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Abstract

In this paper a strongly nonlinear forced oscillator will be studied. It will be
shown that the recently developed perturbation method based on integrating factors
can be used to approximate first integrals. Not only approximations of first integrals
will be given, but it will also be shown how, in a rather efficient way, the existence
and stability of time-periodic solutions can be obtained from these approximations.
In addition phase portraits, Poincaré-return maps, and bifurcation diagrams for a
set of values of the parameters will be presented. In particular the strongly nonlinear
forced oscillator equation X +X +AX3 = ¢ (5X — BX3 +~4X cos(?t)) will be studied
in this paper. It will be shown that the presented perturbation method not only can
be applied to a weakly nonlinear oscillator problem (that is, when the parameter
A = O(e)) but also to a strongly nonlinear problem (that is, when A = O(1)). The
model equation as considered in this paper is related to the phenomenon of galloping
of overhead power transmission lines on which ice has accreted.

Keywords: Integrating factor, integrating vector, first integral, perturbation method,
asymptotic approximation of first integral, periodic solution, strongly nonlinear forced
oscillator.

*On leave from Mathematics Department, Semarang State University, Indonesia



APPROXIMATIONS OF FIRST INTEGRALS FOR NONLINEAR OSCILLATOR 2

1 Introduction

In this paper it will be shown how the perturbation method based on integrating vectors
can be applied to the following non-autonomous equation

dU(X)

e =ef(X, X, 1), (1.1)

X +

where U(X) is the potential energy of the unperturbed (that is, ¢ = 0), nonlinear oscillator,
where X = X (1), X = %, where € is a small parameter satisfying 0 < ¢ < 1, and where
f is a sufficiently smooth function. Many classical perturbation methods have been used
to approximate analytically the solution of the weakly nonlinear problem (1.1), that is,

90D in (1.1) is linear in X. However, when 229 is non-linear in X most of the

when =7¢ X

perturbation methods can not be applied to construct approximations of the solutions.
In this paper it will be shown that the perturbation method based on integrating factors
can be applied to a class of non-autonomous nonlinear equations as described by (1.1). In
particular equation (1.1) with dig) = X+ AX%and f(X,X,t) =6X — X3 +~X cos(wt)
will be studied in detail in this paper. The existence and stability of time-periodic solutions
will be investigated. Bifurcation diagrams will be presented, and the dynamics of the

oscillator as described by

X+X+)\X3:e<§X—ﬁX3+'chos(wt)) (1.2)

will be studied in this paper. In (1.2) it is assumed that the parameter \ is positive, that
is, it is assumed that the oscillator is attached to hard, nonlinear springs. The parameters
0>0,8>0,v=#0, and w are assumed to be constants independent of e. The oscillator
equation (1.2) originates from the following system of ODEs

Y + W%Y = € |:—a,170Y + CI,270Y2 + &072X2:| s
(1.3)
X wdX 42X = ¢ [boa X — b VX = by X7

which is a simple model for the flow-induced vibrations of a cable in a windfield. System
(1.3) with A = 0 or A = O(e) has been derived by Van der Beek in [2, 3]. The coefficients
ay o, a2,0, Go2, bo 1, b11, and by 3 depend on the quasi-static drag and lift forces acting on a
conductor line in a uniform windfield. System (1.3) can be considered to be an oscillator
with two degrees of freedom which describes flow-induced vibration of cables in a windfield.
The displacement of the cable in vertical direction (that is, perpendicular to the windflow)
is described by X (¢), and the displacement of the cable in horizontal direction (that is, in
the direction of the windflow) is given by Y (¢). For more (and complete) details the reader
is referred to [2, 3, 18]. It is well-known that galloping of conductor lines is an almost
purely vertical oscillation of these lines. Based upon the results as obtained in [2, 3, 13]
which confirm this vertical oscillation it is now assumed that the oscillator will oscillate in
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an almost vertical direction and that Y (¢) = Acos(wit). In this way system (1.3) can be
reduced to

X + CUSX + )\)(3 = € (bole — b171A cos(wlt)X — b073X3) . (14)

For small values of A (that is, for A = O(¢)) an interesting internal resonance for system
(1.3) is wy : we = 2 : 1. This case for instance has been studied in [2, 3]. In this paper
it is also assumed that wy : wy = 2 : 1 when A = O(1). After some elementary rescalings
in (1.4) equation (1.2) is finally obtained with w = 2. In particular we will be interested
in the existence and stability of (order 1) periodic solutions of equation (1.2). Many
researchers investigated extensively the behavior of the solutions of equations of the type
(1.1). For instance, Nayfeh and Mook [1], Belhaq and Houssni [8] and others investigated
the steady-state (periodic) solutions of the weakly nonlinear equation (1.1) with d[izg?() =
w2(1 + hecos(vt))X and f(X, X, t) = —aX — BX% — £X3 + v cos(wt) using a generalized
averaging method or a multiple time-scales perturbation method. For § = 0, h = 0 Lima
and Pettini [10] studied the control of chaos in a periodically forced oscillator. They showed
analytically that a small nonlinear parametric perturbation can suppress chaos. Again by
using a multiple time-scales perturbation method Burton and Rahman [17] studied the
response of a weakly nonlinear oscillator as described by equation (1.1) with dig) =mX
and f(X, X, t) = —2nX — g(X) + 2P cos(wt), where g(X) is an odd nonlinear function,
and where m is an integer which may be either -1, 0, or 1. Roy [11] used an elliptic
averaging method to investigate (1.1) with % = aX +9X?% and f(X,X,t) = X +
F cos(wt). Brothers and Haberman [5] also studied (1.1) with f(X, X,t) = —h(X, X) +
~ cos(2mwt), where h is a purely dissipative perturbation (h is odd in X) by using averaging
and matching techniques. Higher-order averaging techniques based on Lie transforms have
been used by Yagasaki and Ichikawa [6] to study weakly nonlinear equations like (1.1) with
(X, X, t) = —6X —BX2—aX?+~cos(wt). Van Horssen [20, 21] studied a weakly nonlinear
Duffing equation (1.1) with f(X,X,t) = —aX — bX? + ccos(t) using the perturbation
method based on integrating factors and multiple time-scales. In this paper it will be
shown that for the weakly non-autonomous and weakly nonlinear equation (1.2) exactly
the same results can be obtained as by applying the classical perturbation techniques
(such as averaging, multiple time-scales, Poincaré-Lindstedt or others). However, for the
strongly nonlinear equation (1.2) with A = O(1) most of the classical perturbation methods
can not be applied. In this paper the recently developed perturbation method based on
integrating factors (see [20, 21]) will be used to construct asymptotic approximations of
first integrals for (1.2) on long time-scales. In the literature not many analytical results can
be found for strongly nonlinear and non-autonomous oscillator equation like (1.2). Only
recently Yagasaki [7] studied (1.2) with A = 1 and with the perturbation in the right-
hand side of (1.2) replaced by (=8 4+ X cos(wt))X + 7 cos(wt) using an adapted version
of Melnikov’s method. This paper is organized as follows. In section 2 of this paper the
construction of approximations of first integrals by using the perturbation method based
on integrating factors will be discussed briefly for the general oscillator equation (1.1). In
section 3 approximations of first integrals will be constructed explicitly for the weakly and
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the strongly nonlinear, forced oscillator equation (1.2). Using the approximations of the
first integrals it will be shown in section 4 how the existence and stability of time-periodic
solutions for the oscillator equation (1.2) can be obtained. The bifurcation(s) of periodic
solutions will be studied in detail, and a complete set of topological different phase portraits
will be presented. Finally in section 5 of this paper some conclusions will be drawn and
some remarks will be made.

