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On the vibrations of a simply supported square plate on a weakly
nonlinear elastic foundation.

M.A. Zarubinskaya and W.T. van Horssen

Abstract

In this paper an initial-boundary value problem for a weakly nonlinear plate equation with a
quadratic nonlinearity will be studied. This initial-boundary value problem can be regarded as a
simple model describing free oscillations of a simply supported square plate on an elastic foundation.
It is assumed that the foundation has a different behavior for compression and for expansion. An
approximation for the solution of the initial-boundary value problem will be constructed using a
two-timescales perturbation method. The existence and uniqueness of the solution of the problem
will be proved. Also the asymptotic validity of the constructed approximations will be shown on long
time-scales. For specific parameter values it turns out that complicated internal resonances occur.

Key words: weakly nonlinear plate equation, asymptotics, two-timescales perturbation method,
internal resonanses.
AMS subject classifications: 35B20, 35B40, 35Q72, 74K20.

1 Introduction

It is well known that flexible structures like suspension bridges or overhead power transmission lines
can be subjected to oscillations due to various causes. Simple models for such oscillations are described
with second- and fourth-order partial differential equations as can be seen for example in [1]-[7]. Usually
asymptotic methods can be used to construct approximations for solutions of these second- and fourth-
order partial differential equations. For a long time initial-boundary value problems for weakly nonlinear
wave equations have been studied, for example, in [7]-[9] and in [14], [16], [17]. In [7]-[9] a two-timescales
perturbation method has been used to construct approximations. In [7]-[9], [16], [17] asymptotic theories
which justify these approximations are presented. The analysis becomes more complicated for beam
equations. These equations are discussed for instance in [3], [4], [5], [6], [10], [11], [18] and [19]. Only a
little is known about weakly nonlinear plate equations. In this paper an initial-boundary value problem
for a simply supported square plate on a weakly nonlinear, elastic foundation will be studied in detail. The
analysis includes the well-possedness of the problem in classical sense, the construction of approximations
of the solution, and a justification of the obtained asymptotic results on long timescales. The presented
analysis in this paper can also be seen as a starting point to study more complicated problems such as
wind-induced oscillations of suspension bridges.

A square plate with side length [ will be considered. The displacement of the plate in z direction
(see also Figure 1(a)) is denoted by w = w(z,y,t), in which ¢ is time. The following symbols will be
used: p is the mass of the plate per unit area perpendicular to z-axis, p is the mass density of the plate,
A is the area of the cross section of the plate perpendicular to the z-axis, (so A = lh, where h is the
thickness of the plate), E is the elasticity modulus, I is the moment of inertia of the cross section with
respect to the z-axis, and F' is the force (in z-direction) per unit area acting on the plate due to the
elastic foundation. We neglect internal damping and consider the weight W of the plate per unit area to
be constant (W = pug, ¢ is the gravitational acceleration). No other external forces are assumed to be
present. The equation of motion for the vertical displacement of the plate is given by

pwer + EI(Wazoa + 2Waayy + Wyyyy) + F(w) = —pg. (1)
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Figure 1: Sketch of (a) a square plate on an elastic foundation and (b) a detail of a simply support on
an edge of the plate.

It is assumed that the force F' can be expanded in a Taylor series with F(0) = 0 : F(w) = kw+bw?+...,
where k and b are spring constants. It is assumed that the elastic foundation has a different behaviour
for compression and for expansion, i.e., for w < 0 and w > 0. It is also assumed that the vertical
displacements of the plate are small compared to the length [, and that terms of degree three and higher
in F' can be neglected. Equation (1) then becomes

ETI k b
Wit + j(wmww + 2Waayy + Wyyyy) + Ew + ;U’Q =9 (2)

To simplify (2) the term —g will be removed from (2) by introducing the transformation w(z,y,t) =
w(z,y,t)+52s(x,y), where s(x,y) satisfies the following time-independent linear boundary value problem

k k
Spaze (T, Y) + 2Szayy (T, Y) + Syyyy (T, y) + ﬁs(aj,y) =57 O<zxz<l, 0<y<l,

s(x,0) = s(x,l) = syy(2,0) = syy(2,{) =0, O0<a<l
In fact the term £2s(x,y) represents the deflection of the plate in static state due to gravity. The solution
of the boundary value problem (3) can be constructed by using the method of separation of variables (see
[12], or [13]) or by just assuming that

oo oo

s(z,y) = Z Spm Sin (n_7lrx) sin (@), (4)

n=1m=

where the s,,, are constants. These constants can then be determined by substituting (4) into the PDE
in (3), by multiplying the so-obtained equation with sin (E5¥)sin (4/£), and then by integrating the

equation with respect to z and y (from z is 0 to I, and from y is 0 to 1), yielding

—4k

Using the dimensionless variables @ = 4w, z=7z, g§=7Ty, t= (%)2(%)1/223, (2) becomes
Wit + Wrzzz+2Wzz55 + Wyggy+ (5)
4 bA bug 1 _ 1 bl pg 1 _ 1 \\2
(ko + La? 4225 ls tpyo+ 2 (Bs(le, Ly ):0
7r4EI( W Y + k S(Wm7 Wy)w—k A( k S(Wm’ Wy))



Assuming that the area A of the cross section is small compared to the plate side length [, we put
€ = % with € a small parameter. Furthermore, we assume that the deflection of the plate in static
state due to gravity (that is £2s(z,y)) is small with respect to the vertical displacement w, which is
of order é&. This means we assume that 42s(z,y) is O(é") with n > 1. Setting e = —bé(L)* 2, (5)
becomes Wi + Wizzs + 2Wazgy + Wyggy + p°0 = ew® + O(e"), with n > 1, p? = (L)* 2%, and € is
a small dimensionless parameter. We can now formulate the following initial-boundary value problem,
which describes up to O(e™), n > 1, the vertical displacement of a plate on a weakly nonlinear, elastic

foundation: (for convenience all bars will be dropped)

Wit + Wagas + 2Wazyy + Wyyyy +pw=ew?, O<z<m, O<y<m t>0, (6)

’LU(O, Y, t) = w(ﬂ-v Y, t) = wrr(ov Y, t) = Wxx (7‘-7 Y, t) =0, t>0, (7)
w(z,0,t) = w(x, 7, t) = wyy(z,0,t) = wyy(z,7,t) =0, t>0, (8)
ys ), (9)

w(z,y,0) = wo(x,y;€), wi(x,y,0)=w(z, O<z<m, O<y<m,
where € and p are parameters with 0 < |¢/ < 1 and p >0, w = w(z,y,t) is the vertical displacement of
the plate, wo(z,y) is the initial displacement of the plate in vertical direction, and wi(z,y) is the initial
velocity of the plate in vertical direction. All functions are assumed to be sufficiently smooth. The first
four terms in the left-hand side of (6) are the linear part of the plate equation and p?w — ew? represents
the restoring force due to the elastic foundation. The boundary conditions describe a simply supported
plate. Since no other external forces are considered, the initial boundary value problem (6)-(9) can be
considered as a simple model to describe the free oscillations of a simply supported plate on an elastic,
weakly nonlinear foundation.

In this paper an asymptotic theory will be presented for a more general case of (6)-(9), where the
nonlinearity in the right-hand side of (6) is of the form ef(z,y,t, w;e). We will show that the initial-
boundary value problem is well-posed in classical sense, i.e., we will show that there exists a unique,
classical solution for this initial-boundary value problem. We will also show the asymptotic validity of
approximations, which are constructed by using formal perturbation methods. We will construct order
€ approximations for the solution of the initial-boundary value problem (6)-(9) by using a Fourier series
expansion and a two-timescales perturbation method. We will consider the energy exchange between
different oscillation modes for different values of the parameter p2. For almost all values of p? only
an interaction of order e between different oscillation modes occurs on a timescales of order 1/¢, but
for certain specific values of p? mode interactions of order 1 occur on a timescale of order 1/, i.e.,
energy transfer of order 1 occurs between two or more modes on an 1/e timescale. We will show that,
for instance, for p? = 63—8 an energy transfer of order 1 occurs between modes 2-2 and 3-3 (that is, for
oscillation modes described by sin (2z) sin (2y) and sin (3z) sin (3y)). For p? ~ 35.40 an energy transfer of
order 1 occurs between the modes 1-9, 9-1, 2-2 and 6-6 (that is, between the oscillation modes described
by sin () sin (9y), sin (9z) sin (y), sin (2z) sin (2y), and sin (6z) sin (6y)).

The outline of this paper is as follows. In section 2 the well-possedness of the initial-boundary value
problem (6)-(9) is considered and established on a timescale of order 1/e. In section 3 the asymptotic
validity of approximations of the solution of this initial-boundary value problem is studied. In sections 4
and 5 the asymptotic theory is applied. On a timescale of order 1/¢ an order € asymptotic approximation,
as € — 0, for the solution of (6)-(9) will be constructed using a two-timescales perturbation method. For
some specific values of p?, modes with zero initial energy will also be excited. For different values of p?
these mode interactions will be studied in section 5. In section 6 some conclusions will be drawn and
some remarks will be made.



2 The well-possedness of the problem.

In this section we consider the well-possedness in classical sense for the following class of weakly nonlinear,
initial-boundary value problems for a real valued function w(x,y,t):

Wit +wwwzz+2wwwyy+wyyyy+p2w:ef(xu Y, t,w; 6)7 (10)

O<zx<m O<y<m t>0,
U)(O, y7t) = w(ﬂ-a yvt) = wﬁﬁ(oa y7t) = wrr(ﬂ-a y7t) = 07 t Z 07 (11)
w(z,0,t) = w(z, m,t) = wyy(z,0,t) = wyy(x,m,t) =0, t>0, (12)
w(z,y,0) = wo(r,y5€), wi(z,y,0) =wi(r,y;¢), O0<z<m 0<y<m, (13)

where €, p are constants, € € [—eg, €], and p > 0, and where f,wq, w; satisfy

f and all first-, second-, and third-order partial derivatives of f with (14)
respect to  x,y,t,w are € C([0, 7] x [0,7] x [0,00] X R x [—€p, €0], R),
and f(0,0,t¢,0;¢) = f(m,m,t,0;¢) =0 for t>0,
0 dwy 0wy Pwy 9wy dwy O?wy Pwy twy 02wy FPwy  OPwg
TOx T 0x2 Ox3 7 Oxtr Oy’ Oy Oy Oyt T 0xdy’ 0x20y’ Oxdy?’

