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Abstract

In the classical multiple scales perturbation method for ordinary difference equations
(OAES) as developed in 1977 by Hoppensteadt and Miranker, difference equations are re-
placed at a certain moment in the perturbation procedure by ordinary differential equations
(ODEs). Taking into account the possibly different behaviour of the solutions of an OAE
and of the solutions of a nearby ODFE, one can not always be sure that the constructed
approximations by the Hoppensteadt-Miranker method indeed reflect the behaviour of the
exact solutions of the OAFs. For that reason an improved version of the multiple scales
perturbation method for OAFEs will be presented and formulated in this paper completely
in terms of difference equations. The goal of this paper is not only to present this improved
method but also to show how this method can be applied to regularly perturbed OAFEs and
to singularly perturbed, linear OAFs.

Keywords. ordinary difference equation, multiple scales perturbation method, regularly and singularly per-
turbed problems, asymptotic validity.

1 Introduction

Nowadays the multiple time-scales perturbation method for differential equations is a well-developed,
well accepted, and very popular method to approximate solutions of weakly nonlinear differen-
tial equations. This method was developed in the period 1935-1962 by Krylov and Bogoliubov,
Kuzmak, Kevorkian and Cole, Cochran, and Mahony. In the early 1970s Nayfeh popularized this
method by writing many papers and books on this subject (see for instance [18]). More recent
books on this method and its historical development are for instance the books by Andrianov
and Manevitch [4], Holmes [5], Kevorkian and Cole [10], Murdock [17], and Verhulst [22]. The
development of the multiple scales perturbation method for ordinary difference equations (OAFE's)
started in 1960 with the work of Torng [21]. In this paper a second order OAE is reduced to a
system of two first order OAFEs by means of the method of variation of parameters for OAFEs.
Then, nonlinear terms are expanded in discrete Fourier series, and a Krylov-Bogoliubov method
(or equivalently, an averaging method) is applied to obtain the equations that describe the slow
dynamics of the problem approximately. A similar method was presented in 1970 by Huston in [7].
From the results in [7] and in [21] it is clear that the solution of a weakly perturbed (non-) linear
OAF behaves differently on different iteration scales. In 1977 Hoppensteadt and Miranker intro-
duced in [6] the multiple scales perturbation method for OAEs. For a problem with two significant
iteration scales these authors assume that the solution x,, of an OAFE for instance depends on n and
s = en (that is, depends on a fast iteration scale and on a slow iteration scale). In the OAFE x,11
is then replaced by z(n+1,e(n+1)) = (n+1, s+¢). In the perturbation scheme z(n+1,s+¢) is
expanded in a Taylor polynomial, that is, x(n+1,s+¢€) = z(n+1,s) +e%(n+1, 5)+0(€?), and to
avoid unbounded terms (or secular terms) in the perturbation expansion for z, one finally has to
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solve ordinary differential equations (ODEs) due to the derivatives in the Taylor expansions. So,
in the perturbation procedure OAFE's are replaced (partly) by ODFE's. A slightly different multiple
scales perturbation method for OAFEs was introduced in [20] by Subramanian and Krishnan in
1979. In their approach the difference operator A is replaced by partial difference operators. For
a problem with two significant iteration scales the authors of [20] introduced:

Tnt1 — Tn = Az, = Ax(n, s) = Ap(n, s) + eAgz(n, s), (1)

where A,z(n,s) = z(n+1,s) — x(n, s), and Asz(n,s) = x(n,s + €) — x(n, s). This replacement
is based on the two-timescales perturbation method for ODEs, where x(t) is replaced by Z(t, 7)
with 7 = et and

dz(t) _ Ox(t, ) . on(t, )

dt ot “or
Nowadays the method of Hoppensteadt and Miranker is assumed to be the standard form of the
multiple scales perturbation method for OAEs (see for instance [5, 14, 15, 16]). Also recently this
method was “rediscovered” by Luongo [11] and by Maccari [12]. It should be observed, however,
that many results concerning ODFE's carry over quite easily to corresponding results for OAFEs,
while other results are completely different from their continuous counterparts. To illustrate some
of these differences the following examples can be considered.