2 Approximations of First Integrals

In this section we briefly outline how the perturbation method based on integrating vectors
can be applied to approximate first integrals (see also [12, 13, 14, 20, 21]). We consider
the class of non-linear oscillators described by the equation

dU(X)
dX

where U(X) is a potential, X = X (), X = %, € is a small parameter satisfying 0 < e < 1,
and where f is assumed to be sufficiently smooth. We assume that the unperturbed (that
is, € = 0) solutions of (2.1) form a family of periodic orbits in the phase-plane (X, X). This
family may cover the entire "phase plane” (X, X ), or a bounded region D of the phase
plane. Each periodic orbit corresponds to a constant energy level E = %X 24+ U(X). With

each constant energy level E corresponds a phase angle ), which is defined to be

X + = ef(X, X, 1), (2.1)

X
V= /0 V2E erzU(r)' 22)
From (2.1)-(2.2) a transformation (X, X) — (E,1) can then be defined with
E=eXf = q(E,¢¥,1),
(2.3)

w:1+€|:_f0Xd7TXf:| = 92(E7'l/]7t)

(2E—2U(r))3

Multiplying the first and the second equation in (2.3) with ui(E,v,t) and ps(E,,t)
respectively, it follows that the integrating factors (£, v, t) and us(E, 1, t) have to satisfy
(see also [20, 21])

Om _ Opz

ay — 9B

%t = — a5 (191 + 1293) (2.4)
L % = _% (11191 + pago) -

Let g1 = €911 + €912, g2 — 1 = €ga1 + €2gan. Expanding p; and py in formal power series
in €, that is,

,U’L(E7,l/}7tﬂ 6) = ,ui,O(an7t> + E#i,l(Ea'l/]vt) + ...
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for i = 1 and 2, substituting gi, g2, and the expansions for p; and uy into (2.4), and by
taking together terms of equal powers in €, we finally obtain the following O(e")-problems:
forn =20

( Ouio _ Ou2o
oy ~  OE
8l/‘l,O _ 8#270
\ "o = B> (2.5)
Ou2,0 _ Ou2po
\ ot oy
fOl" n=1 ( Ouia _ Ouan
oY ~  OE
7]
it = —ap (11,091,1 + Haoga1 + H21) (2.6)
3]
L o = _% (11,0911 + f12,092,1 + f12,1)
and for n > 2
( aMl,n _ 8#2,71
oYy ~  OE
Op1,n
/gf = —% (:ul,n—2gl,2 + Hi1n—191,1 + H2n—202.2 + H2n—192.1 -+ MZn) , (27)
Op2,n
L ’;;i = —% (H1,n-2912 + P1n-191,1 + f2,n-2G2.2 + fl2n-192,1 + fi2n) -

The O(e”)-problem (2.5) can readily be solved, yielding p19 = hio(E,¢ —t) and pg =

hoo(E, ¢ —t) with ag;o = 82125,0. The functions hy o and he are still arbitrary and will now

be chosen as simple as possible. We choose hi o =1 and hey = 0, and so (see also [12, 20])

H10 = 1, M0 = 0. (2-8)

It follows from the order e-problem (2.6) that p11 and po have to satisty

o, op1,1 o
5+ 5 = —op (911),
(2.9)
Opza | Opea 9
ot = g5 (911).
By using the method of characteristics for first order PDEs we then obtain
Hi1 = h1,1(E7¢ - t) - ft (a%(gl,l)) dﬂ
(2.10)

H21 = hz,l(E>¢ —t) — ft <%(91,1)) dt,
where hy 1, ho are arbitrary functions which have to satisfy

ohy O [0 by 0 [T[0 ]
o0 0w (a—E(gl,l)) dt = oF 8E/ <aw(91,1)) dt. (2.11)
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We choose hy; and hy; as simple as possible, that is, we take h; 1 =0, ho; = 0. We then
obtain for p; 1 and pig;

Hi1 = _a% <ft 91,161{) )

(2.12)
Ha2,1 = —% (ft gl,ldf) .
The O(e?)-problem (2.7) can be solved , yielding
M2 = —% <ft (912 + p1191,1 + H2192,1) df) ;
(2.13)

foo = _% (ft (91,2 + p11911 + ,u2,192,1) df) .

