<m t>0, (59)

u(Z,z, t,t,7,u) =0, z=0,z=0,t>0, (60)
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uy, + Pur,, = — Z (([Aos, + BoBos,] cos(0Z) + [Coo, + BoDog, | sin(oc X)) cos(ot)
o'#()
75z

+ ([Boo, — BoAos,] cos(a% [Doo, — B0Cos,]sin(c X)) sin(ot)) +

((%yo - yot> exp ( u > + ( 20 +Zot> exp <;—g)) exp <%t) —vo,, x =, t>0,(61)

u1(Z,2,0,0,0,0) = ¢1(x), O0<z<m, (62)
u1,(Z,2,0,0,0,0) = o(x) —up,, 0<z<m, (63)

where Ay/2 = —Aos, — Doo, + Doo, + Ave,, Bo/2 = —Avs, — Dos, — Doo, — Aveys Co/2 =
Coo, — Boo, — Boo, + Coo,, Do/2 = Coo, — Boo, + Bos, — Coo, - )

It shoud be observed that equation (61) can be integrated once with respect to ¢. In
this way an inhomogeneous Neumann condition for u; at = 7 is obtained, that is, u;,
is prescribed at x = m. This expression for w;, at * = 7 will contain terms of the form

texp ( ﬁ) These terms are of a secular nature and will violate the asymptotic ordering

principle. For that reason the coefficient of exp (%—) in (61) has to be taken equal to zero,
that is,

<%y0 - yot> exp (%) + <%ZO + Zot) exp <Z—g> =0, z=m1=0. (64)

It is also easy to see that the term —vq, (7,¢, 7, 1) in (61) will lead to a ”particular” solution
—Zvg, (m,t, T, 1) of the boundary value problem (59)-(61). Also this solution has a secular
behaviour. For that reason —vg, (7, ¢, 7, 1) has to be taken equal to zero, that is,

vo, (m,t,7,p0) =0, t>0. (65)

Furthermore, it should be observed that all terms in the right handside of the PDE (59) are
solution of the associated, homogeneous PDE. Obviously all these terms will lead to secular
terms in the solution ;. To avoid these secular terms the coefficients Ag, By, Co, Do, Yo, + Yo, ,
and —zq, + 20, have to be taken equal to zero, or equivalently

Aoam + Doy, =0, AOot + Doy, =0, O<ax<mt>0, (66)
Bogz — C()gt =0, B()gt — C()gz =0, O<z<mt>0, (67)
Yo, + Y0, =0, 20, —20, =0, 0<zx<m t>0. (68)

By using (58) it follows from (66) and (67) for 2 = 7 that
Aoo, (m,t, 7, pt) = Bog, (m,t, 7, 10) = Coo, (7, t,7,11) = Doo, (m,t,7,0) =0, t>0. (69)
From (66) and (67) it also follows that
Aovoyy — Aoy =0, Booy — Bos,, =0, O<ax<m, t>0. (70)

It is clear from (57), (58), (69) and (70) that only trivial solution will be obtained for A o, and
By, (that is, Ay, and By, are identically zero). It then also follows from (58), (66), and (67)
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that Co, and Dy, are identically zero. From (56) it should be observed that ygexp (—t/5)
is at most of order one for all ¢ > 0 since the solution is bounded. It then follows from (57)
that zpexp (—t/f) is also at most of order one for all ¢ > 0. This implies that the second
term in the left handside of (64) is asymptotically small for all ¢ > 0. For that reason, the
second term in the left handside of (64) can be neglected. Then it follows from (57), (64),
and (68) that

ol 7, ) = yon (7o) exp (5 Ste- 2), (71)
ZO(:Evt?T’ 'u) = _901(77 :u) €xXp <%(t —|—l‘)>, (72)

where y1(7, @) is still an arbitrary function which can be used to avoid secular in the higher
order approximations. So far it can be concluded that

uo(Z, @, t,t, T, 1) = (yo exp (%) + zp exp (%)) exp (—é) +vo(x, t, 7, 1), (73)

up = Z ((A1, cos(o) cos(at) + By, cos(o@) sin(ot) + Co sin(ox) cos(ot) (74)
+ D1, sin(o) sin(ot))) + <y1 exp (é) + 21 exp <_;>) exp <—%) + v (x, t, 7, p),

where Ai,, Bis,Cle, D1, Y1, 21 and vy are arbitrary functions in x,t,7, and u, satisfying
(62), and (63) for t =t =7 = p = 0, and the following conditions

A10(07 t,T, M) = Blo(07 t,T, ,U/) = y1(07 t, T, M) + 21 (07 t, T, :U’) = 01(07 t,T, :U’) =0, (75)
A10(7T7 t, T, ﬂ) = BlU(Tr7 t, T, ﬂ) = 010(777 t, T, ﬂ) = DlU(ﬂ-7 t, T, ﬂ) = Ov (76)
and where yg and z( are given by (71) and (72) respectively. The still undetermined functions
o1, and vg in ug, A1y, Bis, Cie, D1, Y1, 21, and v1 in uq will be used to avoid secular terms in

u2,ug, and so on. After solving the problem for u; it follows from (36)-(40) that the function
ug (T, z, t,t, 7, 1) has to satisfy

Ug,, — Uz, = 2 Z [Ay sin(o(Z + 1)) + By sin(o(z — t)) + Cy cos(o(T + 1))

0730
0273%

+Dj cos(o(z —t))] + <<ylz 1, +yo, — %ﬁy()) exp ((m—ﬂ)

B
Bp? —(z+t
+ <_Z1m + 21, + 20, — o 0| eXP (T3> - (vott — V0, +p2?)0) )

O<z<m, t>0, (77)
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u2(0,0,t,t,7) =0, t>0, (78)
ug, + Bug,; =— Y (([Alaz + BoBis, ] cos(ag) + [Cio, + BoDio,] sin(ag)) cos(ot)
0';0
0'2#;—21

