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Abstract

In this paper an initial-boundary value problem for a linear, nonhomogeneous axially
moving string equation will be considered. The velocity of the string is assumed
to be constant, and the nonhomogeneous terms in the string equation are due to
external force acting on the string. The Laplace transform method will be used
to construct the solution of the problem. It will turn out that the method has
considerable, computational advantages compared to the usually applied method of

modal analysis based on eigenfunction expansions.

* Corresponding author. Tel.: +31-15-2783524; fax: +31-15-2787295.
Email addresses: W.T.vanHorssen@its.tudelft.nl (W.T. van Horssen ),

svetlana@dutind4.twi.tudelft.nl (S.V. Ponomareva).

Preprint submitted to Journal of Sound and Vibration 2 March 2005



1 Introduction.

The dynamics of axially moving materials have been studied by many re-
searchers due to their technological importance. Transversal vibrations of belt
systems have been investigated for many years. A lot of literature is devoted
to this problem (see the reference lists in [1]- [5]). The main goal of this paper
is to investigate a linear, nonhomogeneous equation for a moving string which
is a starting point to study later weakly perturbed or weakly nonlinear prob-
lems for moving string equations. First the the displacement of the string in
vertical direction will be determined by using the Laplace transform method.
In the second part of this paper the solution will be constructed by using the
method of eigenfunction expansions. This last method was developed for this
problems by Meirovitch in [6, 7] and by Wickert and Mote in [1]. Both meth-
ods will be compared. The conditions under which bounded solutions exist
will be derived, and it will be shown for what kind of external forces internal

resonances in the system will occur.

The following linear equation of motion for the string (moving in one direction

with a constant velocity Vj) will be considered in this paper:

Uy + 2Vt + (VE — A tge = g(,1), 0 <z < [, t > 0, (1)



where

u(x,t) : the displacement of the string in the vertical direction,

Vo : the string speed,
c : the wave speed,
x : the coordinate in horizontal direction,

g(x,t) : the external force,

t : the time, and

l : the distance between the pulleys.

In this paper the case V) < c is considered. At the pulleys it is assumed that
there is no displacement of the string in vertical direction. Equation (1) can
also be found in [2], but now it is assumed that Vj is not necessarily small.

The boundary and initial conditions for u(x,t) are given by:

u(0,t) = u(l,t) =0,t >0,

u(x,0) = f(z), and u(z,0) =r(x),0 <z <, (2)

where f(z) and r(z) represent the initial displacement and the initial velocity
of the string, respectively. It is assumed that the functions f(x) and r(z) are
sufficiently smooth such that a two times continuously differentiable solution

for the initial-boundary value problem (1) - (2) exists.



2 Application of the Laplace transform method.

The initial-boundary value problem (1) - (2) for u(z,t) can readily be solved
by applying the Laplace transform method (with respect to time ¢) to (1) -

(2), yielding:

s*U(x,s) — su(z,0)—uy(x, 0) + 2Vo(sUy(, 8) — ug(z,0))+ )
Upe(,8)(VE — c*) = Gy(x, 5),

U0,s) = U(l,s) =0, (4)

where U(z,s) and Gy(z,s) are the Laplace transforms of u(x,t) and g(z, 1)

respectively.

By dividing (3) by (V§ — ¢?) and by rearranging terms in (3) it follows that:

2Vps 52
where
2
Glr.s) = Gl(x,s)+sf(‘:2+7;§:v)+ %fx(a:)' (©)
?—

The general solution of the homogeneous equation (that is, (5) with G = 0)

is given by

U(z,s) = Cy(s)exp <V_j—xc> + Cy(s) exp <V—sa: > ,

0 0o —C
where C(s) and Cy(s) are still arbitrary functions. The method of variation of

parameters can be used to find the particular solution of the nonhomogeneous

equation (5). To apply this method the solution is written in the form

U(z,s) = Cy(x,s)exp <Vo j_xc

) + Cy(x, s) exp (V—sx ) : (7)

o—C



The functions Ci(z, s) and Cy(x, s) then follow from

C1(x,s)exp (V;j—xc

, —S —STr , —S —ST N
(. ) (mc) exp (VO +c) +Ch(x, 5) (VO _C) exp (VO _C) ~ G(x,5),