The O(e")-problems (2.7) with n > 2 can be solved in a similar way. An approximation
F of a first integral F' = constant of system (2.3) can now be obtained from (2.8), (2.12)
and (2.13) yielding (see also [20, 21])

t t
Fl(E, 1D,t) =F—¢ |:/ ngdf} — € {/ (91,2 + [111911 + ,uz,lgzl) d[} . (2.14)

How well F approximates a first integral F' = constant can be deduced from (see also
20, 21])

dF1 2 2
o [91 + €p1,191 + € 1291 + €192 + € M2,292L*

= €3R1(E77/}7t)7 (215)

where g1, ga, fh11, o1, 41,2, plo,2 are given by (2.3), (2.12) and (2.13), and where the ** indi-
cates that only terms of O(e™) with m > 3 are included. From the existence and uniqueness
theorems for ODEs we know that initial value problems for (2.1) (with sufficiently smooth
potential U(X) and nonlinearity f(X, X,t)) are well-posed on a time-scale of order L. This
implies that also an initial-value problem for system (2.3) is well-posed on this time-scale.
From (2.3) it then follows on this time-scale that if £(0) is bounded then E(t) is bounded
and 1 (t) is bounded by a constant plus t. Since |R1| < ¢p+ ¢1t on a time scale of order %,
where cg, ¢; are constants, it follows from (2.15) that

Fi(E(t),¥(t),t;€) = constant + 63/0 R1(E(s),¥(s), s; €)ds,

and so,

FL(Et),(t),t;e) = constant + O(e*), 0 <t < Ty < oo,
L
67

Fi(E(t),¥(t),t;e) = constant + O(e), 0 <t < (2.16)
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where T and L are e-independent constants. Another (functionally independent) approx-
imation of a first integral can be obtained by putting in (2.5)

p2o =1, p1o =0, (2.17)

instead of (2.8). The O(e)-problem (2.6) can now be solved, yielding

pia = ki (B¢ —t) — [ (F5(g21)) dE,
(2.18)
a1 = kea(B, 0 = 1) = [* (£ (021) ) d,

where the functions k; ; and ko are arbitrary functions which have to satisfy

Dy O [1[ D Ok, 0 [0 )
90 a0 (a—E(QQ,l)) dt = oE _6—E/ (%(92,1)) dt. (2.19)

We choose these functions as simple as possible, that is, k13 = 0 and k33 = 0. Then we

obtain
t -
M1 = _a% <f 92,1dt> )

(2.20)
po1 = —% (ft 92,1055) :
The O(€?)-problem (2.7) can be solved , yielding
o (rt -
Hi2 = — 35 <f (922 + H1191,1 + H2192,1) dt) ;
(2.21)

oo = —% (ft (92,2 + H1191,1 + 2,1G2.1) dt)

An approximation F of a first integral F' = constant of system (2.3) can now be obtained
from (2.17), (2.20) and (2.21) yielding (see also [20, 21])

Fy(E ), t) = (v —1t) —€ [/ 92,16115] — ¢ {/ (92,2 + p1,191,1 + [2,1G2,1) dt} . (2.22)

How well F, approximates a first integral F' = constant can be deduced from (see also
20, 21])

dF, 5 9
- [91 + €p1191 + € 1201 + €U 1G2 + € M2,2Q2L*
= €3R1(E7¢7 t)? (223)

where g1, g2, ft1.1, fho1, 412, o2 are given by (2.3), (2.20) and (2.21), and where the **

indicates that only terms of O(e™) with m > 3 are included. In the following section we
will apply this perturbation method to the oscillator equation (1.2).
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3 Approximations of First Integrals for a Nonlinear,
Forced Oscillator

In this section we will consider the following nonlinear, forced oscillator equation

AU (X)

.
T ax

= ef(X, X, 1), (3.1)

where %&?) = X 4+ AX? in which A > 0 is a parameter, and where f(X, X, 1) = 6X —
BX3 +~X cos(2t) in which 6 > 0, § > 0, and v # 0 are parameters, and where € is a
small parameter with 0 < ¢ < 1. As explained in the introduction the oscillator equation
(3.1) can be considered to be a simple model describing the vertical displacement of an
overhead power transmission line (on which ice has accreted) in a windfield. The function
X(t) describes the vertical displacement. In this section asymptotic approximations of
first integrals for (3.1) will be constructed explicitly. To give a rather complete analysis
of (3.1) and to understand the bifurcation(s) of the periodic solutions in section 4 we will

now consider three cases: (i) A = O(e), (ii) A = O(\/€) and (iii) A = O(1).

3.1 The case A = O(¢)

Let A = Ae with A > 0. To study (3.1) with A = e in detail we will use straightforward
calculations as presented in section 2 to obtain approximations of the first integrals. By

introducing the rescalings €6 = ¢, X = \/gff, BA = 3, and 76 = ~ it follows that (3.1)
becomes ) . s .
X+ X=X - X —X?+ 73X cos(2t)). (3.2)

In the further analysis the tildes will be dropped for convenience. By introducing the
transformation (X, X)) — (E, ) as defined by

E = iX2+1x?
(3.3)

_ X a1 X
v = Jo 7apmE =sin <ﬁ>

(where E and v are the energy and the phase angle of the unperturbed (that is, € = 0)
oscillator respectively) it follows from (3.2) that

E:€Xg - £I(E7¢7t>:€£1,1(E7w7t)7
| | (3.4)
¢:1+€ _IQX LXQ] = 62(E7¢7t):1+€€2,1(E>w7t)7

3
(2E—r2)2

where g = X — ﬁX X3+ 7X cos(2t). From the calculations as presented in section 2 of
this paper it follows that two functionally independent approximations of the first integrals
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for (3.2) are given by

t
Fi(E,t) = E—E/ §1qdt
t

= F-— e/ (2E cos(¢)* — 4BE? cos(1)* — 4E”sin(¢)? cos(v)

+2E7 cos(1h)? cos(2t)) dip

= E—c¢ ((E — gE2ﬁ) P+ (%E — EQ@’) sin(21)) — %EQﬂsin(le)

1 1 1 1
—|—§E7 sin(2t) + §E2 + gEV sin(2¢ + 2t) + §E71p cos(2¢y — 2t)) (3.5)

and
Fy(E, 1) = (¢—t)—e/ EodF

= (Y—1t)+ % / (2E sin(v) cos(¢p) — 2E*Bsin(v)) cos(y))?
—4E*sin(y)* 4+ 2B sin(¢) cos() cos(2t)) dy

= (p—t)+e ((—i + %Eﬁ) cos(2v) + 1—16Eﬁ cos(4v) + %E sin(21))

1 3 1 1
_1_6E sin(4vy) — ZE@D + va sin(2y — 2t) — 67 cos(2y + 2t)) . (3.6)
How well F; and F, approximate a first integral F' = constant can be deduced from

dF,

e e + e (& — 1) = 62723'(1*1 V), t), (3.7)

where & and &, are given by (3.4). It follows from (3.7) that for j = 1,2 (see also (2.15)-
(2.16))

F;(E(t),9(t),t;€) = constant + 62/ R;(E(s),1(s), s; €)ds, (3.8)
0
and so,
Fi(E(t),¥(t),t;e) = constant + O(e?), 0 <t < Tp < oo,

Fi(E(t),¢(t),t;¢) = constant +O(e), 0 <t < (3.9)

where Ty and L are e-independent constants.