+ <[Blam — BoAi,,] cos(ag) + [D1y, — BoCiy,] sin(ag)) sin(mf))

(G oo (G) + (Gava2m v )en () e (3)

- (vlz + Oé’l)()t) , T=m, 12> 0) (79)
u2(Z,,0,0,0,0) = ¢o(x), O0<z<mt=0, (80)
u2,(Z,,0,0,0,0) = Y1 (x) —uy, —uor, 0<z<m, t=0, (81)

where A1/2 = — A5, — Dis, + Dis, + Aio,, B1/2 = —Ais, — Dig, — D1, — A16,,C1/2 =
Cio, — B1s, — B1o, + C10,, D1/2 = C1s, — Bio, + B1s, — C1s,- As before it should be observed
that (79) can be integrated once with respect to ¢. In this way an inhomogeneous neumann
condition for ug at x = 7 is obtained, that is, ug, is prescribed at x = w. This expression
for ug, at x = 7w will contain terms of the form texp (—t/3). These terms are of secular
nature and will violate the asymptotic ordering principle. For that reason the coefficient of
exp (—t/F) in (79) has to be taken equal to zero, that is,

« T « —T
Byl — Y1, — Yo, | EXP 5 + Ezl + 21, — 2020, + 20, | exp 5 =0, z=mt>0.
(82)

It can also easily be seen that the term vy, +avg, at = 7 in (79) will lead to a ”"particular”
solution —Z (v, (m,t, T, u) + avg, (7, t, 7, 1)) of the the boundary value problem (77)-(79). To
avoid this secular behaviour it follows that

vy, (m,t, 7, 1) + oo, (m,t,7,0) =0, t>0. (83)

Furthermore, it should be observed that all terms in the right handside of the PDE (77) are
solutions of the associated, homogeneous PDE. Obviously all these terms will lead to secular
terms in the solution uy. To avoid these secular terms the coefficients A1, By, C4, D1, 41, +
Y1, + Yo, — %ﬁyo, —z1, + 21, + 20, — %ﬁzo, and vg,, — vo,, + p*vp have to be taken equal to
zero, or equivalently

2
Uott_vozz_‘_pQUO:O, O<ax<mt>0.

2

Algz + Dy, =0, Alot + Dy, =0, O<z<mt>0, (84)

Blam — Clo’t =0, Blat — Clo’w =0, O<z<mt>0, (85)
Bp* p>

Y1, +y1t+y07—_—y0_07 le—zlt_zor+—20—07 O<ZIS‘<7T,t>0, (86)

(87)

87

Using a similar argument as has been used in (64) it follows from (82) that Fy1 — 1, —
Yo, = 0 for x = 7 and ¢t > 0. By integrating this expression with respect to ¢ it follows
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that y;(m,t, 7, 1) can be found. However, y;(m, ¢, 7, 1) will contain secular terms of the form
texp (at/f). To avoid these secular terms it follows that yo_(m,t,7, 1) has to be equal to
zero. It then follows from (71) and (72) that

yo(, 1,7, i) = yor2(p) exp (%(f - w)), (83)
and
oty o) = —yona()exp (G (t+ ) (59)
respectively, and from (75) and (86) that y1 and z; are given by
(a7 ) = <y< wep (%) + 2 patua - 7r>> exp (Gt=2).  ©0)
and
Aot 7, ) = (—ynm wesp (%) + 2 yoratua + 7r>> exp (Gt+2) o)

respectively. To determine the functions A1,, B1s, Cis, and D1, a completely similar analysis
as given for Aoy, By, Cos, and Dy, can be given (see also (66)-(70)), yielding

A10($7 t,T, ﬂ) = BlU(:Ev t,, ,LL) = 010(337 t,T, ﬂ) = B10($7 t,T, ﬂ) =0. (92)
It follows from (57), (65), and (87) that vg is given by

o(z,t, 7, 1) = Z(AOHT,M ) cos(v/Ant) + Bon(T, 1) sm\/—t)sm (n—1/2)z), (93)

where )\, = p?+(n—1/2)%, and where the functions Ag,, and By, are still arbitrary functions
which can be used to avoid secular terms in v and wve. After avoiding secular terms in usg
the initial-boundary value problem (77)-(81) can now be solved and the general solution can
be obtained. So far it can be concluded that

uo(T, w, t,t, 7, 1) = <y0 exp (%) + zp exp (%)) exp <—%) + vo(z, t, T, 1), (94)

u (T, x, b, t, T, 1) = <y1 exp (%) + z1 exp (%)) exp (—%) + vy (z, t, T, 1), (95)

up(z, 2, 0, t, 1) = Y ((Agg cos(oZ) cos(at) + Bao cos(oz) sin(ot)
0;0
0273%

+C sin(0z) cos(ot) + Dag sin(oz) sin(ot)))

)
+ (y2 exp <%> + zg exp <%§j)> exp (—%> + vo(w,t, 7, 1), (96)
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where yo, 29, and vo(x,t, 7, ) are given by (88), (89), and (93) respectively, and where
y1,21 are given by (90), (91) respectively, where v, satisfies (75) and (83), and where
Aoy, Bay, Coy, Doy, Yo, 2o and ve are arbitrary functions depending on x, ¢, 7, and p satisfying

A20’(07 tv T, M) = B20’(07 tv T, M) = y2(07 t? T, ,u’) + 22(07 tv T, M) = '1)2(07 t? T, ,u’) - 07 t Z 07 (97)
A20’(7T7t77—7 M) = B20’(7T7t77—7 M) = 020(7T7t77—7 M) = D20’(7T7t77—7 M) = 07 t 2 0 (98)
The still arbitrary functions in ug, w1, and us will be used to avoid secular terms in ws, uy

and so on. After removing secular terms in ug it follows from (36)- (40) that the function
us(Z,x, t,t, 7, 1) has to satisfy