, —sT \
) + Ch(x, s) exp (V ) =0,

o—C

or equivalently from

Ci(x,s) = Gz, s) 05 — ) exp ( e ) ,

2sc Vo+c (8)
: _ (V5 —¢*) ( 5T )
02(1', 8) - G(l’, S) 280 exp ‘/0 —ec 9

where the prime ' denotes differentiation with respect to x. By integrating (8)

with respect to x it follows that

_ (%2 B 02) v * z*s *

Ci(z,s) = Y /0 G(z", s) exp TR dz™ + Ki(s),
_ (%2 - 62) v * x*s *

Cy(z, s) = e /0 G(z", s) exp o dx™ + Ks(s),

where K;(s) and Ks(s) are still arbitrary functions. The solution of the non-
homogeneous equation (3) or (5) is given by

U(z,s) = Kq(s) exp <Vo s_xc) + Ko(s) exp (V;j—i) +

Ve —¢) 1 . —s(z —x7) —s(z —x7) ;
2730/0 G(z*,s) <exp <W> — exp <W)> dz™,

where K;(s) and K3(s) can be determined from the boundary conditions (4).



So, finally the following expression for U(z, s) is found:

U(z,s) =
b —s(l—x7) —s(l—x7) N
v oo (oo (i) oo (=)
2sc —sl —sl %
o () oo (7 20) o)

<_ b (v_sfc> e (v?i)) *
081 ) (o2 o (2222

The inverse Laplace transform of U(z, s) is given by

271 V—100

1 v+i00
u(z,t) = —/ U(z,s)e’ds =) Res(s,, z,t), for somerv > 0, (11)

and where Res stands for the residue at s = s,. To evaluate the inverse
Laplace transform (11) the poles of U(x, s) and the order of these poles have
to be determined in the complex s-plane. As long as g(x,t) is not specified

the poles due to Gi(z, s) will be unknown. For that reason three cases will be

™’

considered: (i) g(x,t) = 0, (ii) g(x,t) = p(x)sin(wt) with w = (V@ — %)

le
for some fixed n* € Z, and (iii) g(z,t) = ¢(x)sin(wt) with w is not in the

neighborhood of 7;_71(‘/02 —c*) for all n € Z.
c

2.1. Case (i): g(z,t) = 0.
In this case the poles of U(z, s) follow from (see (10))

s <exp (Vo_—si—lc> — exp <v0_ilc>> — 0. (12)

Now it should be observed that s = 0 is not a pole of U(z, s) since lim U(z, s)

s—0

exists. All other poles of U(x, s) now follow from

ex sl —ex sl =0
P Vo+c P Vo—c)




and are given by
™m :
Sp = % (‘/02 - 02) (2 (13)
with n € Z\ {0}. It should be observed that these poles are all simple. The
solution of the initial-boundary value problem (1)-(2) with g(z,t) = 0 now

easily follows from (11), yielding

u(z,t) =

2 {an (cos (Wn(VOjC— c2)t> (cos <7rn(V(l)c—|— c)x) s (Wn(V?c— c)x)) N
“in <7m(VOjC— 02)t> <sin (Wn(‘/?j c)a:) . <7m(V30— c)x))) N
b, <cos ( n(VOj — 02)t> (sin <7rn(V(l) + c)x) i <7m(V(l) — c)m)) B
“in <7m(V02 — cc2)t> <cos <7rn(Vo + cc)$> s <7m(V0 — i)a:)))}
le le le ’

3

@ (i /l f(z*) (cos <—(V0 _lcc)mm*> — cos <—(V0 +l627mx*>> dz* +
P (M) (S )

V=) (1 gt . ((Vo—c)mnx* . [ (Vo + ¢)mna* .
L e B |8
)+ 2Vo f1(z¥) (Vo — ¢)mnx* (Vo + ¢)mna* .
2 / (V@ — ) <COS (T) — o <T>> da ) '

2.2. Case (ii): g(x,t) = o(x)sin(wt), the resonant case.

In this case it is assumed that w is equal to an natural frequency of the axially

ik (V¢ — ¢?) for some fixed n* € Z. The Laplace

moving string, that is, w = ;
c



transform of g(x,t) in this case is

w

().