O*wy  O*woe 9wy w dwy 9w, dwy Pw Pwy BPw, BPw, 0wy
0x20y2’ 0x30y’ 0x0y®’ ' Ox ' 0x2 Oy  0xdy’ 0y 0z 0x20y’ 0xdy?’
0%w .
W; € C([0, 7] x [0,7] x [—€0,€0],R), with wg(0,y;€) = wo(m,y;€) =
521110 82w0
W((M/;E) = W(Way;ﬁ) =0, (15)
2 2
and wo(z,0;€) = wo(x, 7€) = 5(9;020 (z,0;¢) = 38;1;0 (x,m¢) =0, and
2 2
wi(0,470) = wr(my; ) = S 0,450 = Sk y€) = 0, and wa(e, 036) =
2 2
wy (z,m5€) = 38;1;1 (z,0;¢) = %—;?(ﬁ,ﬂ;e) =0,
f and all first-, second-, and third-order partial derivatives of f with (16)

respect to x,y,t are uniformly bounded for all z,y,¢,e as considered.

We define a classical solution as a function that is three times continuously differentiable on [0, 7] x
[0, 7] x [0, 00], for which the fourth order partial derivatives with respect to x,y are continuous on [0, 7] x
[0, 7] x [0, 0], and that satisfies (10)-(13), where f, wo, w1 satisfy (14)-(16). In order to prove existence and
uniqueness of a classical solution of the initial-boundary value problem (10)-(13) an equivalent integral
equation will be used. We obtain this integral equation by using the Green’s function G for the linear

operator 88—:4 + 2(%‘2—2?!2 + 86—; + g—; + p? and the simply supported boundary conditions (see Appendix
A):
t ™ m
wlopt) =¢ [ [ [ Gen mia s (€n v dsdnr +wi(oy.ti) = (Tw)wt),  (17)
00 0

where

sin [\/(n? + m2)2 + p2(t — 7)] (18)

G n,miw,y,t) = %Z >,

n=1m=1 (nQ + m2)2 + p2

x H(t — 7) sin (n€) sin (mn) sin (nx) sin (my)



for &, x,n,y € [0,7], 7,t > 0, where the Heaviside function H(a) is equal to 1 for a > 0 and equal to 0 for
a < 0. The solution of the initial-boundary value problem (10)-(13) with f =0 is

wl(%yat;e)://(G(fﬂ%o;%yat)wl(faﬂ;e)—Gr(ﬁﬂ?a0;957yat)w0(fa77;6))d§d77~ (19)
0 0

It can be shown elementarily that the integral equation (17) and the initial-boundary value problem
(10)-(13) are equivalent when three times continuously differentiable functions with continuous fourth
order partial derivatives with respect to x,y (on [0, 7] x [0, 7] X [0, 00]) are considered. This means that if
w(z,y,t) is a three times continuously differentiable solution of the initial-boundary value problem (10)-
(13) and Wepgz, Wyyyy, Wazyy are continuous, then w(z,y,t) is also a solution of the integral equation
(17) and that, if v(x,y,t) is a three times continuously differentiable solution of the integral equation
(17) and VYazaz, Vyyyy, Vazyy are continuous, then v(x,y,t) is also a solution of the initial-boundary value
problem (10)-(13). We will start with some definitions. Let

QLz{(m,y,t)‘OSxSﬂ', 0<y<m, O§t§L|e_1|}, (20)

with L a sufficiently small, positive constant independent of €. Let the Banach space B of all real-valued
continuous functions w on €z, be given and let Ca/ (1) be the closed subset Cps () = {w € B| || w ||=
mar (g, neo, | w(w,y,t)] < M}. We now state the following theorem.

THEOREM 1. Suppose f,wo,w; satisfy (14)-(17). Then for every e and p satisfying 0 < |¢| < 1 and
p > 0 the initial-boundary value problem (10)-(13) has a unique and three times continuously differentiable
solution with continuous fourth order partial derivatives with respect to x,y for (z,y,t) € Qp, with L a
sufficiently small, positive constant independent of €. This unique solution depends continuously on the
initial values.

Proof. As stated above the initial-boundary value problem (10)-(13) is equivalent to the integral
equation (17). To prove existence and uniqueness of the solution of (17) a fixed point theorem will be
used. Using the fact that wy, 8;;“20, gzg’g, 682;20, and wy are continuous on the closed and bounded interval
[0, 7] x [0, 7] X [—€o, €0] and therefore uniformly bounded on the interval, and using the estimates (141),
(142) as obtained in Appendix B, it follows that there is a constant M, independent of e such that, for

fixed wg and wy,

1
| w |1< 50, (21)

i.e., w; as given by (19) is bounded. Since f and are assumed to be continuous and uniformly bounded
for those values of x,vy,t, e under consideration, there are constants Ms and M3 independent of € such
that

|f(a:,y,t,w;e)| < M27 (22)
|f($7y,t7’01;€) - f(x?y7tav2;€)| < M3 || U1 — U2 || (23)

for all (z,y,t) € Qp, €€ [—€o, €0, and w,v1,v2 € Car, (21). Using (22), (23), (142), and the fact that
(z,y,t) € Qp, we can show that Tw € Cypy, (1), i.e., the integral operator T maps Cypy, (1) into itself:

t ™7
‘6///G(ém,T;x,%t)f(ﬁ,n,T,w;€)d§dndT‘+|wz($,y7t;e)|

(), 0] <
< e [Py m (g, 7)o + M
< ﬂ'ogcﬁﬂ x,y, T, w(x,y,T);€)|dr 5 M
S |€|t7T2M2+_M1.

2



If the maximum of the left-hand side is taken for (x,y,t) € Q1,, we obtain
9 1

If the constant L is taken such that 72LMs < %Ml, it follows that
| Tw|<M;p forall weCuy(Qr).

Hence it follows that T": Cpy, (22) — Chr, (). In a similar way it can be shown that the integral
operator T' is a contraction on Car, (). Let v1,ve € Cay, (1), then

|(TU1)((E,y7t) - (T'UQ)(irvyatN é /G(fﬂan;mvyat){f(€7n7T7 01;6)
0

— F(E T v 6)}d§dnd7‘

<

< ‘ /TF Og;l%m%Jf z,Y,T, ’01(33 Y, T )7 )
_f(x7ya T, UQ(xvyv T)? €)|d7—‘

< 7T2M3L max_ |vi(z,y,t) —va(x,y,1)]

(z,y,t)€QL

<ML || v1 —vs |
If the constant L is taken such that 72 LM, < %Ml and m2L M5 < k with 0 < k < 1, it follows that
| Tvi —Tve ||[<E|vi—v2| with 0<k<1 forall w,ve€ Chy(QL),

e., T is a contraction on Cyy, (21). Then, Banach’s fixed point theorem implies that the integral
operator T' has a unique fixed point w € Chy, (Qr), i.e., a continuous function w on Qj, satisfying the
integral equation (17). It can be shown elementarily that 7" maps C* functions into C* functions for
i =1,2,3. Furthermore, it can be shown that 7" maps C?® functions into functions that have continuous
fourth order derivatives with respect to x,y. So, the unique solution of the integral equation (17) is a
three times continuously differentiable function, with continuous fourth order derivatives with respect to
x,y. Since the integral equation (17) and the initial-boundary value problem (10)-(13) are equivalent, it
follows that the initial-boundary value problem has a unique and three times continuously differentiable
solution w, wWith Wezzs, Wyyyy, Weayy continuous. This proves the first part of Theorem 1.

Next it will be shown that the solution of the initial-boundary value problem depends continuously
on the initial values. Let w(x,y,t) satisfy (10)-(13) and let w(x,y,t) satisfy (10)-(12) with w(x,y,0) =
wo(x,y;€), We(x,y,0) = w1(x,y;€), where wy and w; satisfy the same properties (15) as for wg and
wy. Using the equivalent integral equation (17), (23), (141), the fact that (z,y,t) € Qr, and taking



w, W € Cy, (1), we obtain

(w(z,y,t) — w(z,y,1)]
t ™o
< |€| G(fa7777'§557y,t){f(§,7),7'7w§€)—
/]

f(&n,7,w;€)}dédndr

G(&n, 0z, y, ){wi(&,m5€) — wi(&, 5 €) }déd

+‘O/O/ 1n,0;2,y wi(&,m€e) —wi(§,m;€ 17‘

+‘//Gr(fa7770;%%15){1”0(5,77;6)—7110(577756)}d§d77‘
0 0

t
<|e [ 72 maz |#(e..r 0w, 7)) - oy ool +
0 Yy
2 . 2T .
T ng‘éﬁ H w1($7y76) wl(xiy76) ||
9 9 82 82
+7 Ogrg%aéﬁ{p Iwo(x,y;e)—wo(m,y;e)lﬂ“@wo(m,y; €) = 5z ol yie )‘
0% 0?2 0?
42| g, 30) = gaitole, ;)| 4| (e, yie) = gl ie)|}
< LMg || w—w || +7% || wy — @ || —|—71'2p2 | wo — o ||
|G- G+t o - S|+ | B - S|
ox? ox? dzdy 83:83/
Sknw—wu+#{nm—wuwwﬂmm—%n
|5 - G 2l g - o+ |5 - 5 1
ox? ox? dzdy 83:83/

for all (z,y,t) € Qr and with 0 < k < 1. If the maximum of |w — @] on the left-hand side is taken for
(z,y,t) € Qr, we obtain

w1+ gt~ gaoa |

2
w1 {52 o — i | | 210 - 22
1—-k ox? ox? Ox0dy  0xdy

9w 8w
H 0 0H—Fle w1|\}

This means that small differences between the initial values cause small differences between the solutions
w and w on . This completes the proof.

3 On the asymptotic validity of formal approximations.

In section 4 an approximation of the solution of the initial-boundary value problem (10)-(13) will be
constructed for f(z,y,t, w;e) = w?. This approximation is a formal approximation, i.e., a function which
satisfies the partial differential equation (10) and the initial conditions (13) up to some order depending
on the small parameter e. The formal approximation in section 4 satisfies (10) and (13) up to O(e?). In
this section it will be shown that a formal approximation of the solution of the initial-boundary value
problem (10)-(13) is also an asymptotic approximation, i.e., the difference between the formal approxi-
mation and the exact solution — 0 as € — 0, on a timescale of order 1/e.