APPROXIMATIONS OF FIRST INTEGRALS FOR NONLINEAR OSCILLATOR 10

3.2 The case A = O(\/¢)

Let A = y/e\ with A > 0. By introducing the rescalings ¢/ = €, X = 1/ @X, B\ = 3,
and y0 = v it follows that (3.1) becomes

pa — — L - L3 s

X+ X +VeX? =X — X +7X cos(2t)). (3.10)

In the further analysis the bars will be dropped for convenience. By introducing the
transformation (X, X)) — (E, ) as defined by

E = $X*4+3X7
(3.11)

X  dr - X
Vo= Jy == =sin 1(@)
(where E and v are the energy and the phase angle of the unperturbed (that is, € = 0)
oscillator respectively) it follows from (3.10) that

E = \/EXg = 53(E7¢>t) = \/553,1(E7¢>t) + 653,2(E7¢>t);

] X dr
—1 (X _dr
(0 + \/E [ fo (2E—r?

)3

Xg:| = 64(E7 w7t> =1 + \/E§4,1(E7w7 t) + 654,2(E7¢7 t)?
(3.12)
where g = —X3 + /e <X — BX3 44X cos(2t)>. From the calculations as presented in

section 2 of this paper it follows that two functionally independent approximations of the
first integrals for system (3.10) are given by

F(E.y,t) = E+ e / t —&adt + € / - (&2 + 131830 + panan) dt

= E+ \/E/t (E2 sin(2¢) — %EQ sin(4¢)) dv
+e/t <—E cos(2¢) — E + %E% cos(4v) + 2E%3 cos(21)) + gE%
—%Ev cos(2u) — 2t) — %Ev cos(2) + 2t) — Ery cos(2t)
+§E3 sin(44)) — EEF’ sin(2¢)) dvp

= E+e <—%E2 cos(2¢) + %E2 Cos(41/)))
+e <<E26 — %E) sin(2¢) + (gEQ — E) P+ éE%sm(w)
—%w cos(20) — 2t) — %EV Sin (20 + 2¢) — %Ev sin(2f)

—%E?’ cos(41)) + §E3 005(21#)) , (3.13)
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and

F4(E>'l/}7t)

(¥ —1t) + \/E/ —&ydt + 6/ — (Ea2 4+ p31&31 + pranéan) dt
(v —1t)+ \/E/t <—§E + E cos(2¢)) — EE COS(42/J)) di

te / G in(20) — iﬁE sin(41)) — %ﬂE in(20) + ivsin@w +21)
—ivsin(%} —2t) — ZE%psm(zw) + 2]:7% sin(4v)) + §E2 cos(41))

87 , 61 3 1,
+64E 32E cos(21) 32E cos(6¢) + 64E cos(8) | di

(1 —t) + Ve <—2E¢ + %E sin(24)) — %E sin(41/1))

1 1 3 3 61
+e (<_Z + Zﬁ - §E2¢) cos(2¢) — <EE2 + 6_4E2) sin(2¢))
3

1 3 5 .
+ <1—6Eﬁ — ﬁE%) cos(41)) + (mﬁ + ﬁEQ) sin(44))

1 r . [
157 cos(2¢ + 2t) + Zyw sin(2¢ — 2t) — @E sin(6))

+5%E2 sin(8¢)) : (3.14)

How well F3 and Fj approximate a first integral F' = constant can deduced from

a5y
dt

(&5 + Vs &s + epsals + Vepa&a + epaéa)
= eV/eR,(E, 1), (3.15)

where &3 and &, are given by (3.12). It follows from (3.15) that for j = 3,4 (see also

(2.15)-(2.16))

and so,

(E(t),¥(t),t;e) = constant + O(ye), 0 <t < —

F;(E(t),¥(t),t;€) = constant + e\/e /Ot R;(E(s),9(s), s; €)ds, (3.16)

(E(t),¥(t),t;e) = constant + O(ey/e), 0 <t < Ty < oo,

(3.17)

where Tj and L are e-independent constants.
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3.3 The case A = O(1)

In this case the rescalings ed = ¢, X = X (o) = 3, and 49 = ~ are introduced, and
(3.1) then becomes

= N A A A3 >\

X+ X+ X=X —8X +4X cos(2t)). (3.18)

In the further analysis the heads will be dropped for convenience. By introducing the
transformation (X, X) — (E, ) as defined by

_ 1y 1 1
E = 1X241X241x4
. (3.19)
=I5 AT

(where E and v are the energy and the phase angle of the unperturbed (that is, € = 0)
oscillator) the following system of ODEs is obtained from (3.18)

EZEXg = 55(E7¢>t):€fs,1(E>¢at)7
(3.20)

¢:1+€ _fo Xg = 56(E7w7t):1+€§6,1(E7w7t)7

(2E— r2 ; )

where g = X — 3X3 + X cos(2t). The solution of the unperturbed (that is, € = 0) equa-

tion (3.18) is X = Agen(v, k) with ¥ = wo), where ¢ = t + constant, k is a modulus
2

given by k? = 2‘:‘0—%, and w? = 1+ A2 (see also [4, 9, 11, 15, 16, 19]). The relationship
0

between the energy E and the "amplitude” Ay is given by E = 3 A% 4+ 1Aj. The function

en(V, k) is a Jacobian elliptic function with argument ¥ and modulus k. From the calcu-

lations as presented in section 2 of this paper it follows that two functionally independent

approximations of the first integrals for system (3.18) are given by

F5(E,w,t) = E—E/ 6571611?