Gi(z,s) = o

In (10) G(z,s) is now given by G(z*,s) = % + h(x*,s), where
0

h(z*,s) = Sf(x*)”(;;)_tgv‘)f“*(x*). And so, U(x,s) can be written as U(z,s) =

A(z,5) + B(z,5) + D(x,5) + E(x,5), where

Alz,s) =

e P (exp <%> T <%>> T
B w0 —) (o ()~ ()

(_ exp (V;Sfo) e (vgs—xc» ’

Bz, s) =

e e (o () e () ) X (15)
- (exp <v0_il c> —o <Vo_i10>>

(- (v;ixc) e (vgs—xc» |

D(z,s) =

w - —s(x — %) —s(z — %) ) (16)
M/O 80(517 ) (eXP <W> — exp <ﬁ>> dx™,

E(z,s) =

0= oo (o (22 o (2

The inverse Laplace transform of U(z, s) is given by

L™(U(z,s)) = L™ (A(x,s)) + L™ (B(x,8)) + L (D(x,s)) + L' (E(x, s)).
(18)
In (18) L™ (B(x,s)) and L™ (E(z,s)) only depend on the initial values f(z)

and r(x) and already have been determined in case (i) with g(z,t) = 0. So, only



L™ (A(x,s)) and L™ (D(x,s)) have to be calculated. It should be observed

that these inverse Laplace transforms only depend on g(z,t). Furthermore, it

should be observed that A(x,s) is the product of % and another term
24+ w

(following from (14)), and so the inverse Laplace transform of A(z,s) can be

determined by using the convolution integral, that is,

L (Afe,s) = [ “sin(w(t — 7)) Y Res(s,, @, 7)dr, (19)

™ (V@ — ¢?) for a fixed n* € Z it
c

where s, is given by (13). Finally, if w =

follows that L™ (A(z, s)) is

L™ (A(z,s)) = Fue (x)tsin(wn*t) +

Fop () (sin(wn*t)
2

— nt
5 o cos(w )) +

i {Fln(x) ( ! (cos(wnt) — cos(wy«t))+

n=tigper] U 2 \Wne = Wn
i (eon(unt) — cos(wnet)) ) +
Pl (L (sn(en) +sinfet) + L (sinGont) —sine1)) ).
(20)
where
Fon(z) =, (cos (W) = cos (W)) N N
N <Sin <7m(V(l)c+ c)x) o <7m(V(l)c— c)x)) |
o (Sm <m<v3 ¥ c)x) o <7m(v(; - c)x)) )
N <COS <m(v§:+ c)x) o <m(vi c)x)) | (22)
=g 2 (o () oo (B

It can be seen from (14) that if n = n* then there are two poles of order two

(one in s = iw,« and one in s = —iw,+). To calculate L™ (D(x, s)) it should be



observed that s = 0 is not a pole as liII(l) D(x, s) exists. So the inverse Laplace
S$—

transform for D(z, s) is

L™ (D(z,s)) =

W (% cos(wt) [ o) <cos <%> _ cos (%)) de* +

It can be seen that only L™ (A(z,s)) contributes to unbounded terms in the

solution.

2.3. Case (iii): g(x,t) = p(x)sin(wt), the non-resonant case.

n
Let w, = 7;—(1/02 — c?), n € Z be the natural frequencies of an axially moving
c

string and let w be not in a neighborhood of any of these frequencies w,,.
For L™ (A(z,s)) it then follows that

L™ (A(z, s)) =
& (Funlx) (1 1
nz::l < 2 (w — (cos(wnt) — cos(wt)) + —

FQ,;(JJ) <w . (sin(wy,t) + sin(wt)) + w—w,

(cos(wpt) — COS(culf))) +

Wn

(sin(wnt) — sin(wt)))) ,

(26)

where Fy,(z) and Fy,(x) are given by (21) and (22), respectively. L™ (D(x, s))
is again given by (25). In this case there are no unbounded terms in the solution
u(z, t). Obviously, unbounded solutions will occur when g(z,t) contains terms
1(x) sin(wt) and/or terms ¢o(x) cos(wt) for which w is equal to an natural

frequency wy,.

10



3 An eigenfunction approach.

Following Wickert and Mote [1] equation (1) can be rewritten in the following

dimensionless form:

Uy + 20 — (1 — Ve = g(z,1), 0 <2 < 1, t >0,

(27)

v
where v = —2. Introducing the operators M = 1, G = QV% and K = —(1 —

c
V)2, in (27) it follows that

922

Mutt + Gut + Ku = g(.ﬁU,t)

Now the following vectors and matrices are defined

ut(x7t> g([L’,t)
W(x7 t) = ) q(l'7 t) =
u(z,t) 0
M 0 G K
A= , and B=
0 K -K 0

Equation (28) then becomes

Aw, +Bw =q.