Suppose a three times continuously differentiable function v(z, y, t; €) is constructed on Q, with v,zee,

Vyyyy, Vzayy continuous, and which satisfies

Vit Vzzzz + 2Vazyy +Vyyyy 070 = €f (2, y, 1,05 €)+|e| "R (2, y, t; €),
O<zx<mO<y<mt>D0,
U(Oa yvt) = U(vaat) = Urr(oa y,t) = 'Urr(ﬂ-a y,t) =0, t=>0,
v(z,0,t) = v(z, 7, t) = vyy(x,0,t) = vyy(x,m,t) =0, t>0,
v(x, y,0;€) = wo(z,y; €) + || ' Ro(x, y, t;€) = vo(z,y5€), 0<a,y<m,

€)
’Ut(may70;€) = wl(%%ﬁ) + |€|m_1R3(33aZ/7t§ 6) = ’Ul(may;e)a 0< T,y <m,

with m > 1, where €, p, f, wo, w satisfy the same conditions as in section 2 (that is, (14)-(16)), and where

Rl, RQ, Rg satisfy

Ry and all first-, second-, and third-order partial derivatives of R;
with respect to  xz,y,t, are € C([0,7] x [0,7] x [0, 00] X [—€0, €0], R),
and R1(0,0,¢,0;¢) = Ry(m,m,t,0;¢) =0 for ¢ >0,

ORy 0°Ry 3Ry 0*Ry ORy 0*Ry 9°Ry 0*Ry 0°Ry 0*Ry,  O°Ry

R2’W’ Ox2 7 9x3 7 9zt Oy’ Oy Oyd Oyt ' Ox0y’ 0x20y?’ 9220y’

DRy 9'Ry 0O'Rs OR3 0°Rs OR3; 0°Rs 0°Rs 0°R; 0°Rs 0°Rs

0x0y?’ 0x30y’ dxdy3’ R, Oz 9227 By Oy Ozdy’ 0x3 W 0x20y’ dxdy?’

832—533 € C([0,7] x [0,7] x [—€0,€0],R), with Ra(0,y;€) = Ra(m, y;€) =
%(079;6) = %(ﬁ,y;e) =0 and Ro(x,0;¢) = Ry(z,m€) = 882—522(3;’0;6) _
832—522(3:’77;6) =0 and R3(0,y;¢) = Rs(m,y5¢) = %(O,y;e) = %(w,y;e) =
and - Rs(z,0;€) = R3(w,m5¢) = 8;—523(%0;6) = 8;—523(33,#;6) =0

R; and all first-, second-, and third-order partial derivatives of Ry

with respect to x,y,t, are uniformly bounded for all x,y,t,e¢ considered.

We now formulate the following theorem.

(29)

(30)

(31)

THEOREM 2. Let v satisfy (24)-(28), where f,wo and wy satisfy (14)-(17) and Ry, R2 and Rs satisfy
(29)-(32). Then for m > 1 the formal approzimation v is an asymptotic approzimation (as € — 0) of the
solution w of the nonlinear initial-boundary value problem (10)-(13) for (x,y,t) € Q. This means that,

as € — 0,

lw(z,y,t) —v(z,y, t;e)| = O(e|™™) for 0<z<nm, 0<y<nm and 0<t< Ll

in which L is a sufficiently small, positive constant independent of e.

Proof. Let f(a:,t,v;e) = f(z,t,v;€) + || LRy (x,t;¢€), and let v; be given by

U1 (CE, Y, t; 6) = / /{G(ga n, 0; z,Y, t)vl (67 3 6) - GT (67 n, 0; x,Y, t)UO (67 3 6)}dfd77

0 0



Suppose v; satisfies || v; [|< $M; and f satisfies (22)-(23). It then follows from Theorem 1 that (24)-(28)
has a unique, three times continuously differentiable solution v(z,y,t;€) on Qr, With Vpzez, Vyyyy, Vozyy
continuous, v is also a solution of the equivalent integral equation

v(&ny,t;e)=6///G(&n7T;I7y,t)f(§,n777v;e)dﬁdndf+vz(x,y,t;€)E(Tv)(m,y,t;e)- (32)
0 0 O

Since the functions Ry, Ra, R3 satisfy (29)-(32), it follows that there are constants M5, Mg, M7, Mg, My,
and Mg such that

|R1($,y,t;€)| < M, |R2($,y7t; €)| < M, |R3($,y7t; €)| < Mz, (33)
0?Ry(x,y;€) O?Ry(,y;€) 0?Ry(x,y;¢€)

3 ) < , ‘ ) ) ‘ < , ‘ 3 ) < 34

92 ‘ = Ms y? = Mo cdy | = o0 (34

for all (z,y,t;€) € Qp, € € [—¢€p, €0, and w, v1,v2 € Cpy, (21). Subtracting the integral equation (32) from
the integral equation (17), using (23), (33), (34), (141), the fact that w,v € Cp, (1), and the fact that
(xz,y,t;¢) € Qp, it follows that

|’LU(JI7y,t) - U(I7yat; 6)‘
t ™ 7
<|el G(&,n,m52,9,0)3 [(€,n,7,w;€) — F(€,m,7,v; €) LdEdndr
/i { o]
+|wl(may7t;6)_Ul(may7t;6)|
t ™ 7
[ [ctenmaniisenrme - fen.rvie)deinr
0

0 0

<[el

[ [ ctenrin.nmaen s erdcanar|
0 0

0
+‘//G(ém,0;x7y,t){w1(€m;€)—vl(&n;e)}dfdn‘
0

0
+ ‘ //Gr(ga 7770; xz, yvt){wO(gan; 6) - 'UO(fa ; 6)}d§d77‘
00
t t ™
<le| /7T2M3 |w—v]dr+ |e\m/7r2M5dT+ |e|™ 1 /7r2M7
0 0 0
_ O?Ry(x,y;€) 0?Ry(x,y;€) O?Ry(x,y;¢€)
m—1_2 2 . o Yy s Yy
+ el T Ogrggagﬂ{p | B2, g5 )l + ‘ Ox? ‘ oy? ‘ Oxdy }

< |eftn®Ms || w — v || +|e|™tn? Ms + |e|™ 1 x? (M7 + p> Mg + Mg + My + M)

<7PLM; || w—wv || +|e[™ " 7w (LMs + M7 4 p> Mg + Mg + Mg + M)

<k w—wv | +le™ w* (LMs + My + p* Mg + Ms + My + Mio)
for all (z,y,t;€) € Qp and with 0 < k < 1. If the maximum of |w — v| on the left-hand side is taken for
(x,y,t;¢) € Qp, we obtain

2
| w— v | < el T (LM + My + p* M + My + Mo + M),



So, for (z,y,t;€) € Qp, |lw(z,y,t) — v(z,y,t;€)] = O(le/™ ') as € — 0. Hence, for m > 1 the function
v is an asymptotic approximation (as ¢ — 0) of the solution w of the initial-boundary value problem
(10)-(13). This completes the proof.

4 The construction of asymptotic approximations: general case.

In this section and in the following section asymptotic approximations of the solution of the initial-
boundary value problem (6)-(9) will be constructed. When straightforward e—expansions are used to
approximate solutions, secular terms can occur for specific values of p?. To avoid these secular terms a
two-timescales perturbation method is used. The initial-boundary value problem (6)-(9) is extended to
an initial value problem by extending all functions in z and y. The boundary conditions imply that w
should be extended as an odd 2m-periodic function in x and as an odd 27-periodic function in y. Let us
write w as a Fourier sine-series in z and y:

w(z,y,t Z Z Gmn (t) sin(maz) sin(ny). (35)

m=1n=1

This extension implies that all terms in (6) should be extended as odd, 2m-periodic function in z and
in y. For the nonlinearity on the right-hand side of (6) this means that (6) has to be rewritten as

Wit + Wegaar + 2ww:pyy + Wyyyy + pQw = Eh(x)g<y)w27 (36)

where the functions h and g, defined on R, are given by h(z) =1 for 0 <z < w, h(0) = h(x) =0, and
h is an odd and 27-periodic function in z; g(y) =1 for 0 <y <m, ¢(0) = g(m) =0, and g is an odd
and 27-periodic function in y. The functions h(z) and ¢g(y) can then be written in the following Fourier
sine-series:

4 s osin (24 + D) 4 sin((2i+ 1)y)
—ﬂ;} i1 g(y)—mz . ' (37)
By substituting (35) and (37) into (36) we obtain
Z Z (ijmn(t) + (m* +2m?*n? + n* + pz)qmn) sin(max) sin(ny) =

mglnszuj 0 22+1 21+1)Sln(m:v)sm(hx) sin(ny) sin(sy) sin((2j+1)x) sin((2i+1)y). (38)

The right-hand side of (38) can be rewritten by using the goniometric formula sin(mz) sin(hz) sin((25 +
Dz) = 3 (sin((m-+h—(2j+1))z)—sin((m—h—(2j+1))z)—sin((m+h+(2j+1))z)+sin((m—h-+(2j+1))z)).
The equations for g is obtained by multiplying (38) with - sin (kz)sin (ly) and then by integrating the
so-obtained equation with respect to both z and y from 0 to 7. Using the orthogonality relations of the
sin-functions and the symmetry in m,n and h, s the following equation for each qy; for k,1 =1,2,3,...is
obtained:

Grt + iy qr =

% (2 o2 Y o+ Y -

k=m—h+(2j+1)  k=m—h—(2j+1) k=m+h—(2j+1)

Z—Z><2Z—QZ+ (39)

k=m-+h+(25+1) k=—m—h+(2j+1) l=n—s+(2i+1) l=n—s—(2i+1)
O L
l=n+s—(2i+1) l=n+s+(2i+1) l=—n—s+(2i+1) (22 + 1)(2'] + 1)

10



where diy, = \/(k? 4 12)? + p? and gy has to satisfy the following initial conditions

qx1(0) = //wo (z,y)sin (kx) sin (ly)dzdy, ¢ (0) = //w1 (x,y)sin (kx) sin (ly)dzdy.