¢
= E—e¢ [/ (wiAdsn (9, k)2 dn (9, k)* — BwyAgsn(d, k) dn (9, k)*)

+ywiAgsn(9, k)?dn (9, k)? cos(ﬁw)@ , (3.21)
wWo Wy

and
F(Bwt) = =0)—c [ Gudr
_ (w—t)+e{ / Pu(@, k) (wodosn(d, k)dn(d, k)

—BuwiAjsn(V, k)*dn(9, k)*) + ywoAgsn(V, k)dn(d, k) cos(ﬁw)ow1 (3.22)
wo wWo
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where Py (0, k) = Lcen(d, k) — Agsn(V, k)dn(9, k) L2 +A0—cn(19 k)4& “in which sn (4, k),

dE>
and dn(¥, k) are elliptic functions , and where %, %, and are given by
dAO . 1 dwo AO dk . AO (1 — 2]{32)

dE ~ Ag+ A3 dE  wy(Ag+ A3) dE  2kw? (Ao + A3)’
How well F;5 and Fg approximate a first integral F' = constant can be deduced from
ar,
dt
where &5 and & are given by (3.20). It follows from (3.23) that for j = 5,6 (see also
(2.15)-(2.16))

= eus s +epea(&s — 1) = EQRj(Ea U, 1), (3.23)

F;(E(t),¥(t),t;€) = constant + 62/0 R, (E(s),1(s), s; €)ds, (3.24)

and so,

Fi(E(t),¥(t),t;e) = constant + O(e*), 0 <t < Tj < oo,

F;(E(t),¥(t),t;e) = constant+ O(e), 0 <t < (3.25)

where Tj and L are e-independent constants.

4 Time-periodic solutions and a bifurcation analysis

In the previous section it has been shown explicitly how asymptotic approximations of
first integrals can be obtained. In this section we will show how the existence of non-
trivial, time-periodic solutions can be determined from the asymptotic approximations of
the first integrals. Bifurcation diagrams will be presented, and the analytical obtained
approximations for the periodic solutions will be compared with numerical results such as
obtained by Poincaré map techniques and obtained by numerical integration of the ODEs
(phase portraits).

4.1 The case A = O(¢)

The two functionally independent, asymptotic approximations (3.5) and (3.6) for the first
integrals of equation (3.2) can be used to determine the existence and stability of the time-
periodic solutions. Moreover, from (3.5) and (3.6) an approximation of a periodic solution
can easily be constructed. Let T' < oo be the period of a periodic solution (obviously T
should be a multiple of 7 for v # 0). Let G1(FE,,t;€) = constant and Gy(E, ¢, t;¢€) =
constant be two independent first integrals, where G; and G5 are approximated by F; and
F,, respectively, and where F) and F» are given by (3.5) and (3.6), respectively. Let ¢; and
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co be constants in the two independent first integrals G, and G5 respectively for which a
periodic solution exists. Now consider G = ¢; and Gy = ¢3 for t = nT and t = (n — 1)T
with n € N*:

( Gy (E(nT>7 sz(nT)? nT; 6) = C1,
GL(E((n=1)T),d((n = 1DT), (n = )T €) = ey,

(4.1)
Go (E(?’LT), 2ZJ(TLT), nT’; E) = Co,

Ga (E((n=1T),¢((n = 1)T), (n = 1)T;€) = ca.

\

Approximating G; by F; and G5 by Fy, eliminating ¢; and ¢, from (4.1) by subtractions,
we then obtain

E(nT) = E((n—1)T)+ T <E((n — 1) - gE((n — 17?8
3B ((n — 1)T) cos(20 ((n - 1)T))> +O(2),

WnT) = ((n—1T)—T+ T GE((n — 1) - iysin(?gﬁ (n— 1)T))> +O(),
(4.2)

on a time scale of order 1. In fact (4.2) defines a map Q : E — Q(E) & E, = Q(En—1)
which we will use to determine the nontrivial periodic solution(s) of (3.2). By neglecting
the O(e*t) terms in (4.2) we can define a new map P : E — P(E) & E, = P(E,_1).
It should be remarked that the second equation in the map @ (and in the map P) will
always be considered modulo 7. From the well-known theorem of Hartman-Grobman it
follows that when the map P has a hyperbolic fixed point then the map () also has a fixed
point which is e-close to the one of the map P. Moreover, the fixed point of the map @)
has the same stability properties as the corresponding fixed point of the map P. It is also
well-known that a fixed point corresponds to a periodic solution of the original ODE, that
is, (3.2). In this case it follows from (4.2) with v # 0 that the map P has as nontrivial
fixed points (Fo, ), where

B 204 /232 +1) —4
0 3(62+1) :

(4.3)

and where 1) is given by
vcos(2yy) = 3E¢B —2 and
(4.4)
’}/Sin(szo) = 3E0

Since we are interested in nontrivial periodic solutions of (3.2) (that is, Fq > 0) it follows
from (4.3) that we have to consider the following three cases
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(a) for ¥*(8%+1) > 4 and —2 < v < 2 there are two nontrivial solutions for Ej,
(b) for 42(3?+ 1) =4 or v > 2 or v < —2 there is one nontrivial solution for Ey, and
(c) for 42(3? 4+ 1) < 4 and 7 # 0 there is no nontrivial solution for F.

The linearized map of map P around a fixed point of map P, is given by

(10 1 — 3EyB3 + 2vcos(2¢9) —FEgysin(2iy)
DP = < 01 ) +eT( 0 %2 0 _%07008(2%0) ) . (4.5)

By using (4.4) it follows from (4.5) that the eigenvalues of DP are

_ 1 3 1/

If the eigenvalues as given by (4.6) are not equal to one in modulus, then the fixed point
(Eo, 1) is hyperbolic. The results as given by (4.3) and (4.4) are exactly the same results
as the ones which can be obtained by using the averaging method or the two time-scales
perturbation method. The bifurcation diagram in the (3, v)-plane is given in Figure 1. For

Figure 1: The bifurcation diagram in the ((3,7)-plane for the weakly nonlinear forced
oscillator equation (3.2).