(31)

The solution of equation (31) has to satisfy the initial and the boundary

conditions

11



w(z,0) = wo(z) = , and w(z,t)=0 at =0 and z=1.

The inner product of two vectors w; and wy is defined to be
L
(W1, Wa) :/0 w whdz, (33)

where the * means the complex conjugate, and where the superscript 7" means
the transpose. With respect to this inner product the operators A and B have

the following properties
<AW17 W2> - <W17 AW2> ) <BW17 W2> - - <W17 BW2> ) (34>

where both wy(x,t) and wy(x,t) satisfy the Dirichlet boundary conditions (32)
at x = 0 and = 1. The general solution of the equation (31) will be found
in an expansion of eigenfunctions. First the homogeneous equation (31) with
q = 0 is solved by using the method of separation of variables, that is, it is
assumed that (31) with g = 0 admits solution of the form ¢(x)exp(At), where
¢(x) is a complex vector function and where \ is a complex-valued number .

This leads to the eigenvalue problem
Mo +Bo =0, (35)

where the eigenvalues )\, are equal to iw, as has been shown by Meirovitch

in [6]. The complex-valued eigenfunctions ¢, have the structure ¢, (z) =

12



¢ () + il (), where

—wn ¥y (2) Wty (@)
¢, (w) = and ¢, (z) = : (36)

Uy (x) U (x)

In (36) ¥,(x) is the complex normalized scalar eigenfunction and ¥, (z) =
I (z) + il (x). After solving the eigenvalue problem (35) and after normal-

ization the following expressions can be found

wp = nm(l —v?), (37)
R 1 [ 2
Ui (z) = T sin(nmz) cos(nmvx),
Vl(x) = %\/ . _21/2 sin(nmx) sin(nmve). (38)

The normalization requirements can be found in [1]. The ¢, (z) satisfy the

orthonormality relations

(MDD ) = dum, (ABL, Dh) = Sums (ADH, B1,) =0,

(Bol, o) =0, (Boy,¢L,) =0, (B o},) =wadum,

where 0, is the Kronecker delta symbol, that is, d,,, = 1 for n = m and
zero otherwise. It was shown by Meirovitch in [7] that the solution of the

nonhomogeneous equation (31) can be found in the following form

w(z,t) =Y &)@y (x) + & (D ey (), (40)
where &£(t) and £5(t) are the components of the so-called generalized coordi-

13



nates. Substituting this expansion into equation (31) it follows that

9

A3

> (€08l + 106l w)] + BY. [eH0)8l@) + 1 0slw)] = a
(41)

~+

By multiplying (41) consecutively first with ¢ and then with ¢! and by
integrating the so-obtained equations with respect to x from x = 0 to z =
1 in the sense of the defined inner product (33) and with the help of the
orthonormality relations (39) the following system is obtained

gR
dt

61
dt

Wb = ~W Jo Yig(a, t)dz,
(42)

+ W = W, [ VB g(2, t)dr.

Solving this system with respect to the initial values ££(0) = <AW0, ¢§L> and

§L(0) = <AW0, ¢fn> it follows that

Em(t) = / (G (5) cos(win(t = 5)) + g, (5) sin(wm(t — 5)))ds+

£7(0) cos(wpt) + €L (0) sin(wynt),

1) = [ (9h(5) conten(t = ) — g13(s)sinfeon (t = 5)))ds+

Em(0) cos(wt) — &(0) sin(wnt),
(43)

where

=—y/2(1 — 1/2)/019(:1:, t) sin(mmz) sin(mrve)dr and
=4/2(1 — 1/2)/019(x, t) sin(mmx) cos(mnvz)dz

(44)

14



are defined to be the generalized forces. And £%(0), &!,(0) are given by

Em(0) =
mmy/2(1 — v? / f(@)((1 + v*) sin(mrz) cos(mmvx)+

2v cos(mmz) sin(mnvz))dr—

2(1 - VQ)/Olr(x) sin(mmx) sin(mmrvx)de,

&n(0) =
mmy/2(1 — v2) / f(@) (1 +v?) sin(mnz) sin(mrvr)—

2v cos(mmx) cos(mmvx))dr+

(45)

2(1— VQ)/OlT(ZE) sin(mnx) cos(mmvx)dx.