It should be observed that (39) also can be obtained by substituting (35) into (6), and by multiplying
the so-obtained equation with sin (kz) sin (ly), and then by integrating with respect to x and y from 0 to
m. Equation (39) can be rewritten in the following form

Gt + iy ar =

%(42—42%2—

k=m—h+(2j+1) k=m—h—(2j+1) k=m+h—(2j+1)

I=n—s+(2i+1) I=n—s+(2i+1) I=n—s+(2i+1)
2 —2 > -4 ) +D -
k=m-+h+(2j+1) k=—m—h+(2j+1) k=m—h+(2j+1) k=m—h—(2j+1)
I=n—s+(2i+1) I=n—s+(2i+1) I=n—s—(2i+1) I=n—s—(2i+1)
DD D DD DI D DI
k=m-+h—(2j+1) k=m+h+(2j+1) k=—m—h+(2j+1) k=m—h+(2j+1)
l=n—s—(2i+1) l=n—s—(2i+1) l=n—s—(2i+1) l=n+4s—(2i+1)

D D D D D (40)

k=m—h—(2j4+1) k=m+4h—(2j4+1) k=m+4h4(2j+1) k=—m—h+(2j+1)

l=n+4s—(2i+1) l=n+4s—(2i+1) l=n+4s—(2i+1) l=n+4s—(2i+1)
DD D DN D DI D DI
k=m—h+(2j+1) k=m—h—(2j+1) k=m+h—(2j+1) k=m+h+(2j+1)
l=n+s+(2i4+1) l=n+s+(2i41) l=n+s+(2i41) l=n+s+(2i41)
)T DN EED DD DR
k=—m—h+(2j+1) k=m—h+(2j+1) k=m—h—(2j+1) k=m+h—(2j+1)
I=n+s+(2i+1) l=—n—s+(2i+1) l=—n—s+(2i+1) l=—n—s+(2i+1)

+ %
L E et

l=—n—s+(2i+1) l=—n—s+(2i+1)
In the literature, for example in [15], systems similar to (40) ara analyzed using averaging methods. In this
paper, however, as in [11] we use the method of multiple scales for its efficiency and wider applicability.
Terms that give rise to secular terms may occur in the right-hand side of (40). To eliminate these terms
we introduce two time scales, tg =t and t; = et, and assume that gx; can be expanded in a formal power
series in €, that is, qri(t) = qri,0(to, t1) + €qri,1 (to, t1) + €2qri2(to, t1) + . ... We substitute this into (40)
and collect equal powers in e. The O(e)-problem becomes

32%1,0 a2 —0, 0 4l
8t(2) + kly qkli,0 = t> 9 ( )
qx1,0(0,0) //wo x,y) sin (kx) sin (ly)dzdy, (42)
8 v s
aTle 0(0,0) //w1 z,y) sin (kz) sin (ly)dzdy

for k,1=1,2,3,... The general solution of (41)-(42) is
qr1,0(to, t1) = Ari,0(t1) cos(dri, to) + Bri,o(ty) sin(dri, to), (43)

where Ay 0, Brio satisfy the following initial conditions:

iq;.m(O, 0). (44)

Ak1,0(0) = qx1,0(0,0),  Bpi0(0) = dii, Oto
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Next we consider the O(e!)-problem

0?qri 1 Pao 1
ol LSS — 970, _ p 45
oz + digy, Gri 1 Dtadts + SR (45)
0,020, 2 001(0,0) = —2 10.6(0.0) (46)
qk1,1(Y,U) = U, dto qk1,1\YU, V) = 8tl%l,o yU)s

for k,1=1,2,3,..., where

R:(4Z—4Z+2Z—2Z—

k=m—h+(2j+1) k=m—h—(2j+1) k=m+h—(25+1) k=m+h+(2j4+1)

l=n—s+(2i+1) l=n—s+(2i+1) l=n—s+(2i+1) l=n—s+(2i+1)
D S D N D DR D DR
k=—m—h+(2j+1) k=m—h+(2j+1) k=m—h—(2j+1) k=m+h—(2j+1)
l=n—s+(2i+1) l=n—s—(2i+1) l=n—s—(2i+1) l=n—s—(2i+1)
2 ) +2 > +2) -2 ) + (47)
k=m+h+(2j+1) k=—m—h+(2j+1) k=m—h+(2j+1) k=m—h—(2j+1)
l=n—s—(2i+1) l=n—s—(2i+1) l=n+s—(2i4+1) l=n+s—(2i+1)

) D DD DI D DR D DR
k=m+h—(2j4+1) k=m+h+(2j+1) k=—m—h+(2j+1) k=m—h+(2j+1) k=m—h—(2j+1)
l=n+s—(2i+1) l=n+s—(2i+1) l=n+s—(2i+1) l=n+s+(2i+1) l=n+s+(2i+1)
)R D D D D D DI
k=m+h—(2j+1) k=m+h+(2j+1) k=—m—h+(2j+1) k=m—h+(2j+1)
Il=n+s+(2i+1) Il=n+s+(2i+1) Il=n+s+(2i+1) l=—n—s+(2i+1)

qmn,0qhs,0

é Z o Z + Z + Z )(2i+1)(2j+1)'
k=m—h—(2j+1) k=m-+h—(2j+1) k=m+h+(2j+1) k=—m—h+(2j+1)
l=—n—s+(2i+1) l=—n—s+(2i+1) l=—n—s+(2i+1) l=—n—s+(2i+1)

By substituting (43) into (45) the following equation is obtained

32%1,1

dAkLo . dByi0 1
2 , , ] H 1
2 + digy, ki = 2dkzp( it sin(dp,, to) ™ cos( klpto)) a2 (48)

where

H:<4Z—4Z+2Z—zz—zz—

k=m—h+(2j+1) k=m—h—(2j+1) k=m+h—(2j+1) k=m+h+(2j+1) k=—m—h+(2j+1)
l=n—s+(2i+1) l=n—s+(2i+1) l=n—s+(2i+1) l=n—s+(2i+1) l=n—s+(2i+1)
Y Y 2 Y e Y e Y s
k=m—h+(2j+1) k=m—h—(2j+1) k=m+h—(2j+1) k=m+h+(2j+1) k=—m—h+(2j+1)
l=n—s—(2i4+1) l=n—s—(2i41) l=n—s—(2i+1) l=n—s—(2i4+1) l=n—s—(2i4+1)
D S S D S D DI S (49)
k=m—h+(2j+1) k=m—h—(2j+1) k=m+h—(2j+1) k=m+h+(2j+1) k=—m—h+(2j+1)
l=n+s—(2i+1) l=n+s—(2i+1) l=n+s—(2i+1) l=n+s—(2i+1) l=n+s—(2i+1)
D ST S S D Y D Y
k=m—h+(2j+1) k=m—h—(2j+1) k=m+h—(2j+1) k=m+h+(2j+1) k=—m—h+(2j+1)
l=n+s+(2i+1) l=n+s+(2i+1) l=n+s+(2i+1) l=n+s+(2i+1) l=n+s+(2i+1)
2 Y 2 Y o4y o+ X S
. . . . , 2i4+12j+1
k=m—h+(2j+1) k=m—h—(2j+1) k=m+h—(2j+1) k=m+h+(2j+1) k=—m—h+(2j+1)
l=—n—s+(2i+1) l=—n—s+(2i+1) l=—n—s+(2i+1) l=—n—s+(2i+1) l=—n—s+(2i+1)

((Ammo (£1)08(domn, £0) + Bun.0(11)SI0 (A, £0)) (s 0 (t1)c08(dns, to) + Bhs o(ta )sin(dhspto)) .
Since cos(dri,to) and sin(dg,to) are part of the homogeneous solution of the equation for g1, it

follows that the coefficients of cos(d,to) and sin(dg,to) in the right-hand side of (48) have to be equal
to zero (elimination of secular terms). This gives us differential equations for Az o and By o. Now we
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show that to find the equations for Ay ¢ and By o, the terms in (48) that give rise to secular terms in
the approximation have to be determined. Using some goniometric formulas H can be rewritten as:

H:%<(4Z—4Z+2Z—2Z—2Z—

k=m—h+4+X k=m—h—X\ k=m+h—X k=m+h+X\ k=—m—h+4+X
l=n—s+3 l=n—s+3 l=n—s+03 l=n—s+p3 l=n—s+p3
DI D D NP SR ED DR D D
k=m—h+X k=m—h—X k=m+h—X k=m-+h+X k=—m—h+X
I=n—s—8 I=n—s—8 I=n—s—p3 I=n—s—p8 I=n—s—8
D I D DR D DD Dl
k=m—h+X k=m—h—X k=m+h—X k=m-+h+X k=—m—h+X
l=n+s—p3 l=n+s—p3 l=n+s—p3 l=n+s—p3 l=n+s—p3
DD D DD DA D D D Dl (50)
k=m—h+4X k=m—h—X\ k=m++h—X k=m+h+X k=—m—h+4+X
l=n+4s+p3 l=n+4s+p3 l=n+4s+p3 l=n+4s+p3 l=n+4s+p3

11
D I D VD DD D
k=m—h+X k=m—h—X k=m+h—X k=m+h+X k=—m—h+X
I=—n—s+3 I=—n—s+3 I=—n—s+8 I=—n—s+8 I=—n—s+8

[(Amn,OAh&O - an7OBhs7O) COS([\/(m2 + n2)2 +p2 + \/(h2 + 32)2 + p2]t0)+
(Amn,OAhs,O + an,OBhs,O) COS([\/(mQ + TL2)2 + p2 - \/(hQ + 52)2 +p2]t0)
(an,OAhs,O + Amn,OBhs,O) Sin([\/(m2 + TL2)2 + p2 + \/(h2 + 82)2 + pQ]t0)+

(an,OAhs,O - Amn,OBhs,O) Sin([\/(m2 + TL2)2 + p2 - \/(h2 =+ 82)2 + pQ]tO):| ) ’

where A = 25 + 1 and 8 = 2i + 1.The terms given in (50) can cause secular terms if

i\/(kQ_Hz)Q + p2 ::I:\/(m2—|—n2)2 —|—p2:|:\/(h2—|—82)2 + p2.