Ey > 0 and 0 < 4y < 7 the following conclusions can be drawn from (4.3)-(4.6) and from
Figure 1. In region I in Figure 1 we will have one stable fixed point (Ey, ). Crossing the
line II a second unstable fixed point is bifurcated. In region III we will have one stable
and one unstable fixed point. These two critical points will coincide on the line IV, and
a saddle node occurs on this line, and in region V no fixed points occur. Finally on the
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line VI, that is, for v = 0 we have infinitely many fixed points (Ey, 1) with Ey = % and
1y arbitrary. It should be remarked that for v = 0 equation (3.2) reduces to well-known
autonomous Rayleigh equation. The existence of stable and unstable nontrivial periodic
solutions for § = 2 is given in Figure 2 in the (v, Ey)-plane. In Figure 3 phase portraits

12

—— Stable periodic solution
- - Unstable periodic solution

0.8r

04r

021 /
/

Figure 2: The bifurcation diagram in the (v, Fq)-plane for the weakly nonlinear forced
oscillator equation (3.2) with 5 = 2.

in the (r,v)-plane (with £ = %7’2) are given for the first order averaged weakly nonlinear
forced oscillator equation (3.2) with § = 2 and for several values of 7. From Figure 2
and from Figure 3 it can readily be seen that we have only one stable periodic solution
of (3.2) for v2 > 4 and 0 < ¢y < 7. For 4% = 4 a second, unstable periodic solution is
bifurcated, and for % < 2 < 4 we have two periodic solutions. A saddle node bifurcation

occurs for v? = %, and for 0 < v2 < % we have no periodic solutions. In Figure 4 the

5
Poincaré map technique is used, and X () and X(t) are depicted in the (X, X)-plane at
times t equal to 2, 47, 67, 87, .... To compare the analytical results (as given in Figure
1 and Figure 2) with the numerical results (as given in Figure 3 and Figure 4) it should
be noted that X = rsin(y), E = 1r? = (X2 + X?). Then, it can readily be seen that
the analytical results and the numerical results are in good agreement. Finally it should
be remarked that an order ¢ approximation of an order 1, 27-periodic solution is given by
X (t) = V2Esin(y(t)), where E(t) = Eg + O(e) and (t) = t + 1o + O(¢), and where Ej

and 1y are solutions of (4.3) and (4.4).

4.2 The case A = O(\/¢)

The two functionally independent, asymptotic approximations (3.13) and (3.14) for the
first integrals of equation (3.10) can be used to approximate the solutions. Moreover,
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(i) y = —2.2

Figure 3: Phase Portraits in the (r,)-plane for the weakly nonlinear forced oscillator
equation (3.2) with 5 = 2 and for several values of 7.
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(&) v=—1/% (h) v =—15 (i) v = —2.2

Figure 4: Poincaré-map results for the weakly nonlinear forced oscillator equation (3.2) in
the (X, X)-plane for several values of v with § =2 and € = and with sample-times ¢
equal to 2w, 4m, 67, 8w, .. ..

2
100’
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from (3.13) and (3.14) an approximation of a periodic solution (if it exists) can easily be
constructed. Let T" < oo be the period of a periodic solution (obviously 7" should be a
multiple of 7 for v # 0). Let G3(FE, 1, t;€) = constant and G4(F, 1, t; €) = constant be two
independent first integrals, where GG3 and G4 are approximated by F3 and F}, respectively,
and where Fy and F} are given by (3.13) and (3.14), respectively. Let ¢3 and ¢4 be constants
in the two independent first integrals GG3 and G4 respectively for which a periodic solution
exists. Now consider G3 = ¢3 and G4 = ¢4 for t =nT and t = (n — 1)T with n € N*:

( Gs (E(nT),¥(nT),nT;e) = cs,
Gs (E((n—1)T),¢((n—1)T),(n—1)T;€) = cs,

(@7)
Gy (E(?’LT), %ZJ(”T)» nT’; E) = Cy,

Ga(E((n=1T),¢((n = 1)T), (n = 1)T5€) = cu.

\
Approximating G3 by F3 and G4 by F} respectively, eliminating c3 and ¢4 from (4.7) by
subtractions, and using the transformation v (¢) = 6(t) + \/e2tE(t), we then obtain

E(MT) = E((n—1)T)+ T <E((n _ 1) - ;E((n _ 728

+%7E((n — 1)T) cos(26 ((n — 1)T))> + O(ev/et),

OnT) = 0((n—1)T)—-T+€T <—%E((n —1)7T)% - iysin(?@ ((n— 1)T))>

+0(ev/et), (4.8)

on a time scale of order % In fact (4.8) defines amap R: E — R(F) < E, = R(E,_1)
which we will use to determine the nontrivial periodic solution(s) of equation (3.10). By
neglecting terms of O(ey/et) in (4.8) we can define a new map S : £ — S(E) & E, =
S (En_l). It should be remarked that the second equation in the map S (and in the map R)
will always be considered modulo T'. From the well-known theorem of Hartman-Grobman
it follows that when the map S has a hyperbolic fixed point then the map R also has a
fixed point which is e-close to the one of the map S. Moreover, the fixed point of the map
R has the same stability properties as the corresponding fixed point of the map S. In this
case it follows from (4.8) with v # 0 that the map S has as nontrivial fixed points (E, 6y),
where Fj is given by

105 ,\”
@950~ 2+ (-5 B) =" (19)
and where 6, is given by

vcos(20p) = 3Eyf—2 and

(4.10)
vsin(20p) = (—iPEY).
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The linearized map of map S around a fixed point of map S, is given by

10 1 —3EyB + 37y cos(26p) —Eqgysin(26p)
DP = +eT . (41)
01 —%EO —%7 cos(26y)

By using (4.9) it follows from (4.11) that the eigenvalues of DP are

i 1 3 1
_ 1 T———Ei—¢2—m B
)\1,2 +€ <2 26 0 39 56 050 0)

(4.12)

Again if the eigenvalues (4.12) are not equal to one in modules, then the fixed point (Ey, 6)
is hyperbolic. The results as given by (4.9) and (4.10) are exactly the same results as the
ones which can be obtained by using the second order averaging method or the multiple
time-scales method or other perturbation techniques. Using the formulas of Cardano the
bifurcation diagram in the (/3,~)-plane can be derived from (4.9) and is given in Figure
5. The regions I-V in Figure 5 are as defined in section 4.1. The existence of stable and

jass

-3

Figure 5: The bifurcation diagram in the (/3,y)-plane for the nonlinear map (4.8).