Example 1:
Consider the following ODE for z = z(t):
d
d—gtg:owc(l—ac)7 t>0, (2)

where a is a positive constant, and x(0) = z¢. A forward Euler method is applied with positive
stepsize h, and z,, is an approximation of x(t) at ¢ = nh. The corresponding OAFE becomes:

Tpy1 = T + ahz, (1 — x,)

for n = 0,1,2,.... Introducing z,, = (12;:h) Yn, and b = (1 + ah) > 0 the following OAF for y,, is
obtained:

Yn+1 = byn(l - yn)' (3)
For all a > 0 the ODE (2) has two equilibrium points (one stable point at z = 1, and an unstable
one at = 0), and the dynamics is simple. Whereas the logistic difference equation (3) is well-
known for its period-doublings and its chaotic behaviour for b-values between 3 and 4. So, for
certain parameter values the solution of the ODFE and the solution of the (nearby) OAFE behave
quite differently.

Example 2:
Consider the following ODE for z = z(t):
dz
e g t>0 4
€ xz, t>0, (4)

where € is a small positive parameter, i.e. 0 < € < 1, and x(0) = 1. The solution of the ODE
(4) is: z(t) = exp(—*%). When an explicit, forward Euler method is applied to (4) with positive
stepsize h, and where x,, is an approximation of xz(t) at ¢ = nh, then the following OAF for x,
will be obtained: (for n =0,1,2,..., and o = 1)
h h
1 =1-=)" = 2z, =(1--)"

Tng1 = ( 6) €z ( 6)
For a fixed value of h and for € | 0 z,, obviously blows up, whereas x(nh) rapidly tends to zero.
When an implicit Euler method is applied to (4) then the following OAF for x,, is obtained (again
h is a positive stepsize, x,, is an approximation of x(t) at t = nh,n =0,1,2,..., and zo = 1):
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h € € "
i — XLy = ——X =T = — Ty = Ty = .
n+1 n e n+1 n+1 h+€ n n h+€

For a fixed value of h and for € | 0 x,, behaves like ()" = exp(nin(;)), whereas x(nh) behaves

like exp (—™). From the asymptotical point of view for € | 0 the behaviour of z,, and x(nh) is
quite different. When the trapezoidal formula is applied to (4) then the following OAE for x,, is
obtained (again h is a positive stepsize, x,, is an approximation of z(t) at t = nh, n =0,1,2, ...,
and g = 1):

( b)) = (h — 2¢)
Tnt1 — T = ——(Tp Tn Tpg1 = —————Tp,
1 2¢ i h + 2¢

n (h—2¢)™
I

Now z,, behaves like (—1)" exp(n(= + O(€®))), that is, x,, is oscillatory (whereas z(nh) is non-

oscillatory), and the amplitudes of z,, and z(nh) behave differently for € | 0.

These examples clearly indicate that the solution of an ODFE and the solution of an (nearby) OAE
can behave quite differently. The reader is referred to [1,2,3,5,8,9,15] for some further striking
differences (and similarities) in the theory for ODEs and for OAFEs. In the multiple scales
perturbation method for OAFEs as developed in [6] by Hoppensteadt and Miranker difference
equations are replaced at a certain moment by differential equations. Taking into account the
possibly different behaviour of the solutions of an OAFE and of the solutions of an (nearby) ODE
one can not always be sure that the constructed approximations by the Hoppensteadt-Miranker
method indeed reflect the behaviour of the exact solutions of the OAFE. For that reason an
improved version of the multiple scales perturbation method for OAFEs will be presented and
formulated in this paper completely in terms of difference equations.

The goal of this paper is not only to present this improved method, but also to show how this
method can be applied to regularly perturbed OAFEs and to singularly perturbed OAFEs.