Uz, — Uz, = 2 Z [Agsin(o(Z + 1)) + Basin(o(Z — t)) + Cacos(o(z + 1)) (99)
0730
0273%
2p? T—t
+Ds cos(o(z —t))] + <<y2 + Y2, + Y1, — %yl 5217 Yo, + you> exp <7>
2,2 (G4
+ (—221 + 29, + 21, — ﬁizl — ﬁzp 20, + ZOH> exp <(xTH>
— (vltt — vy, +pPvr + QUOtT) , O<z<m, t>0,
ug(z,x,t,t,7) =0, z=0,2=0,t>0, (100)
us, + Puz_, = — Z (([Aggz + foBay,| cos(a%) + [Coy, + B0 D2y, | sin(a%)) cos(ot)
0;0
0273%
+ <[Bgam BoAss, ] cos(o 6) [Day, — BoCap,] sin(a%)) sin(ai)) (101)

«Q T «Q
+ 5Y2 TV~ Y~ BY1,, — ay1, — Yo, ) €xp ] + 57 + 29, + 21, — B2,

—t
—azy, + 20, ) €Xp (%)) exp <F> — (vg, + Pu1,, + avy, + Pug,, +avg, ),z =m, t >0,
us(Z,x,0,0,0,0) = ¢3(x), O0<z<m t=0, (102)
u3;(7,2,0,0,0,0) = o(x) — ug, — u1r —ug,, 0<z<m t=0, (103)

where Ay/2 = —Ass, — Do, + Doy, + Asg,, Bo/2 = —Asy, — Doy, — Do, — Azy,,Ca/2 =
Co, — Bag, — Bay, + Coy,,D2/2 = Cos, — Bay, + By, — Cay,. To avoid secular terms in
ug an almost completely similar analysis as used to avoid secular terms in w1 and us can be
given. From the boundary condition (101) it then will follow that

(6% i (6%
Eyz — Y2, — Y1, — BY1., — QY1, — Yo, | €XP B + Ezz + 29, + 21, — Bz,

—azy, + 20,) €Xp <Z—g) =0, z=m t>0, (104)

vy, + Pu1,, +avy, + Pug,. +avg. =0, xz=m, t>0. (105)
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From (104) it follows that Fy» — y2, — y1, — By1,, — ay1, — Yo, = 0, for z = 7 and for

t > 0 since exp (Z—g) is asymptotically small. This expression for yo at * = 7 and for

t > 0 can be integrated with respect to ¢, and it turns out that secular terms of the form
texp (at/B) will occur in yo. To avoid these secular terms —y1, — By1,, — ay1, — Yo, has to
be taken equal to zero at x = m and for ¢ > 0. The equation —y1, — By1,, — ay1, — yo, = 0
at x = m,t > 0 can be integrated with respect to 7, and will give rise to secular terms
in y; of the form 7exp (at/3). To avoid these secular terms in y; and by noticing that
~y1, = Byt — oy, = Yo, = — (i1, (7 1) + yoro, (1) + (@Bp?/2)yora () exp (§(t = 7)) it
follows that yoi12, (1) + (3p?/2)yo12 (1) = 0. The last expression determines the function yo
with respect to p and the function y; with respect to 7. After avoiding secular terms in g
the functions yg and zg with respect to p can now be determined. It turns out that yo and
zg are given by

2
Yo(@,t, 7, 1) = y012(0) exp <% <t —r— (6129) u)) (106)

and )
z0(x,t, 7, 1) = —y012(0) exp (% <t +z— (5229) ,u)), (107)

respectively. From (106), (107) and using (45) it follows that
Y012(0) = 0. (108)
From (90), (91) and (108) y; and z; now become

1 (:Ev t? 7, 'u) = y112(:u) €xXp (% (t - $)), (109)
and
et = el e (4 2), (110)

respectively. To avoid secular terms in ug due to the terms in the right handside of the PDE
(99) it follows elementarily from (99) that Asy, Bay, Cos, Doy, Y2, 22, and v; have to satisfy

Aoy (,t, 7, 1) = Bog(z,t,7,10) = Con(x,t, 7, 0) = Dog(x,t,7,10) =0, (111)
y2(a,t, 7, ) = (.ym(n mesp (%) + 2yt - w>) exp (5) (=) (12
22l t,7,10) = <—y21(7'a wesp (%) + 2 patie + w>> exp () (62, (113)
vy, — 1, + pPor + 20, =0, 0<z<m, t>0. (114)

The function v; can now be determined with respect to 2 and ¢ by solving (114) with respect
to boundary conditions (75) and (83). To obtain v; the boundary condition for vy at z =«
is made homogeneous by introducing the following transformation

o(x, t, T, 1) = vi(x, t, 1, 1) + axvg, (m,t,70), 0<ax<m, t>0. (115)
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The boundary value problem for v; now becomes a boundary value problem for v with a
homogeneous Dirichlet condition at x = 0 and a homogeneous Neumann condition at = = m.
The inhomogeneous part of PDE for © now contains terms which all give rise to secular terms.
To remove these secular terms it can be shown elementarily that A, (7, 1) and By, (7, ) have
to satisfy

Aon (7, 11) = Agn (0, 1) exp ((—%)7), (116)

and
Bou (7, 1) = Boal0, 1) exp (= 2)7), (117)

respectively. Elementary v; can now be constructed, yielding

v1(z,t, 7, ) = i (Aun(7, 1) cos(VArt) + Bun (7, i) sin(v/Ant) + S(t,7, 1)) sin((n — 1/2)a)

n=1
—axvg, (T, t, T, 1), (118)
where
S(t, T, 1) :exp( > Z Gmn (Aom (0, p) sin(v/ Ant) — Bom (0, 1) cos(v/ Amt) ) (119)
n?ﬁn