unstable nontrivial equilibrium solutions for the nonlinear map (4.8) with § = 2 can be
determined from Figure 6 in the (v, Ey)-plane. In Figure 7 the phase portraits in the (r, 0)-
plane (with F = %7’2) are given for the second order averaged nonlinear forced oscillator
equation (3.10) with 5 = 2 and for several values of 7. It should be remarked that the fixed
points as given by (4.9) and (4.10) are not corresponding with the 27-periodic solutions
of the equation (3.10) due to the transformation §(t) = ¥ (t) — /€2 E(t)t. So, the periodic
solutions as given in Figure 5 and 6 for v # 0 are not the 27-periodic solutions for the
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—— : Stable equilibrium solution
***** : Unstable equilibrium solution

20

Figure 6: The bifurcation diagram in the (v, Eo)-plane for the nonlinear map (4.8) with
g =2.

original equation (3.10). Finally it should be remarked that an approximation of a solution
for the nonlinear forced oscillator equation (3.10) (in a neighborhood of the equilibrium
points of the nonlinear map (4.8)) is given by X () = v2Egsin (¢¥(0) + ¢ + /€2 Ept) +
O(y/€) on a time scale of order %, where Fy and ¥(0) = 6(0) = 6y are the solutions of
(4.9) and (4.10). We can see from these approximations that the "periods” of the solutions
of (3.10) (which are O(1), and not o(1)) are less than 27. This implies that there are
no 2m-periodic solutions which are strict O(1) (that is, are O(1) but not o(1)). These
results are confirmed in Figure 8, in which Poincaré-return map results are given for the
nonlinear forced oscillator equation (3.10) in the (X, X)-plane for several values of . It
is still possible that equation (3.10) has small amplitude, 27-periodic solutions. From the
applicational point of view these small amplitude oscillations in vertical direction are not
so interesting, but from a mathematical point of view these solutions might be of interest to
understand the bifurcations that are occurring. To study these small amplitude solutions
the following rescaling is usually introduced in (3.10): X (t) = ¢*Z(t) with o > 0, yielding

Z+Z 4tz = <Z VA A cos(2t)) . (4.13)

The most interesting cases occur for a = i and o > i. For a = i equation (4.13) becomes
equation (3.2) with 3 near zero, and this equation has 2m-periodic solutions for special

values of the parameters (see section 4.1). For a > % equation (4.13) becomes (up to

O(ezt2))

J4+7=¢ <Z +~Z cos(2t)> . (4.14)
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(g) v = —0.606 (h) v = —15

(i) y=-22

Figure 7: Phase Portraits in the (r,6)-plane for the nonlinear forced oscillator equation

(3.10) with § = 2 and for several values of 7.
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(g) 7 = —0.606 M) ~y=-15 Q) y=_22

Figure 8: Poincaré-map results for the nonlinear forced oscillator equation (3.10) in the

(X, X)-plane for § = 2 and for several values of 7, and /e = 15%, and with sample-times

t = 2w + 4mn, where n € N.
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In the Appendix 1 (4.14) is studied briefly. From the Poincaré expansion theorem it follows
that all solutions of (3.10) can be expand in Xo(t)++/€X1(t)+€Xo(f)+. .. on a time-scale of
order 1. Obviously Xy + Xy = 0. So, from the Poincaré expansion theorem and the results
obtained in this section it follows that equation (3.10) can only have small amplitude,
2m-periodic solutions as periodic solutions.

4.3 The case A = O(1)

The two functionally independent, asymptotic approximation (3.21) and (3.22) for the first
integrals of equation (3.18) can be used to determine the existence of the time-periodic
solutions. Moreover, from (3.21) and (3.22) an approximation of a periodic solution can
easily be constructed. Let T' < oo be the period of a periodic solution (obviously 7" should
be wl, with [ € N* for v # 0). Let G5(FE, 1, t;€) = constant and Gg(E, v, t;€) = constant
be two independent first integrals, where G5 and G¢ are approximated by Fy and Fg,
respectively, and where F5 and Fg are given by (3.21) and (3.22), respectively. Let ¢; and
c¢ be constants in the two independent first integrals for which a periodic solution exists.
Now consider G5 = ¢5 and Gg = ¢ for t = 0 and ¢t = T. Approximating G5 by F5 and
Gg by Fg (as given by (3.21) and (3.22)), eliminating c5 and cg by subtractions, we then
obtain (using the fact that E(0) = E(T") for a periodic solution)

efOT <X2 — BX* 4+ X2 005(25)) ds = 0O(é?),
(4.15)
eﬁfﬂ@a@(x—5X3+7Xaﬁ@g)@ = O(),
where X = —woAgsn(9, k)dn(d, k). We can rewrite equation (4.15) as
EI(E7¢7 ﬁ? 7) = 0(62)7
(4.16)

eJ(E,,8,7) = O().

To have a periodic solution for (3.18) we have to find an energy E and a phase angle v
such that I(E, v, 3,~) and J(E, ¥, 3,7) are equal to zero (see also [12, 14]). To find this
energy and phase angle we rewrite I(E, v, 3,7v) and J(E, v, 3,7) in

I = 5L —plh+vl3=0,
(4.17)
J = J1_5J2+7J3:O7

where

I, = f X2ds, I, = fo X4ds, I; = fo (chos 25)) ds,

A:jﬁmmﬂmh:ﬁﬂmmﬁ@h:ﬁﬂmm@mwm@.
(4.18)
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Let D = I3Jy — IJ5. It follows from (4.17) that for a periodic solution to exist § and 7,
can be considered to be functions of the energy E and the phase angle v, that is,

6 = %(Igjl—fljg),
(4.19)
1
v = 5 i =1Ly,

for D # 0. By using an adaptive recursive Simpson rule the values of the parameters 3 and
7 can be calculated from (4.17)-(4.19) for which a periodic solution exists. From (3.18) it
is obvious that the period 7" should be a multiple of 7. The expansion theorem of Poincaré
implies that the solution(s) of (3.18) can be expanded in Xo(t) +eX;(t)+€*Xo(t)+...on a
time-scale of order 1, where X, satisfies Xo—i—Xo +XS’ = 0. Now Xy(t) is a periodic function