To determine the contribution of the summations in (48) to the coefficients of cos(dxi,to) and sin(dy, to)
in the right-hand side of (48), the following equations have to be examined:

V(B2 +12)2 +p? = \/(m? +n?)2 + p? + \/(h2 + 52)% + p?,
V(E2+12)2 4 p2 = /(m2 +n2)2 + p2 — /(h? + 52)2 + p2, (51)
_\/(kz T 12)2 +p2 = \/(mQ —|—n2)2 +p2 — \/(hz i 52)2 + p2,
It should be noted that the three cases in (51) are in fact equivalent. For that reason only the first case

is considered. By putting: k> +12 =N, m?+n? =K, h?+s? =9, the first equation in (51) can be
written in the following form

VN2 +p? = /K2 +p?+ /S +p2. (52)

For p = 0 it follows directly from (52) that N = K 4+ S. To solve the problem for p > 0 the following
inequality will be used:

Vi2+p2<j—1++/1+p? forallp, andall jecZv. (53)
Using (52) and (53) we obtain for p > 0
N<V/N24+p2= K2+ p2+/S2+p2 < K+S+2(/1+p2—1).

By squaring (52) it follows for p > 0 that :

N +p? = K2 4 p* + 5% 4+ p* + 2V K2 4+ p2/S2 + 2 &
(54)

N2 = (K +8)*+2(VK2+p2\/S2 +p2 — KS) +p* > (K + ) + p*.
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Since K, S, N € Z* it follows that N > K + S for p > 0. So, if (52) is considered, we conclude that
secular terms can occur for
N=K+ S5+ )\, (55)

where K, S, N, \* € Z". From (50) we know that k=+m=xh :I: Aand | = +n =+ s+ 3, where both A and
B are odd, and where k2 +12 = N, m? +n? = K, and h? + s> = S. So, if the expressions for K, N, S
are substituted into equation (55), we obtain

N = A2 4 32 £ 2(mh +mA + h\) + 2(ns 4+ nf + sp)

and it is clear that A\* is always even. By substituting (55) into (52) and by squaring the so-obtained
equation it follows that

(\)? -

5 \/K2+p2\/K2+p (56)

KS+ M\ (K+S)+

By squaring (56) and after rearranging terms we obtain

*\2 _ 2
K2(2A*S+(A*)2—p2)+K(s+A*)(2A*S+(A*)2—p2)+(A*S+m7p)2—p2s2—p4=0. (57)

2
It should be observed that the discriminant of this quadratic equation in K is negative for p? > 2A\*S +
(A*)2, and so K ¢ Z*. If p? = 2X*S + (A\*)? then (57) also does not have a solution K € Z*. For
p? < 2X*S + (A*)? the solution K = K- (S;p?) of (57) is given by K € Z* and

SHX |, VIV (V)57 4 VB (V)RR 4 375 4 3T

K\ (S;p%) = —
x(5597) 2 2/2N 8 + (V)2 — 2

(58)

By implicitly differentiating (56) it can be shown for a fixed value of \*, and p? < 2A\*S + (A\*)? that
0Ky« /0p? > 0 and K- /0S < 0.

Table 1. ”Secular modes” and corresponding value of p? for 0 < p? < 50

Values of p? for which secular terms occur | S, K, N
0<p? <12

(a) p? = —2(K? +4K +10) + 2/( K2+4K+ 10)?2 +36(K + 1)(K +3) | 2, K, K+4
12<p? <24

(@) p> = —2(K2+ 7K +37) + 2/ (K2 + 7K + 37)2 + 72(K + 1)(K + 6) | 5, K, K+7

(b) p® = —2(K2 + 6K +20) + 2\/(KZ + 6K + 20)% + 96(K + 2)(K +4), | 2, K, K+6
K € {2,5}
(c) p*=22% 8,8, 18
24 < p? < 355
(a) p?=—2(K?+6K +20)+2/(K2+6K +20)2+96(K +2)(K +4), 2, K, K+6

K € {8,10,13,17..}

(b) p?=—4(K?+10K +82)+2,/(K2+ 10K +82)2+ 108(K + 1)(K +9) 8, K, K+10

(c) PP=—3(K2+12K +122)+2/(K2+12K +122)24+132(K +1)(K +11), | 10, K, K+12
K € {8,10,13,17,18}

(d) p2=32 5,5, 14

(e) p?=28 2,2, 10
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Extension of Table 1.

Values of p? for which secular terms occur | S, K, N
35.5 < p? < 41
(a) p?=—2(K?+12K +122)+2,/(K2+12K +122)2+132(K +1)(K +11), | 10, K, K+12
Ke {20 25...}
(b) p?=—2(K2+15K+197)+3\/(K2+15K +197)>+168(K +1)(K +14) | 13, K, K+15
K¢ {13 17}
(c) p* = 38.54787 5,8, 17
(d) p?>=37.71114 2,5, 13
41 < p? <50
(a) p?=—2(K?+15K+197)+2/(K?+15K +197)2+168(K +1)(K +14) | 13, K, K+15
Ke{18 20,25, 26...}
(b) p?=—2K2+9K +53)+2/(K2+9K +53)>+168(K +2)(K +7) 5, K, K+9
K¢ {10 13,17,18,20}
(c) pP*=—2(K?+8K+34)+2,/(K2+8K +34)%>+180(K +5)(K +3), 2, K, K+8
K € {8,10}
(d) pP?=—2(K2+19K +325)+2,/(K2+19K +325)2+216(K +1)(K +18), | 17, K, K+19
K¢ {17 18}

(e) p?=—2(K?+20K +362)+2\/(K2+20K +362)2+228(K +1)(K +19), | 18, K, K420
K € {13,17,18}

(f) p?=48 8, 8, 20

(g) p*=422 2,2, 12

In Figure 2 K»(S;p?), K4(S;p?) and Kg(S;p?) are given for some S € Z* and 0 < p? < 50. Further-
more, in Table 1 all values of p? with 0 < p? < 50 for which secular terms occur are given as well as the
corresponding ”secular modes” expressed in (S,K,N). For these values of p? we will now determine the
functions Ay 0 and By, k,I =1,2,3,... such that these secular terms do not occur.

It is known that for every curve in Figure 2 both A\* and S are constant. Hence to find for a given
value of p? as listed in Table 1 all secular modes the complete set of all integer-valued solutions have to
be found for the equation

N=FK+S+\,

with N = k2 + 12, K = m? +n?, and S = h% + s2, and where k,l,m,n,h,s = 1,2,3,... For instance
for p? = 22% we have to solve N = 18 = k? + 12, K = 8 = m? + n?, and S = 8 = h? + 52, yielding
k=1=3 m=n=h=s=2. And for instance for p> = 35.40 we have to solve N = 82 = k2 4 [2,
K:72:m2+n2,andS:8:h2+52,yieldingk:Q,l:lorkzl,l:93ndm:n:6, h=s=2.
For p? # p?, the bummationb in (48) do not give any contributions and the only secular terms in the right-
hand side of (48) are 2dy;, d:l 2 sin (dp1, to) and —2dy,, ]i’;l 2 cos (dyi,to). This means that the equations
for Akl,Oa Bkl,O are

dA dB

ﬁ:#zo for k,=1,2,3,.., (59)
which means Ay o(t1) = Awi,0(0) and B o(t1) = Brio(0) for all k, I. So, if we start with zero initial
energy, there will be no energy present up to O(e) on a timescale of order e~!. For p? # p?, this allows
truncation to those modes that have nonzero initial energy.
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Figure 2: The functions K(S;p?), K4(S;p?) and Kg(S;p?) given by (58) for S € Z* and 0 < p? < 50,
where the curves 1, 2, 4, 5, 6, 8 and 9 represent the functions K»(2;p?), K2(5;p?),K2(8;p?), K2(10;p?),
K5(13;p?), Ka(17;p?), and Ko(18;p?) respectively, the curves 3, 7 and 11 represent the functions
K4(2;p?), K4(5;p?) and K4(8; p?)respectively, and the curve 10 represents the function Kg(2;p?).

5 The construction of asymptotic approximations for some spe-
cific p*>-values.

In the previous section it has been shown that for most p?-values (with 0 < p? < 50) no mode-interactions
will occur, that is, if initially no energy is present in the & — Ith mode (that is, the mode described by
sin (kz) sin (ly)) then no energy will be present in this mode up to O(e) on a time-scale order of e~1.
However, for some specific values of p? as listed in Table 1 additional mode interactions can occur, and
an energy transfer of O(1) can occur to another mode (with initially zero energy) on a time-scale of
order 1. In this section three such p? cases will be studied (including detuning). These three cases are
p® ~ 222, p? ~ 28, and p? ~ 35.40. In the first case there will be an interaction between two modes,
in the second case an interaction between three modes will occur, and in the third case four modes will
interact. It is expected that all other cases can be treated similarly.

5.1 The case p? = p?. + ea with p2, =222

In this case p? = 222 + ea (where o is an O(1) detuning parameter) we have interactions between the
modes 2-2 and 3-3, that is, interactions between the modes described by sin (2z) sin (2y) and sin (3z) sin (3y).
Extra terms in the equations (48) for Ao, Brio occur for k=1=2 and k=I=3. The equations for

16



AQQ,O, BQQ,O, Agg,(), B3370 now become (as fOHOWS from (48))

dA 0
20522%?O —aByo+ —— VTP (Bss,0A422,0 — Ass,0B220) =0,
Loy P20 o O Ao+ BisoBaao) = 0 (60)
29— dt 20 + 75 (Ass04220 33,0B822,0) = 0,
dA 1296
2d33 d;&o —aBs3 0+ Tiir ———A220B220 =0,
dBss 648
—2d33 '+ a A330+441 5(A350 — Biag) = 0.
For (k,1) # (2,2) and (k,1) # (3,3), Aki,0, Bri,o satisfy
dAgi0 a dBri,0 a
L 9 - Y Ao 61
d g PR dis a k.0 (61)