2

1

with G = 2a(=1)m*" W(AV )‘_Ti ) (7::12) , and where Aq,, By, are still arbitrary functions
n m 5

in 7 and g which can be used to remove secular terms in vo. After avoiding secular terms in
ug the initial-boundary value problem (99)-(103) can now be solved and the general solution
can be obtained. So far it can be concluded that

UO(‘%7 €, Z?7 t,, /’L) = €Xp <_%T> i (AOn(07 N) COS(\/)‘—nt) + BOn(07 :u) Sin(\/xt)) (120)

n=1

x sin((n — 1/2)x),
uy (T, @, t,t, 7, 1) = <y1 exp (%) + 21 exp (g)) exp <

ug (T, x, b, t, 7, 1) = <y2 exp (%) + 2o exp (%)) exp (

ug(z, 2, 6,t,7,1) = > ((Ase cos(0Z) cos(al) + By cos(0z) sin(ot) + Cs, sin(oz) cos(ot)

) +oi(x, t, ), (121)

) + vo(x,t, 7, ), (122)

and

%0
o2zl
+Ds3, sin(o) sin(m;)) + (yg exp (%) + 23 €xp (%)) exp <—%—) + vs(z, t, T, 1), (123)

where 1,21, and vy are given by (109), (110), and (118) respectively, where yo and zo
are given by (112) and (113) respectively, where vo satisfies (97) and (105), and where
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Asy, B3s, Css, D3s, Y3, 23 and vz are functions in x,t, 7, and u satisfying

Asy(0,t,7,10) = Bso(0,t, 7, 1) = y3(0,¢, 7, u) + 23(0,¢, 7, u) = v3(0,¢, 7, ) =0, t > 0,(124)
A30’(7T7t77-7 M) = B30’(7T7t77-7 M) = 030(7T7t77—7 M) = D30’(7T7t77—7 M) = 07 t 2 O (125)

The still arbitrary functions in ug, u1, s, and in ug will be used to avoid secular terms in
higher order approximations. After removing secular term in u 3 it then follows from (36)-(40)
and from wug, uy, us, and ug that the function uy (%, z,t,t, 7, 1) has to satisfy

Ugyy — Uy, = 2 Z [Assin(o(z +t)) + Bssin(o(Z — t)) + Cscos(o(z + 1)) (126)
o'#()
02#;21
2 2,2 = F
T—t
+Ds cos(o(z —1))] + <<y3 +ys, Y2, — %y - 2p v+ yu) exp (T)
2,2 -
—(Tz+t
+ | —23, + 23, + 22, — ﬁi Z9 — 5p z1, + 21, | €xp <(73>
2 2 z 3
_ (U2tt — vy, —|—p2v2 + 201, + 2v,, + UOTT) , O<ax<m, t>0,
ug(Z,x,t,t,7) =0, x=0,2=0,t>0, (127)
7r T
Uy, + Pug,; = — Z (([Ag,gz + foBsg, | cos(o 6) [Cs4, + BoDs,, ] sin(c— ; )) cos(ot)
o;‘éO
0273%

+ ( [B3o, — B0 Ass, ] cos(o ﬂ) + [D3,, — BoCss, ] Sin(az) sin(ot)
€ €
+((Sys - Y3, — Y2, — BY2,, — Y2, — Y1, | €Xp S z3, + 22, — B2a,
B 3] B

—azy, + 21,,) €Xp (—%)) exp (%)

— (v3, + Bua,, + awg, + Py, + avi, + Pug,, +avo,), xT=m,1>0, (128)
ug(Z,2,0,0,0,0) = ¢yg(x), O0<z<m t=0, (129)
u4;(7,2,0,0,0,0) = 3(x) —u3, —uz, —u1,, 0<z<mt=0, (130)

where A3/2 = —A3s, — D35, + D35, + A3y, B3/2 = —A3s, — D35, — D35, — A35,,C3/2 =
C3,, — B3y, — B3y, + Cs4,,D3/2 = C3,, — B3y, + B3y, — Css,. It should be noted that
the boundary value problem (99) - (101) and the boundary value problem (126) - (128) are
similar. To recognize and to avoid secular terms in u4 a completely similar analysis as given
for uz can now be given. By removing secular terms in u4 a part of the arbitrary functions
in ug,u1,us, and ug can be determined. By removing secular terms originating from the
boundary condition (128) at 2z = 7 the arbitrary functions in y9, 2o with respect to 7 and the
arbitrary functions in y1, z; with respect to p can be determined, and the arbitrary functions
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ys can be prescribed at x = 7 for ¢ > 0, yielding

o 2
y1(z,t, 7, 1) = y112(0) exp <B (t - — (ﬂg) ,u)), (131)
o 2

z1(x,t, 7, 1) = —y112(0) exp <B <t + - (ﬂg) ,u)), (132)

and
2 afBp? o)
y2($7 t, T, 'u) = <y212(:u) + %(l‘ - 7T)3/112(0) €xXp <_ gp N)) €xXp <E(t - $)), (133)
2 afBp? Q

zo(x,t, T, 10) = (—yglg(,u) + %(:p + m)y112(0) exp (— ﬂzp ,u)) exp (E(t + :U)), (134)
and

ys(m, t, 7, 1) = ys1(T, 1) exp (%t), t>0. (135)

In section 3 it follows from the wellposedness of the problem that the tangent of initial
displacement at x = m, that is, ¢'(7) is of order e. This implies that w1, has to be equal to
zero at T = m/e,x = 7 and for t =t = 7 = p = 0. It then follows from (121), (131), and
(132) that

yi(z,t,7,p) = z1(2,t,7,0) =0, >0, (136)