. . A .
with period Ty(Ey) =4 [, \/ﬁﬂd)(o, where Ag > 0 satisfies 2y — Af — 1 A3 = 0.
In Figure 9 To(Ep) is plotted. From Figure 9 and from the fact that 7" should be a multiple

27 6.2
6*“
5.8*“
T, 5.6 0‘
5.4\
524 \
51 |
4.8
4.6
4.4+
4.2
4]
3.8
3.6
3.4
5t 321
3]
2.8 —
2.6 ‘ ‘ ‘ ‘ ‘ \\
(o) 2 4 6 8 10 12 14 EO

Figure 9: The period T} of the unperturbed equation (3.18) (that is, (3.18) with ¢ = 0) as
function of the energy Ey = 1 X3 + 1 X3 + 1 X{.

of 7 it immediately follows that T should be equal to 7 or 27. For 2m-periodic solutions
it follows from Figure 9 that F, should be zero, and so a 27-periodic solution (if it exists)
should have a small amplitude. To study these small amplitude solutions the following
rescaling is introduced in (3.18): X (¢) = ¢*Z(t) with a > 0, yielding

Z+7Z=—e7%+eZ — PB23 + ey cos(2t). (4.20)

For 27-periodic solutions Z () only the case o = % and the case o > % have to be considered.
For a = % equation (4.20) becomes equation (3.2) with [ near zero, and this equation has
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2m-periodic solutions for special values of the parameters (see section 4.1). For o > %

equation (4.14) up to O(e**) is again obtained, and this equation has been studied briefly
in Appendix 1. For m-periodic solutions it follows from Figure 9 that F should be near
6.33552259..., and so a m-periodic solution (if it exists) should have an amplitude of (strict)
O(1). To determine the values of # and « for which a m-periodic solution exists it should
be observed that 3 = B(FEy, 1o) and v = v(Ey, ¥), where Ey = 6.33552259... and 0 < 9pg <
4K (k) (in which K (k) is the complete elliptic integral of the first kind). For different values
of 1y (with Ey = 6.33552259...) the integrals in (4.18) and (4.19) have been calculated by
using an adaptive recursive Simpson rule. It should be observed that in (4.18) X (¢) (that is,
the solution of the unperturbed equation (3.18) with € = 0) depends on the initial energy E,,
and on the initial phase angle 1. For Ey = 6.33552259... 5 = 3(Eo, 1) and v = v(Eg, ¥o)
will give a curve in the (3, 7)-plane. This curve has been determined numerically, and is
given in Figure 10. From a practical point of view it is obvious that the chance that the

0.4+

Figure 10: The curve in the (3, 7)-plane for which the strongly nonlinear forced equation
(3.18) has m-periodic solutions of order 1.

parameters J and ~ are on this curve is of course zero. For that reason also Poincaré-map
results are given in Figure 11 for different values of 5 and ~.

5 Conclusions and remarks

In this paper it has been shown that the perturbation method based on integrating factors
can be used efficiently to approximate first integrals for strongly nonlinear forced oscillators.
In section 2 (and 3) of this paper a justification of the presented perturbation method has
been given. It has also been shown how the existence and stability of time-periodic solutions
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Figure 11: Poincaré-map results for the nonlinear forced oscillator equation (3.18) in the
(X, X)-plane for several values of v with 3 = 2 and € = 12W> and with sample-times ¢t = mn
with n € Z* for the figures (a), (c), (e), (f), and (h), and t = —27n with n € Z* for the

figures (b), (d), (g), and (i).
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can be deduced from the approximations of the first integrals for the strongly nonlinear
forced oscillators.
In this paper the following three oscillator equations have been studied in detail:

X+X = ¢ (X —BX3— XP 44X cos(2t)> , (5.1)
X+ X+VeX? = ¢ (X — BX® +~X cos(2t)> , and (5.2)
X+ X+X3 = ¢ (X _BX3 44X cos(Qt)) , (5.3)

where € is a small parameter with 0 < ¢ < 1, and where § > 0 and v # 0 are constants
(of order 1). In particular the O(1) behavior of the solutions has been studied. From
the applicational point of view this O(1)-behavior is the most interesting behavior when
galloping is studied. For equation (5.1) it has been shown for what values of the parameters
the solutions will tend to a 2m-periodic solution of order 1, and for what values of the
parameters the solutions will tend to a (non-periodic) bounded attractor. The results
obtained for (5.1) are in agreement with the results as obtained in [2, 3]. For equation
(5.2) it has been shown that there are no periodic solutions of order 1. Small amplitude,
2m-periodic solutions, however, exist for certain values of the parameters. In general the
solutions will tend to a bounded, non-periodic attractor of order 1. For equation (5.3) it has
been shown that there are m-periodic solutions of order 1 for special values of parameters.
These m-periodic solutions are, however, structurally unstable. Also small amplitude, 27-
periodic solutions exist for certain values of parameters. In general the solutions will tend
to a bounded, non-periodic attractor of order 1.

A Appendix 1

In section 4.2 and in section 4.3 the following ODEs have been derived to describe the
small amplitude solutions of the oscillator equations

Z+7 = ¢ <Z +Z cos(2t)> —eataz3 _ 42073 and (1.4)
Z+272 = ¢ <Z +~Z cos(2t)) — 278 — Mgy (1.5)

with @ > § and with a > 1 respectively. In this appendix (1.4) and (1.5) will be studied
briefly. By introducing the transformation

Y(t) = Yi(t)cos(t) + Ya(t)sin(t),

(1.6)
Y(t) = =Yi(t)sin(t) + Ya(t) cos(t),
the first order averaged system of equation (1.4) or of equation (1.5) becomes
(1.7)

Yo = e(j7Ye+3Y2).
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For 72 not in an o(1) neighborhood of 4 system (1.7) has only as fixed point(s) the trivial
fixed point (0,0). This fixed point turns out to be unstable. So, for 72 not in an o(1) neigh-
borhood of 4 it can be conclude that (1.4) and (1.5) do not have nontrivial, 27-periodic
solutions. For 42 in an o(1) neighborhood of 4 second order or higher order averaging
has to be applied to (1.4) or (1.5). Again it can be shown that (1.4) and (1.5) do not
have nontrivial, 27-periodic solutions. The elementary calculations to prove this will be
omitted.
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