Using the definition (29) the expansion for u(z,t) can be written in the form

= 3 ROV + €0 ), (46)

or equivalently

(SR(t) sin(mmx) cos(mmvz) + €L (t) sin(mrx) sin(mwu:v)) :

(47)

15



And, finally, the solution of the problem has the form:

{ { / t { (_ 21— [ (@, 5) sin(mrz) sm<m7m)dx> cos(wm(t — 5)) +
(V=) [ ' 4(@, 5) sin(m) cos(mma)dz ) sin(ion (b — 5)) | dst
£2(0) cos(wmt) + EX (0) sin(wmt)} sin(mz) cos(mmvz)+

I t {(-au=m) [ 'o(@, 5) sin(mrz) cos(mma)dr ) cos(em(t — ) +
(M Ji ' o(x, 5) sin(mrz) sin(mwu:z:)dx) sin (wp (t — s>>} ds+

¢ (0) cos(wpt) — £5(0) sin(wmt)] sin(mmx) sin(mﬁym)} )

From the structure of the solution as given by (48) it can be seen that if
g(z,t) = p(x)sin(wt) with w = wy,« for a fixed m* € Z resonance will oc-
cur (that is, unbounded solutions will occur). To show this two cases will be
studied: case (a) w = m*m(1 — v?) and case (b) w is not in a neighborhood of

w = mmr(1l —v?) for all m € Z.

3.1. Case (a): w=m*n(1 —v?) for a fited m* € Z, the resonant case.

16



The solution of the problem in this case is given by

1
u(z,t) = — {tsm Wi t) ( / Hypp (z)dx sm(m ms) cos(m*mvr)+

(z)
sin(w
/ Hop (x)dx sin(m*mx) sin(m*mvx) > < —tcos(wm*t)> X
(/ Hops (x)dz sin(m*wz) cos(m* mva)+
0

/OlHlm* (z)dx sin(m*nx) Sin(m*mx)> N
e = e

m:lvm¢|m*‘

/Ongm* (2)d (w sin(Wy,t) — Wi, sin(wt)) - ER(0) cos(wpt)+

2 _ 2
w? — w2,

¢l (0) sm(wmt)] sin(mmz) sin(mrvr)+

[ / Hop (1 (w(COS(wmt) —COS(wt))> N

02 — w2
(o 1) — o, sin(wt
/ Hype ()d (w sin(w 2) w2 sin(w )) N
0 w? — w2,

€4,(0) cos(wnt) — £4(0) sin(wi,) | sin(mmz) sin(mrv) |
(49)
where
Him(z) = (@) sin(marz) sin(mava),
Hop (x) = () sin(mrz) cos(mmv), (50)

and ££(0), £X (0) are given by (45).
3.2. Case (b): g(x,t) = p(z)sin(wt), the non-resonant case.

It can easily be seen from (48) that if w is not in a neighborhood of a natural
frequency w,, for all m € Z then there are no unbounded terms in time in
the solution. Finally it should be observed (by using trigonometric relations)
that the solution as obtained in section 2 of this paper and in section 3 are

identical.

17



4 Conclusions and remarks.

In this paper an initial-boundary value problem for a linear, nonhomogeneous
axially moving string equation has been studied. The velocity of the string is
assumed to be constant, and the nonhomogeneous terms in the string equation
are due to external forces acting on the string. To solve the initial-boundary
value problem two methods are presented. One of these methods is the method
of modal analysis based on eigenfunction expansions. This method has been
introduced in [6, 7] and in [1], and is used nowadays frequently for these types
of problems (see for instance [3,4]). To apply this method an operator nota-
tion has to be introduced, an inner product has to be defined, an eigenvalue
problem has to be solved, and orthonormality relations have to be deter-
mined. Altogether this method is rather complicated to apply to these types
of problems. For that reason in this paper it is proposed to apply the Laplace
transform method to these types of problems. When this method is applied
poles (and the order of the poles) have to be determined, residues have to be
calculated, and Cauchy’s theorem has to be used (that is, integrals have to be
evaluated by using the theory complex variables). To construct the solution by
using the Laplace transform method is rather straightforward and more easy
than the use of the method of modal analysis based on eigenfunction expan-
sions. Moreover, the Laplace transform method is nowadays well-described in
elementary textbooks on partial differential equations (see for instance [§]).
In forthcoming papers it will be shown that the Laplace transform method
can efficiently and easily be applied to weakly perturbed or weakly nonlinear

(axially moving) string equations.
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