Next, we continue to remove secular terms in u4 originating from the right handside of
the PDE (126). In this step the arbitrary functions As,, B3y, C3s, D3, with respect to x,t, 7,
and u, and the arbitrary functions ys, z3, vo with respect to x,¢ can be determined, yielding

Ao (x,t,7, 1) = Bgo (2,1, 7, 1) = Cs5(x,t,7, ) = Dao(x,t,7, 1) =0, (137)
(st 7, ) = (.ygl(n wesp (%5 ) + 2 pmatue - w>) exp (5) (¢-2), (138)
zg(x, t, T, p) = <—y31(7-, (L) exp (%) + %ﬂyglg(u)(x + 77)) exp (%) (t+x), (139)
V2, — Va,, + P2 + 201, + 2vg,, +vo,, =0, O<z<m, t>0. (140)

To obtain v the boundary condition for vy at * = w is made homogeneous by introducing
the following transformation

17(.'L'7 i, T, ,U’) = V2 (.T7 i, T, ,U,) +x (/g'l)lwt (7T7 t,T, M) + vy, (7'('7 i, T, ,u’) + v, (7T7 t,T, M)) ) (141)
O<z<m, t>0.
The boundary value problem for vo now becomes a boundary value problem for ¥ with a

homogeneous Dirichlet condition at x = 0 and a homogeneous Neumann condition at x = 7.
The inhomogeneous part of the PDE for © now contains terms which give rise to secular terms.



20 DARMAWIJOYO AND W. T. VAN HORSSEN

To remove these secular terms it can be shown elementarily that A, (7, i), Bon (7, 1), A1n (7, 1),
and By, (7, 1) have to satisfy

AOnH (7—7 N) - H(n)BOH(Tv lu) = 07 BOnM (7—7 lu) + H(n)AOn(T7 ,LL) = 07 T, W > 07 (142)
(6% [0
Atn, (T, 1) + —A1n(T, 1) = 0, Bun, (7, 4) + —Bin(r, ) =0, 7,1 >0, (143)

where

204\/_ n+ 3\’
H(n) = ﬁ+a7r+z)\k_>\ (k—i-%) . (144)
k#n

It should be observed from (116), (117), (142), and (143) that if A,(0,0) = By, (0,0) =
A1,(0,0) = B1,(0,0) = 0 then Ag,(7, 1) = Bon(7,1t) = Ain(7,10) = Bin(r, 1) = 0 for
V7, p > 0. This means that if we start with zero initial energy in the nth mode, there will be
no energy present up to O(g?) on a time scale of order £ 1. In this case we say the coupling
between the modes is of O(2). This allows truncation to those modes with non-zero initial
energy. It follows from (142), (143), (116), and (117) that

Aon (T, 1) = <Aon(07 0) cos(H (n)u) + %(230) sin(H(n),u)) exp (—%7’), (145)
Bon(1,1) = <Bon(0, 0) cos(H (n)u) + %%m sin(H(n),u)) exp (—%7’)7 (146)

Ay (7, 1) =A1n(07u)exp(—%T) and Bln(ﬂu)=Bln(0,u)exp(—%T)~ (147)

After removing secular terms and after lengthy but still rather elementary calculations it
follows that vy (z,t, 7, 1) is given by

> 1
valz, t, T, pu) = Z wp(t, 7, p) sin ((n - 5) a:) —x (Bui,, (m,t, 7, 1) + avy, (7, t, 7, 1)
n=0
+ avo, (m,t, 7, 1)) , (148)

where

wn(t, 7, 1) = En(7, 1) cos(v/ Ant) + Fo(7, ) sin(v/Ant) — Z N _1)\ (’Ylmn cos(v Amt)

m#n

+72,,, sin(v/ Amt)) Z Z P )\ (mkmn cos(V Amt) + n2,,. sin(y/ Amt))
m=0 n
m#k,n

k=0

with

_ 2a(-1)mtn (m+2)%A\, — A2,

VA (VR aman + D)
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2a(—1)m*n l (m+ 3)2\, —
/YQ'mn = mr

(n+3)? M=o +\/_(¢_5+M)B Cm)]
(2« 2 2 (m+l)2 ’ Am
i = <?> -y <<n+%>(/€2+%>> e

(2« 2 2 (m+l)2 ’ Am
M = <7> - <(n+%)(k2+%>> S

As for ug,uq,us, and ug it follows that the general solution of the initial-boundary value
problem (126) - (130) for uy is given by

ug(Z, 2, t,t, 7, 1) = Z ((A4y cos(ox) cos(ot) + By, cos(o) sin(ot) + Cy, sin(oZ) cos(ot)
o'#()
27&/@2

+ Dy, sin(ox) sin(at)))

+ <y4 exp (%) + z4 exp (%)) exp (—%_) + vg(x, t, 7, ), (149)

where A4y, Bio, Cao, Dio,ya, z4 and v4 are functions of z,t, 7, and pu satisfying

A40’(07 tv T, M) = B40'(07 tv T, M) = y4(07 t? T, ,u’) + 24(07 tv T, M) = 1}4(07 t? T, ,u’) - 07 t Z 07(150)
Ay (m,t, 7, 18) = Byo(m,t, 7, 1) = Cag(m,t, 7, 1) = Dyo(m,t, 7,0) =0, t>0. (151)

The still arbitrary functions in wug, w1, us,u3 and ug can be used to avoid secular terms in
higher order approximations.