From (61) it can be seen that if Ak 0(0) = Bp,0(0) = 0, then for all t; > 0 Ak o(t1) = Brio(ti) =0
for (k,1) # (2,2) and (k,1) # (3,3). So if we start with zero initial energy in the k¥ — Ith mode with
(k,1) # (2,2) and (k,1) # (3, 3), then there will be no energy present up to O(e) on a timescale of order
e~!. We say that the coupling between the modes with (k,1) # (2,2) and (k,1) # (3,3) is of O(e). This
means that modes with zero initial energy do not have to be taken into account (for (k,1) # (2,2) and
(k,1) # (3,3)). On the other hand there is an O(1) coupling in this case between the modes 2-2 and 3-3.
This means that if there is initially energy present in mode 2-2 an energy transfer occurs between the
modes 2-2 and 3-3. Truncation to one mode is not valid: both modes 2-2 and 3-3 have to be taken into
account, even if mode 3-3 has zero initial energy. Now let us consider equation (60), so we consider only
the equations for k =1 =2 and k = [ = 3. We assume that all other modes have zero initial energy. Let
—305 —648

= d b= —2_
Mdyyr? " 441 dsgr?

then (60) becomes

a
WBzz,o + a(A22 B33 — As3Baa),

Baag = —FAm 0 — a(A22A33 — B2y Bs3), (62)

A =

, a
Aszo = TBBS,O + 2bAg2 Bao,

Bss o = ——A33 0 — b(A3, — B3,),
2da2
where the dot represents differentiation with respect to ¢t;. To study (62) polar coordinates are introduced

Apn =1nc0s (¢n), Bpn =1psin(¢n). (63)

In the polar coordinates (63) for (k,1) = (2,2), and (3, 3) equation (62) becomes

7y = argrssin (¢3 — 2¢2), (64)
$2 = Y2 — arz cos (p3 — 262), (65)
iy = —brj sin (¢3 — 2¢2), (66)
. 2

¢$3 =73 — b:—z cos (3 — 2¢2), (67)
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Figure 3: The phase space for p? = 22% + ea with v = « ( 2 with 73 (horizontal)

_ 1
V64+p2, /32442, > ’
from 0 to 10, ¢ (vertical) from 0 to 3.

where 72 = —57-, 73 = —z7—. Multiplying (64) with bro and (66) with ars and adding both
equations we obtain brars + arsrs = 0, which implies
bri 4+ ard = ¢y, (68)

where ¢ is a constant of integration. Using (68) it follows that (64), and (67) can be analyzed in the
(rs, ) phase space with ¥ = ¢35 — 2¢s:

T3 = (ar% — ¢1)sin (¥), (69)
§ =+ - (3ar} — ) cos(0), (70)

where 7y = v3 —27. First let us rescale (69), and (70) by introducing the new variables r3 = /<73, =
\/ =51 In the new variables (69) and (70) become:

7 = (7% — 1)sin (1), (71)
W=w+%@%—mmaw, (72)

\/% é — ﬁ), and where the prime ' denotes differentiation with respect to t. For 73 = 0

(71)-(72) do not hold. In this case the original differential equations (62) have to be analyzed. We will
determine the critical points of (69)-(70) analytically for different values of . Let us start with v = 0.
System (69)-(70) is analyzed in the (rs,1)) phase space. This system is 27-periodic in ¥. Four critical

where ¥ =

18



points are found for 0 < ¢ < 27 (1,0) and (\/g, 7), both centers, and (1, Z) and (1, 2F), both saddles.
The behavior of the solution of (71)-(72) with v = 0 in the (73,) phase space is given in Figure 3(a).
In the exceptional case, when 73 becomes 0, the original differential equations (62) impose a phasejump
from ¢ = 0, to ¢» = 5. The periods of the orbits in Figure 3(a) also can be found. From system (71)-(72)
with v = 0 it follows that
(373 — 1)
73(rf — 1)

After integration we get the trajectories of the closed orbits

dis = tan dip. (73)

C2

Fa(F2 — 1) = —=— 4
P - 1) = 2o (74)
where ¢y is constant of integration. The period of a closed orbit in Figure 3(a) is given by.
1 3v3 2 2
T = 2sin | - arccos Vier , ——=<c< —=. (75)
3 2 3V3 3V3

A completely similar analysis can be given for v # 0. Some results in the phase space are given in
Figure 3(b)-(f). For large values of the detuning parameter it can be seen in Figure 3 that the trajectories
in the phase space are almost straight lines implying that (almost) no mode interactions take place.

5.2 The case p? = p? + ca with p? = 28.

For the case when p? = 28 + e (where « is an O(1) detuning parameter) we have interactions between
three modes: the 1-1, the 1-3 and the 3-1 mode. In this case extra terms in the equations (48) for
At 0, Bt o occur for k=I=1; k=1, 1=3 and k=3,1=1. The equations for Ai1,9, B11,0, 413,0, B13,0, 431,0,
Bs1,0 now become (as follows from (48)):

dA 96
2d11#11’0 —abBiio — 45 — (A11,0(Bi3,0 + Bs1,0) — Bi1,0(A13,0 + A31,0)) =0,
dBi1,0
~ < dty +adio - 4572 (All 0(A13,0 + Az1,0) — Bi1,0(B1s,0 + Bsi,0)) =0,
d 64
2d, 1?0 —aBizp 152 A11,0B11,0 =0, (76)
dB1370 32
—2dy3 i + adiso 457r2( %1,0 B%Lo) =0,
dAgl 0 64
2 — —aB A1 0B =
ds dis aBsio0 = =5 AnoBio 0,
dB3; 32
—2d31 2 4 Ay — e (Al10 — Biio) = 0.
For (k,1) # (1,1), (k,1) # (1,3), and (k7 1) # (3,1), A0, Bri,o satisfy (61). From (61) it can be seen that
if Ay 0(0) = By 0(0) =0, then for all t; > 0 Ay O(tl) By O(tl) =0 for (k‘,l) #+ (1, 1), (k’,l) #+ (1,3),
and (k,1) # (3,1). So if we start with zero initial energy in the k — Ith mode ((k,1) # (1,1), (k,1) #
(1,3), ( 1) # (3,1)), there will be no energy present up to O(¢) on a timescale of order e 1. We say that

the couphng between the modes with (k,1) # (1,1), (k,1) # (1,3), and (k,1) # (3, 1) is of O(¢). This means
that modes with zero initial energy do not have to be taken into account (for (k,1) # (1,1), (k,{) # (1,3),
and (k,1) # (3,1)). On the other hand there is an O(1) coupling in this case between the modes 1-1, 1-3
and 3-1. This means that an energy transfer occurs between these modes even if the modes 1-3 and 3-1
have zero initial energy. Truncation to one mode is not valid: all modes 1-1, 1-3 and 3-1 have to be taken
into account. Now let us consider the equations (76) and let

8 16
45d1171’2 - 45d137r2 -
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Then, (76) becomes

[0

Ao = Bi1,0 + 2a1(A11,0(B1s,0 + Bs1,0) — Bi1,0(A13,0 + 4310)),
2d11

. a

Bi1p = —%An,o —2a1(A11,0(A13,0 + A31,0) — B11,0(B13,0 + B31,0)),
. a

Az = %313,0 +2b1A11,0B11,0, (77)
. a

Bz = —%Am,o - b(A%Lo - B%Lo)v
. a

Az = %33170 +2b1A11,0B11,0,

. «

Bs10 = —%Am,o - bl(A%Lo - B%l,o)-

First let us rescale the equations (77) by introducing A1 = ﬁxll, Biip = ﬁyu, Az =

L9613,31370 = Ly, Az = L sy, and Bsio = L y31. Then system (77) becomes:
al al al al

. «
T = d—yn +11(y13 + y31) — Y11 (z13 + z31), (78)
11
. «
Y11 = _d_llxll — 3311(3313 + 3331) - y11(y13 + y31)7 (79)
) «
13 = ——¥13 + 2211911, (80)
dy3
) «o
Y13 = —d—wxw - (55%1 - y%l)ﬂ (81)
. «@
T31 = ——Y31 + 2T11Y11, (82)
d31
) «
Y31 = —d—alxm - (55%1 - y%l) (83)

From the equations (80)-(83) the following two integrals can easily be obtained (observing that di3 = ds1)
in the following way: if equation (80) is subtracted from equation (82), and equation (81) is subtracted
from equation (83), then the following sub-system is obtained

. . «
xr31 — T13 = —2d13 (y31 - y13),
. . —«
Y31 — Y13 = —2d13 (5831 - !E13)~

The solution of this sub-system is given by
x13 = x31 +asin(yt1 +b), Y13 = ys1 +acos(yt1 +b), (84)

where a, b are constants of integration, and y = 57—. Substituting (84) into system (78)-(83) then yields

. « .

I = 5oy + 711(2y31 + acos (vt1 + b)) — y11(2231 + asin (vt + b)), (85)
11

. o .

Y11 = —Wﬂl‘ll — ,1511(2.1?31 4+ a sin (’}/tl + b)) — y11(2y31 + a cos ('Ytl + b)), (86)
11

31 = YY31 + 2211911, (87)

Y31 = —yxs1 — (T3, — yi1)- (88)

Now let’s introduce the following change of variables

I31 (tl) = a31(t1) — gsin (’ytl + b), ygl(tl) = bgl(tl) — g COSs (’Ytl + b)
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Then,
. . a a
Tr31 = asl — 5’)/ COSs (’Ytl + b) = ’}/b31 — 5’)/ COS (’}/tl + b) + 21‘11];11,
. ; a . a .
Y31 = ba1 + 5 Vsin (vt1 +b) = —yaz + 5 Vsin (vt +b) + (27, — yi1)

and system (85)-(88) can be rewritten in the form

) Q@

Tr11 = d—y11 + 2211013 — 2y11013, (89)
g = _Fxn — 2y11b13 — 2zn1a13, (90)
az1 = vbs1 + 2z11y11, (91)
531 = —7va31 — (3311 2/11) (92)

Now observe that (2%, + y#; + 2a3; +2b%) =0, so
oty + Ty + 203, + 203, =, (93)
where c¢ is a constant of integration. By introducing the polar coordinates

z11 =711008(d1), Y11 =risin(d1), az =r3cos(dz), bz =r3sin(es)

system (89)-(92) becomes

f‘l = 27‘1’/‘3 sin ((]53 — 2(1)1), (95)
$1 = —m — 2rgcos (ds — 2¢1), (96)
2

. o

rg = 71 sin (g3 — 2¢1), (97)

. r?