Now the solution for ugp of the problem (41) - (45) has been determined completely.
Observing the solutions for u; and us of the initial-boundary value problems (59) - (63)
and the initial-boundary value problem (77) - (81) respectively it should be noted that
the functions Ay, By, are still arbitrary functions in g and that Asy,, Bo, and are still
arbitrary functions in 7 and p, and that the ”singular” part of w9 still contains an arbitrary
function y912 in . These functions have to be used to avoid secular terms in the higher
order approximations. It is, however, our purpose to construct a formal approximation of
the solution that satisfies the differential equation up to order 2. For that reason, we take
A1p, By to be equal to Ay, (7,0), By (7,0) respectively, and Asgy,, Bay,, and 3212 to be equal to
their initial values A9, (0,0), B2, (0,0),y212(0) respectively. By differentiating uo with respect
to Z, putting z = w and t = ¢t = 7 = p = 0, and by applying (3) the arbitrary constant
y212(0) in the ”singular” part of uy can be determined, yielding

_ B(ep(m) + oo (m))
cosh (% (Z— )

To determine the arbitrary constants A, (0,0), B
Bs,,(0,0) we can use the initial conditions (44)-

Yy212(0 (152)

, B0r(0,0), A1,(0,0), B1,(0,0), A2, (0,0) and
(45), (62)-(63), and (8 )(81) respectively.



22 DARMAWIJOYO AND W. T. VAN HORSSEN

So far we have constructed a formal approximation @ of the solution of the initial-boundary
value problem (1) - (5) up to order €2, that is, & = ug + eu; + €>ug, in which wug,u1, and us
are given by

uo(Z,x, t,t, 7, 1) = exp ( ——7- Z(A(m (0,0) cos (\/—t—i-H n) )

+Bon(0,0) sin (VAst + H(n)) ) sin((n — 1/2)z),  (153)

ur (T, x, t,t,7, 1) = exp (—%7‘) i (Aln(0,0) cos (\/Et) + B1,(0,0) sin (\/Et)
n=1

+S(t, 7, p))sin((n — 1/2) z) — azvy, (7, t, T, 1), (154)

and
s (2., 18,7, 1) = para(0) (sinh (%(:ﬁ ~az)) ) exp (—%(t— at)) +vala ), (15
where H,, is given by (144), S(t, 7, p) is given by (119), where y212(0) is given by (152), where
vy is given by (148) where v is given by (93), A, (0,0) = 2 [ ¢o(z)sin ((n - —) )dm,
Bon(0,0) = T oy do vo@)sin ((n = 3) ) dr, 410(0,0) = 25 () sin (1~ 3) )
Bun(0.0) = 2y [ da(e)sin ((n=1%)2)dz+ 7y A0m(0,0) respectively, and where

l\JI»—‘

l\Dl\)I»—-

A = P2+ (n ) By considering the ”singular” part of the approximation we can conclude
that the angular velocity damper () plays only an important role in a very small region in
the (x,t)-plane near x = 7. This damper makes the angle of the string at x = 7 zero in a
very short time. On the other hand, the velocity damper («) suppresses the oscillations in
the entire string. However, this damping takes place on a time-scale of order ¢ 1.

4.3. SEPARATION OF VARIABLES.

Since the initial-boundary value problem (1)-(5) is linear the method of separation of vari-
ables can also be used to solve problem (1)-(5) approximately. In this section we will shortly
outline how nontrivial solutions of the boundary value problem (1)-(3) can be obtained in
the form X (x)T'(t). By Substituting X (x)T'(¢) into (1)-(3) the following eigenvalue problem
is obtained

X'z) _ 5, T"()

X(.I‘) =P = T(t) +p27 pE (C, O<x< T, t> 0, (156)
X(0) =0, (157)
X'(m)T(t) = — (eBX'(7) + eaX (7)) T'(t), (158)

where p € C is a separation parameter. From (156) and (157) it follows that X(z) =
Asinh(pz) with A an arbitrary constant. By substituting X (z) = Asinh(pz) into (158)
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the following expression is obtained
pcosh(pm)T(t) = — (eBpcosh(pr) + easinh(pr)) T'(t). (159)

It should be observed that for efp cosh(pm) 4+ easinh(pm) = 0 only trivial solutions for the
boundary-value problem (156)-(158) are obtained. By differentiating (159) with respect to ¢
and by using (159) again it follows that

p? cosh?(prr)
(¢8p cosh(pm) + easinh(pr))?

T'(t) = T(t). (160)

By substituting (160) into (156) it then follows that p has to satisfy

, 0 cosh? (pm)
(eBp cosh(pm) + easinh(pm))

5 +p° (161)

with p € C. Approximations of p can be obtained from (161) in the following way. First
(161) is rewritten in

(p2 - p2) (eBp cosh(pr) + easinh(pr))? = p? cosh?(pr), (162)

and then the following two cases pcosh(pm) = 0 4+ O(e) and pcosh(pm) # 0+ O(e) are
considered.

4.3.1. The case pcosh(pm) =0+ O(e).

For this case we have to consider two subcases, that is, cosh(pm) = 0+ O(e) or p = 0+ O(e).
Dividing (162) by p? — p?, putting p = a + bi with a,b € R, and then taking apart the real
part and the imaginary part of the so-obtained equation, it follows that

XoX; + YY1 = (X5 — Xo + X4), (163)
and
XoY, — X1V = (X; — Xg +Y)), (164)
where
2 _ 12 2 _ 12 _ .2 4 212 9 2
on(a v?) (a* — b* — p?) + aba Yo — abp

(a® — b2 — p?) + 4a?b? (a? — b2 — p?) + 4a?b?’
X1 = cos(2bm) cosh(2am) + 1, Yy = sin(2br) sinh(2a7),
X, =3 (a2 - b2) 1ol Yy =2abB?,
X5 = cos(2bm) ([62 (a2 - b2) + ozz] cosh(2ar) + 2aaf3 sinh(2a7r)) )
X = 2b0sin(2br) (af sinh(2a7) + acosh(2ar)),
X7 = 2bBcos(2br) (af cosh(2ar) + asinh(2a7))
Xs = sin(2brm) ([52 (a2 — b2) + az} sinh(2a7) + 2aa3 cosh(2a7r)) .

oo
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It is assumed that the eigenvalue p = a + bi can be expanded in a power series in €, that
is,

a =ao+ea +€as + ..., (165)

b:b0+6b1—|—€2b2—|—.... (166)

To approximate p (163) and (164) are then expanded in power series in e. For the case
cosh(pm) = 0+ O(e) it follows that p = a + ib =i(n — 3) + O(e). By substituting (165) and
(166) (in this case ap = 0 and byp = n — 1/2 with n € Z) into (163)-(164) and equating the
coefficients of € for n = 0,1,2,... we obtain

a
ap =x—/1+ , az=0,..., (167)
v (n—3)?
and ) )
« 1 P a p
by =0, by=— ——)(1 — 168
1 ) 2 7_[_(/8(7’1‘ 2)( +(n_%)2>+ﬂ_(n_%)3>7 ( )
So for the case cosh(pm) = 0+ O(e) the approximations for p are given by
2
= =1+
=z (n—12°
fnra (- b (14 L)+ 2 E ) @) iv o) (69)
Ty TR\ T m—102) T xm-1p) )T
or
2
= —— 1+
=% (n—12°
-t (pm-b1+—L V+2 P _Ve)iio@, an)
nT TR\ T mn—02) Twm=1p)° ) T)
with n € Z.

For the case p = 0+0(e) it follows that ag = by = 0. Again to approximate the eigenvalue p
(165) and (166) are substituted into (163)-(164). After expanding (165) and (166) into power

series in € and equating the coefficients of €™ for n =0, 1,2, ... we obtain
a1=0,a3=0,a3=0, ..., (171)
and
b1 =0,b2=0,b3=0.... (172)

For the case p = 0+ O(e) only the trivial solution of the boundary value problem (156) -
(158) will be obtained. So, for p = 0+ O(€) no eigenvalues are found.
Now we can approximate the solution for the case pcosh(pr) = 0 + O(e). For instance,

if we approximate the eigenvalue up to order ¢, that is, p = (n — 1/2)i + &, /1 + € or

p21
("—5)2
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p=(n—1/2)i—2/1+ ﬁe with n € Z it follows from (156) that T'(t) and X (x) are
2

approximated by

A, exp ((%e—{— P2+ (n — %)2) t) + B, exp (— (%e—{— P2+ (n— %)i) t), (173)

and
‘h<<( 12+ & e 2 ) ) (174)
sin n— i+ — ———c¢| x|,
T (n—3)?
or by
1\?2 1\?
C,, exp e p2—|—<n——)i t|+D,exp|— e p2+<n——>i t], (175)
T 2 s 2
and
2
sinh <<(n —1/2)i— 2 1+ %a) a:) (176)
™ (n—3)
respectively. By applying (158) it follows that A,, = C,, = 0. By taking A,, = B,, — D,, and
B,, = —i(B,, + D,) and using the superposition principle the general, approximate solution

for the case pcosh(pm) =0+ O(e) is given by

o [ (cos (At ( (- 1)) +
5. (s (V) s ((n 1)) -

[ 2 ()) L (os (V) on (o)) -

sin (\/Et) sin ((n - %1) a:)) 1B, (sin (\/Et) cos ((n - %) :c) +
cos (\/Xt) sin <<n - 5) x))” , (177)

where A\, = p?+ (n — 1/2)%. The constants A, and B,, can be determined by using the initial
conditions (4) and (5).
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4.3.2. The case pcosh(pm) # 0+ O(e).
Dividing (162) by pcosh(pm) it follows that

L (5 b _
—z) p + eatanh(pm))? = 1. (178)

It should be observed in this case that the first order approximation of p is proportional to
%. For that reason the eigenvalue p is approximated by

p—Q+po+ep1+ep2+ (179)

Now we will consider two cases for the real part of the eigenvalue p. In the first case the real
part of the eigenvalue p is assumed to be positive, and in the second case the real part of the
eigenvalue p is assumed to be negative. For the positive real part it is clear from (179) that

liig tanh(prm) = 1. (180)

So for € | 0 it then follows from (178) and (180) that

p
<1 - —) (e0p + eax — 2eax
p?

e—2p7r

2 _

Rescaling p by 'g, where p = a + b is of order one it follows that

0 ((Ba+ ea)? = (8b)*) — 268b(Ba + ea)d +i (0 ((Ba + ca)® — (B0)?) +28b(Ba + ea)y) = 1,
(182)

2
where n =1 — (ﬁ(ﬁ%} and 0 = (?2%2)7, and where terms which are exponentially small

(that is, terms of order ee( =2 )) have been neglected. It then follows from (182) that the
real and the imaginary part of (182) have to satisfy

n ((Ba+ ea)? = (8b)?) — 20b(Ba + ea)d =1, (183)

and

0 ((Ba + ca)? = (Bb)?) +28b(Ba + ca)y = 0, (184)

respectively. To approximate p the power series representations (165) and (166) are used
again. By substituting (165) and (166) into (183) and (184) the following results are obtained

2
= % g 52 a3 = afp? (185)

and
bop=by=by=0b3=...=0. (186)
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From (185) and (186) the approximation of p up to order €3 is given by

1 2
p= i % + %6 +afp?e® + O(). (187)
When the eigenvalue p has a negative real part a compeletely similar analysis can be given,
yielding

+— — e —afp? + 0(63). (188)

Now it should be observed that the approximation of p as given by (187) does not approxi-
mate an eigenvalue of the boundary value problem (156)-(158) since the boundary condition
(158) is not satisfied. As in section 4.3.1 a nontrivial solution X (z)T'(t) of the boundary
value problem (156) - (158) can again be constructed (using (188)), yielding

FE'sinh <<1 —ea+ 621;262> %) exp (— (% - %) t), (189)

where E is a constant which follows by evaluating u, at x = 7 and ¢t = 0 (see also section
4.2). An approximation of the solution of the initial-boundary value problem (1)-(5) follows
from (177) and (189). The results can readily be compared with the results obtained in
section 4.1 and in section 4.2.