$3=—7— 7y 008 (¢3 — 2¢1), (98)
where y; = . The first integral (93) can now be rewritten as rf + r? = ¢, and if we introduce the new
variable

Y = 13 — 2¢11

system (95)-(98) becomes (for r5 # 0),

73 = (2r3 — ¢)sin, (100)

: 613

Y =7—2v + (6r5 = )COS¢. (101)

T3
By introducing the rescaling
r3 = \/E’I", t1 = —E
Ve
system (100)-(101) can be written as follows
7= (2r? — 1)sinv, (103)
; 6r? —1
¢:1+7( Tr )cosw (104)

where 4 = v —27v;. For r = 0 (103)-(104) do not hold. In this case the original differential equations (77)
have to be analyzed. The critical points of (103)- (104) can be determined analytically. The system is

2m-periodic in ¥. Four critical points are found for 0 < ¢ < 27 and ¥ = 0: (\/; 0), (\/%, 7T), (\/g, %),
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and (\/g , 37”) The behavior of the solutions of (103)-(104) in the (rs3, ) phase space is given in Figure

4. In the exceptional case, when r becomes 0, the original differential equations (77) impose a phasejump
from 1) = 0 to 1) = 7, as can be seen in Figure 4. As in section 5.1 we also can determine the periods of
the orbits in Figure 4(a). For v # 0 a completely similar analysis can be given. The results in the (r,1))
phase space are given in Figure 4. Again it can be seen in Figure 4 that for large values of the detuning

parameter « the function r is (almost) constant resembling the behavior for a "noncritical” value for p2.

1

\
)
/

10]j

(f) v =100

Figure 4: The phase space for p? = 28 + ear with v = « < >, with 7 (horizontal) from

1 __ 2
24/100+p2,  \/4+p2,
0 to 1, and ¢ (vertical) from 0 to 3.

5.3 The case p* = p?, + ca with p?. ~ 35.40.

Finally let us consider a more difficult case with interactions between the following four modes: 1-9, 9-1,
2-2 and 6-6. In this case p?. ~ 35.40 and a an O(1) detuning parameter. The extra terms in the equations
(48) for Agio,Brio occur for k =1=2;k=1=6; k=1,1=9, and k = 9,l = 1. The equations for
A22, ng, Agg, BGG, Alg, Blg and Agl, Bgl are given by (as follows from (48))

dAg1 0

32
— aBg1 + —5—(A22,0Bs6,0 + As6,0B22,0) = 0,

2d.
o1 15372

dB 32
—2d91% + algr + —— (A22,0466,0 + Bes,0B22,0) = 0,
1

15372
dAlg 0 32
— —aB ———(A99 0B Ags.0B =0
di abig + 1537r2( 22.0B66,0 + Ae6,0B22,0) ,

2d19
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dB 32
—2d49 dig 0 4 adyg + — 5372 (A22,0A66,0 + Bes,0B22,0) = 0, (105)
dA 158 158
2ds6 dtﬁ&o — aBgg + W(AQZ,OBQLO — Ag1,0B22,0) + W(AQZOBM,O — Ai9,0B22,0) =0,
dB 158 158
—2dgs Ot adgs+ ——s 107172 (A22,0A91,0 + Bo1,0B22,0) + W(Azz,ofhg,o + Big,0B22,0) =0,
dA 154 154
2da d2270 — aBay + W(AQLOBG&O — As6,0B891,0) + W(AM,OBG&O — Ag6,0B19,0) = 0,
dB220 154 154 B
—2d99 + adg + 12752 (As6,0491,0 + Bes,0B22,0) + 12752 (Ag6,0A419,0 + Bes,0B22,0) = 0.

For (k,1) # (2,2), (k,1) # (1,9), (k,1) # (9,1), and (k,) # (6,6) Aki,0, B0 satisfy (61). Observing that
dgl = dlg, and let

e I N |
1 153d917‘1’27 2= 1071d667f’27 57 1275d2217‘f’2
and then (105) becomes
Ag1 o = = + a1(A22,0Bs6,0 + Ass,0B22,0),
. a
By = _W — a1(A22,0466,0 + Be6,0B22,0),
91
Ago = W + a1(A22,0Bs66,0 + As6,0822,0),
19
. a
Bigo = _W — a1(A22,0466,0 + Bee,0B822,0), (106)
19
Ags0 = % + az(A22,0(B19,0 + Bo1,0) — Ba22,0(A19,0 + A91,0)),
. a
Bgg,o = e az(A22,0(A19,0 + Agi1,0) + Ba2,0(B19,0 + Bo1,0)),
. a
Ago o = E — a3(Ae6,0(B19,0 + Bo1,0) — Bes,0(A19,0 + A91,0))s
Baso = —d—22 + a3(As6,0(A19,0 + Ao1,0) + Bes,0(B19,0 + Boi,0))s

where the dot represents differentiation with respect to t1. Then we introduce the following rescalings in
(106)

1 1 1 1
Ag1o = T91, Dgi1o= o1, Aig0 = T19, DBigo= 195
’ \/a2a3 ./a2a3y ’ \/a2a3 \/a2a3y
1 1 1 1
Ags,0 = Ze6, DBeso = —=Ys61, A220=—==m22, DBaro=——=Vy22,
’ Jvaia ’ ./alagy Va1 \/a1a2y
to obtain
. «
T9] = ——Y91 + T22Y66 + Le6Y22, (107)
. «
Yo1 = —Fxgl + Y22Y66 — Te6X22, (108)
19 = Wyw + T22Y66 + TesY22, (109)
Y19 = —Wﬂiw + Y22Y66 — Te6T22, (110)
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«

Tee = 2q. Yes + 222(Y19 + Yo1) — y22(T19 + Z91), (111)
66

. o

Ye6 = —T%ﬁ — Z92(x19 + To1) — Y22(Y19 + Yo1), (112)
66

. o

T2 = 2d22 Y22 — o6 (Y19 + Yo1) + yee (19 + Zo1), (113)

. o

Yoo = 54 T22 + 6 (T19 + To1) + Ye6 (Y19 + Yo1)- (114)
22

Substracting equation (109) from (107) and equation (110) from (108), the following system is obtained

i i 2 )
Tgl — X19 = —— — ,
91 19 2d1s Y91 — Y19
j / — )

— = ——(x91 — x19).
Y91 — Y19 2d1s 91 19

Solving this so-obtained system two integrals for system (107)-(114) can be obtained
Tg1 = w19 +asin(yty +0b), Yo1 = Y19 + acos(yt1 +b), (115)

where a,b are constants of integration. After substituting (115) into system (107)-(114) we obtain the
following system of ODEs:

19 = Yoy19 + T22Y66 + T66Y22,

Y19 = —Yo%19 + Y22Y66 + TecL22,

Tes = 23?3/66 + x22(2y19 + a cos (yot1 + b)) — y22(2x19 + asin (yot1 + b)), (116)
Yo6 = _23?5566 — 222(2w19 + asin (yot1 + b)) — y22(2y19 + acos (yot1 + b)),

Ty = 2;:2122 — 266 (2y19 + acos (Yot1 + b)) + ye6 (2719 + asin (yot1 + b)),

Yoo = —2;[721322 + x66(2219 + asin (yot1 + b)) + yes(2y19 + a cos (yot1 + b)),

where 79 = 57— If the following transformation is used
a . a
19 = Q19 — 5 Sin (’ygtl + b), Y19 = big — 5 cos (’ygtl + b),

then

. . a a

19 = G19 — 570 COS (yot1 + b) = Yobig — o0 cos (yot1 + b) + x22Y66 + Tecy22,

. ; a . a .

Y19 = b1g + 3o sin (yot1 +b) = —y9a19 + Yo sin (Yot1 + b) + y22Y66 — Te6T22-
Using this transformation system (116) can be rewritten in the following autonomous form:

G19 = Yob1g + T22Y66 + Te6Y22,

519 = —Y9a19 + Y22Y66 — T66L22,

. o

Te6 = ==—Y66 + T22b19 — Yo22a19, (117)

. « b
= ——— X6 — T22G19 — ,

Yee 2dgs 66 22019 — Y22019

. «

T92 = z——Y22 — Tecb19 + Y6019,

2do
. o
Yoo = —=—T22 + Te6G19 + Yesbig.
2do
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Introducing polar coordinates, that is, for i = 2 and 6
Ty =1 COSPi, Y = Tisin g, and ajg = r9 cos(¢g), big = r9sin (¢9),

system (117) becomes:

9 = 1276 8in (¢ + d2 — P9g), (119)

b9 = —y9 — —"276 cos (6 + d2 — d9), (120)

6 = —T2rg sin (¢ + P2 — do), (121)

b6 = —%66 - % cos (6 + 2 — ¢9), (122)

T2 = 1976 SN (@6 + P2 — o), (123)

po = —%4'%%3(%4-% — ¢9). (124)
2 T2

If we multiply equation (119) with rg, equation (121) with r¢ and then add, we obtain the following first
integral

Te+7rs =c1. (125)
Another first integral can be obtained when we multiply equation (121) with rg, equation (123) with o
and then add, yielding

2+ 13 = ca. (126)

Let us introduce
Y = g6 + P2 — ¢g. (127)

Using the two first integrals (125), (126), and (127) it follows that system (119)-(124) can be reduced to
a system of two differential equations:

Fog = \/02—743\/01 — co + r3sin, (128)
—3r3 + 4dcar3 — 2c173 + cacq — €3
2 2
7‘2\/02 — 7“2\/01 —C2+ 715

b=+ cos 1, (129)

o«

where v1 = 79 — 57— — 57~ Finally we introduce the following rescalings in (128)-(129)

C1
Trg = y/CaT, t = \/CoT, P = c3,
2

to obtain

P =+1—12/cs — 1+ r2sine, (131)

—3rt 4+ 412 — 2¢37°2 -1

3r* 4+ 4r car® +cs3 cos1p, (132)
rvV1—12yc3 —1+1r2

where v = J—é_Q For r = 0,r =1 and r = /1 — ¢z (131)-(132) do not hold. In those cases we have

to analyze the original differential equations (106). It should also be observed from (131)-(132) that
1 —c3 < r? < 1. From the analysis of these original differential equations it follows for v = 0 that the
points (1,%), (1,22), (VI —=c¢3,%), and (/T —c3,2F) are saddles in the phase space as can be seen
from Figure 5 (a). These saddles disappear by increasing the detuning parameter o. We will determine
the critical points of (131)-(132) analytically. For convenience we take c¢g = 0.19, which implies that
0.9 < r < 1. The figures in the phase space are essentially the same for cs # 0.19. The system is

2m-periodic in . The following critical points are found: (%\/6 —3c3 + 30, 0), (%\/6 — 3c3 + 30, w),

(%x/ﬁ —3c3 — 30, 0), (%x/ﬁ —3c3 + 30, w), where C' = sqrtl — c3 + c3. The behavior of the solutions
of (131)-(132) in the (r, 1)) phase space is given in Figure 5.