5. The validity of formal approximations.

Since the initial-boundary value problem (1)-(5) contains a small parameter € perturbation
methods may be applied to construct approximations of the solution. In most perturbation
methods a function is constructed that satisfies the differential equation, the initial condi-
tions, and the boundary conditions up to some order depending on the small parameter e.
Such a function is usually called a formal approximation. To show that this formal approx-
imation is an asymptotic approximation (as € — 0 ) requires an additional analysis. The
formal approximation (z,t;€) = u, 4 eu1 + €2up which has been constructed in section 4.2
satisfies the following initial-boundary value problem

Uy — Ugg + p2i = 3C,(x,t;e), 0 <z <7, t>0, (190)
w(0,t;e) = 0,¢t>0, (191)

) = —&(Big(m, t;e) + aiiy(m, t;€)) + 3C1 (t;€), t > 0, (192)
z,0;¢) = ¢(x) —3Cy(z;e), 0 <z <, (193)
) = o(z) —3Cs(ze), 0 <z < m, (194)

where C,, C1, Cs, and Cj satisfy C,(0,t;¢) = C(0;¢) = C5(0;¢) = 0.
To prove the asymptotic validity of u(x,t;e) we define some auxiliary functions,

a(t) =a(,te), b(t) =, te), qt) = ebua(m t;e). (195)
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We also denote @, b and # for a(t), b(t) and 7(t), respectively. By differentiating these
functions with respect to t we obtain

ar b 0
(bt) = ( oa — P2 )+(CO). (196)
7t —a(m) — eab(m) Ch

We also define the same operator A as in section 3, i.e.

b
Ayz( lge — PG ) (197)

—a(m) — eab(r)

a
where y = ( b ) . By using (153) - (154) the following abstract-Cauchy problem is obtained
n
dii
d—g = Ay + &0, (198)
y(0) = @, (199)
0 ) Cs
where © = [ C, |, and ® = & — 3K with K = C3 |, where ' in Cé denotes
Gy eBCY

differentiation of C'y with respect to x. The solution of the initial value problem (198) -
(199) is given by

g=Tt)® + & /0 t T(t — 5)O(s)ds, (200)

where T'(t) is defined as in section 3. For 0 < z < 7 and 0 < ¢t < Le !, (where L is a positive
and e-independent constant) we can now estimate the difference between y and g, that is,

Iy o < |5, +* [ 16l s, (201)

where [|©]|,, satisfies

2 i _ 7_
H@H% < 1ﬁ_p€a <C’onsto exp <—2t at) + e.Constq exp (—t 50415)) +efMo+M, (202)
in which
, / , { cosh (2(1_;60‘)7r -1
Const, = 203p (ﬁ (¢1 (71') + O‘SOO(T())) (1—ea)m ’
cosh (2 =3 )
and

(—za)r)
Consty = 26.M. |28 (41 (x) + ao(n) )| (COSh( ) 1) |
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and in which My, M;, and M are positive constants. From (201) - (202) it follows that there
are positive constants M3 and M, such that the following inequality

ly = Gl < €° (M3 + Myt) (203)

holds. We conclude from (203) that y — 7 = O(£?) on a time scale of order one. It also

oC1/e2)
T
i LN
m
e Accurate up to O(€)
s oOC1l/ )
c
a
1 u, + €u,
e Accurate up to O( e> )
- oC1)
u,+ €u, + € u,
Accurate up to O(Ce3)
(0] 7T <

Figure 3. Validity of the approximations on different time-scales.

follows from (203) that u — (ug + eu1 + £2ug) = O(e3) on a time scale of order one, and that
u — (ug + euy) = O(e?) on a time scale of order ¢!, and that u — ug = O(g) on a time scale

of order e72. We resume the validity of the approximations on different time scales in figure
3.

6. Conclusions and remarks

In this paper an initial-boundary value problem for a string equation has been considered.
One end of the string is assumed to be fixed and the other end of the string is attached
to a dashpot system, where the damping generated by the dashpot system is assumed to
be small, and is assumed to be proportional to the vertical and the angular velocity of the
string in the endpoint. A semigroup approach has been used to prove the wellposedness of
the singularly perturbed problem. It has been shown how a multiple scales perturbation
method can be applied to construct asymptotic approximations of the solution which are
valid for large values of time ¢. It turns out that at least six scales (that is, four time-scales
and two space-scales) are necessary to describe the behaviour of the solution sufficiently
accurate for these large values of time. It has been shown in section 4 that the presence of
the term —efu,s in the boundary condition at z = 7 gives rise to a singularly perturbed
problem, which in fact leads to a characteristic layer problem. This term (that is, —efu ,)
is proportional to the angular velocity of the string in the endpoint at x = w. From the
results as presented in section 4 it follows that due to this type of angular velocity damping
the angle of the string at = 7 tends to zero in a very short time (that is, within times of
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O(1)). The vertical oscillations of the string are hardly influenced by this angular velocity
damper. The vertical oscillations of the string also decrease to zero (due to the term —eou
in the boundary condition at x = ), but this happens on a much larger time-scale, that
is, on time-scales of O(%) or larger. In section 4.3 we also presented shortly an alternative
way to approximate the solution by applying the method of separation of variables to the
problem. This approach of course can only be applied to linear problems, whereas in section
4.2 the method as presented and worked out in detail can also be applied to weakly nonlinear
problems.
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