=7+
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Figure 5: The phase space for p* = 35.40 + e with v = « <2\/6561+pgr TR \/5184+pir>7 and

V1—c3 <r<1andcs=0.19; r (horizontal) from 0.9 to 1, and ¢ (vertical) from 0 to 3x.

6 Conclusions.

In this paper an initial-boundary value problem for a weakly nonlinear plate equation has been consid-
ered. Order € asymptotic approximations of the solution have been constructed and interactions between
different oscillation modes have been considered. A theory has been presented which shows that the
constructed approximations are asymptotically valid on time-scales of order e~!. For most p2-values it
has been shown that no mode interactions occur between different modes up to O(e) on time-scales of
order !, which means that there is no energy transfer between different modes up to O(e) on time-scales
of order e~!'. The coupling between these modes is said to be of order €, and truncation is allowed to
those modes that have nonzero initial energy.

However, for some p?-values interactions between different modes occur, which are caused by com-
plicated internal resonances. Physically this means than in some cases (depending on the value of p?,
which depends on the elasticity-characteristics of the foundation and on certain properties of the plate),
when the plate initially oscillates in a high vibration mode, lower vibration modes can be excited, and
an energy transfer occurs between the different modes. In Table 1 all these critical p2-values are given
for 0 < p? < 50. For three different critical values of p2., p?. ~ %, p2. ~ 35.40, p2, ~ 28, the equations
have been studied in detail.

For p?, ~ % it has been shown that an energy transfer occurs between the modes 2-2 and 3-3, even if
mode 3-3 has zero initial energy. We call this a coupling between the modes of O(1). Truncation to one
mode will give loss of information, and approximations will not be valid on time-scales of order e~!. Both
modes have to be taken into account. Examining the behavior of the oscillations in this case, it follows
that the system oscillates around an equilibrium state which is a combination of two modes (energy in
both modes). The detuning analysis shows that the system gradually changes from a combined oscillation
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of two modes with non-constant amplitudes to an oscillation of two modes with constant amplitudes, as
p® moves away form the critical value % (as can be seen in Figure 3). All this holds up to O(e) on a
timescale of order e~ 1. For p?. ~ 28 it has been shown that an energy transfer occurs between the modes
1-1, 1-3 and 3-1, even if modes 1-3 and 3-1 have zero initial energy. Truncation to one or two modes will
give loss of information in this case, and an approximation will not be valid on time-scales of order e~ !.
All three modes have to be taken into account. For p?. ~ 35.40 it has been shown that an energy transfer
occurs between the modes 1-9, 9-1, 2-2 and 6-6.

In this paper an asymptotic theory for an initital-boundary value problem for a weakly nonlinear plate
equation has been presented. In section 4 and 5 of this paper formal approximations of the solutions have
been constructed. These approximations satisfy the original PDE and the original initial values up to
O(€?). The asymptotic theory as presented in section 3 of this paper then implies that the approximations
are asymptotically valid up to O(e) on time-scales of O(e~1). The theory (as presented in section 2 and
3 of this paper) can also easily be extended to problem for rectangular plates with more complicated
nonlinearities in the PDE. It is also possible to extend the theory to problems with other (than simply

supported) boundary conditions.

Appendix A. Green’s function G and the integral equation.

In this appendix we construct the Green’s function G for the linear operator 88—:4 + 88—;4 + (%3—2742 + g—; +p?
and the simply supported boundary conditions. We will also derive the equivalent integral equation as
given by (17). The Green’s function G(&,n, 75z, y, t) is defined to be the solution of the following problem:

Gt + Grpae + ZGzzyy + nyyy —|—p2G = 5(55 —&y—nt— 7'), (133)
x,&,y,n €0, 7[,7 >0,

G(&n,750,y,t) = G, 751, y, 1) = Gua(&,1,750,y, 1) = Goa(§,m, 757, y,1) = 0, (134)

t>0, 7>0,
G(&n,72,0,t) = G(E,n, T2, m,t) = Gy (1, 732,0,8) = Gyy(&,m, 732, 7,8) =0, (135)

t>0, 7>0,
G n,1ia,y,t) =0, 72>t (136)

The boundary conditions imply that G can be written in a Fourier sine series in x and y:
G n, Tz, y,t) = Z Z Imn (&, m, T3 t) sin (nax) sin (my).
n=1m=1

Substituting this series into (133) and using the orthogonality properties of the sine functions, we
obtain the following set of equations for g,,,, (where a dot represents differentiation with respect to t):

4 T T
Gmn + (M% +12)% + p*)gmn = — / / O(x — &y —n,t— 7)sin (nx) sin (my)dxdy,
0 0

O0<é<m O<np<m 7>0, (137)
gmn(fﬂ?a 75 0) ngn(f,T],T;T) =0, 0<é<m,, O0<n<m, (138)

for m,n = 1,2,3.... The equations (137)-(138) can be solved by using the method of ”variation of
constants”, yielding

4
72/ (n?+m?)2 4 p?
for m,n =1,2,3..., and therefore

G n,miw,y,t) = %Z >,

n=1m=1

Gmn (&, T t) = sin [\/(n24+m?2)2+p?(t—7)] H(t — 7) sin (n€) sin (mn),

(n% 4 m?)? + p? n [V(n? +m2)2 4 p2(t - 7)] (139)

x H(t — 7) sin (ng) sin (mn) sin (nz) sin (my).
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We find the integral equation (17) by multiplying (133) with w(,n,7) and integrating over 0 < £ <
m, 0<n<m 0<7 <t By integrating by parts, and by using the boundary conditions (134)-(135)
for G and the boundary conditions for w we finally obtain the equivalent integral equation

t ™

w(z,y,1) / / / G(&,m, 73, . ) F (€1, 7, w(E,m, 7)s )y (140)
+//{G(ém,ﬂ;%y,t)wl(&,n;e)—GT(&TLO;x,yyt)wo(&n;e)}dfdn=(Tw)(x,y,t)-
0 0

Appendix B. Integral inequalities.

In this appendix two integral inequalities are derived. These inequalities play an important role in the
asymptotic theory presented in this paper. Let fi(z,y) and its partial derivatives up to order four be
continuous on [0, 7] x [0, 7] and let fao(x,y) and its partial derivatives up to second order be continuous

n [0,7] x [0,7]. The functions f; and f2 also have to satisfy additional boundary conditions like:
f10,y) = filmy) = £2(0,y) = fo(my) = THG0 = Thlp) - TLLw) - TLGI) — 0. We will show
that for all x,y,t € Q, (as defined in (20)) and for p> 0 the following 1nequahtles hold:

| / / G (60,03, 1)1 (€, )il (141)
0 0

9 f(z, y)‘H‘@Qfl(x,y) ‘ N ‘32f1(x7y)‘}

< 2
<7? maz {p |f1(z,y) |+‘ D0y dy?

0<z,y<m

and ‘//G(ﬁ,mo;x,y,t)fz(é,n)dgdn} gﬁﬂog,;%JfQ(m,y)y (142)
0 0

To prove these inequalities we consider the following linear initial-boundary value problem for a three-
times differentiable function w(x,y,t) with Wyrsr, Wyyyy, Wazyy continuous:

Wit + Wazar + 2Waayy + Wyyyy +p*w=0, O<z<m O<y<m t>0, (143)

w(0,y,t) = w(m, y,t) = Wez(0,y,t) = Wae(m,y,t) =0, t>0, (144)

w(z,0,t) = w(z, m,t) = wyy(z,0,t) = wyy(x,7,t) =0, t>0, (145)

w(z,y,0) = fi(z,y), wi(z,y,0)= fa(z,y), O0<z<m, O0<y<m. (146)

Using Green’s function G for the linear operator aa—;+2az‘2—gy2+aa—;+g—;+p2 and the simply supported
boundary conditions it follows elementarily that the unique and three-times continuously differentiable
solution of the initial-boundary value problem (143)-(146), which has continuous fourth order derivatives
with respect to x,y is given by

(E y7 // f 7770 Ly Y, )f?(g 77) 7(57771vavyat)fl(gvn))dgdn (147)

To be able to estimate |w(zx,y,t)| and thus the integral given in (147) we will use the following energy
equation related to the initial boundary value problem (143)-(146):

//{wtt (z,y,t0) + w2, (2,9, t0) + 2w? »(T,9,t0) —I—wyy + p?w?(z,y, to) }dadr =

]f {f%(m,y) + (82f81$’y))2 + (82f5;3;’y))2 + (82£;(§y’y))2 +p2f12(a:,y)}dxdy.
0 0
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We obtain this energy equation by multiplying (143) with w; and by integrating with respect to x,y
andtover 0 <z <7, 0<y<m 0<t<ty, using the initial and boundary conditions (144)-(146).
On the other hand, we have

x

Yy
w(a, y,t !/@@sm)%m (148)

Using (148) and Hélder’s inequality we now have

x

y
w(z,y,t) // wey (&1, Idifdn<//lwzy z,y,t)|ddy
00
3 % 3
// 2d;vdy //w d;vdy < //{wt+wmr+2wzy+wyy+p2w2}d;vdy)

0
<x(3 [ [ o + (PAEDY (P
- (A )
<ol ] [ e st w2 ste s (PG o Sy
(P ) ea)
< 2 mas () it (PR pea(TRED e (FLEIR )

Hence it follows from (147) and (149) that if fo(x,y) = 0, then

}]/TGr(ﬁﬂ%O;xyy,t)fl(é,n)dgdn}
0 0

i o f1 (z y) & fi(z,y) O fi(z,y)
< _20;}?%#{]9 |fi(@,) |+} }—’—2‘ 0x0dy ‘—'_} Oy? }}’
and similarly, if we take fi(z,y) =0, then
\//GsmOx%>ﬁfn%w} T s [l

In this way it has been shown that the integral inequalities (141) and (142) hold.
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