This paper is organized as follows. In section 2 of this paper the multiple scales perturbation
method for OAFEs will be presented completely in terms of difference operators. How this method
can be applied to a second order regularly perturbed, weakly nonlinear OAFE's will be shown in
section 3 of this paper. The asymptotic validity of the constructed approximations on sufficiently
long iteration scales will be discussed in section 4. How solutions of singularly perturbed, linear
OAEs can be approximated will be shown in section 5. Compared to the existing rescaling
procedures for singularly perturbed ODEs and OAFE's (see for instance [10,13,19,22]) also a slightly
revised rescaling procedure will be presented in section 5 of this paper to find the significant scalings
for some singularly perturbed, linear OAFE's. Finally, in section 6 of this paper some conclusions
will be drawn, and some remarks on future research will be made.

2 The multiple scales perturbation method for OAFEs

In this section the multiple scales perturbation method for OAFE's will be presented in a complete
“difference operator” setting. Before introducing this method several operators have to be defined
(and motivated). The well-known shift operator F, the difference operator A, and the identity
operator I are defined as follows:

Ex, = xpt1, Axy =Ty —x,, and Iz, =z, (5)

The relationship between these operators easily follows from (5):

E=A+1 & A=E-I (6)
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The solution of a weakly perturbed OAF usually contains a rapidly changing part in n, and a
slowly changing part in n. This is usually referred to as multiple scales behaviour. Consider the
following functions:

ap = 3" = Aa, =3"T1 — 3" = (3-1)3" =24, = O(an),

by, = e = Ab, = et e = O(eby,), .
e =014+¢€" = Ac, =1+ —(1+¢€"=0(ecy), (™)
dy =3"1+6)" = Ad,=3""(1+e)" =371+ e)" = (2+ 3€)d,,.

From (7) it is obvious that a, only has a rapidly changing part in n, that b, and ¢, only have
a slowly changing part in n, and that d,, has a rapidly changing part in n and a slowly one. To
make this behaviour more clear in notation the following notations are proposed: a, = a(n),
b, = b(en),c, = c(en), and d,, = d(n,en). It should be observed that these notations are similar
to the ones used in the multiple timescales perturbation method for ODFEs. Now it is assumed
that 2, = x(n,en). This assumption implies that the solution of the OAE depends on two
variables. So, the OAF actually becomes a partial difference equation. For that reason also partial
shift operators and partial difference operators have to be defined. The following definitions are
proposed:

Eix(n,en) = z(n+1,en),
Ex(n,en) = z(n,e(n+ 1)), (8)
Ajz(n,en) = zxz(n+1,en) —z(n,en) = (Ey —Dxz(n,en),
Acx(n,en) = z(n,e(n+1)) —xz(n,en) = (E.—Ix(n,en).
From (5), (6), and (8) it follows that (assuming z, = z(n,en)):
Az, = Zpt1—xp=x(n+Lle(n+1)) —xz(n,en) = E1E.x(n,en) — Ix(n,en)

= (A1 +D)(Ac+ Dz(n,en) — Iz(n,en) =
= (A1 + A+ A1A)z(n, en).

And so, it follows that
A= A1 + A€ + AlAea and F = ElEg. (9)

Furthermore, for the partial difference operators Ay and A, it is assumed that (also based on (7)):

Ajz(n,en)= O(xz(n,en)), and (10)
Acx(n,en)= O(ex(n,en)).

From (9) it is obvious that in 1) the operator A;A. is missing (see also [20]). When z,, depends
on m + 1 scales the given definitions can readily be generalized, yielding: (for j =0,1,...,m)

T, = x(n,en, en, ..., eMn),

Egx(n,...e™n =x(n,en, ...l (n+1),....¢
Agxz(n,...e™n) = (Eg — Dxz(n,..,e™n),

E = E\E.E....EBum,

A=A+ DA+ I)...(Aem +1)— 1,

Agz(n,....e™n) = O(dz(n,...,e™n)).

mn)’

(11)

Now it will be shown how these operators can be used. For that reason a simple example will be
treated. Consider the weakly perturbed, linear, second order OAFE

Tn+o + €Xpt1 + 2, =0, (12)

where € is a small parameter with 0 < € <« 1. Using (5) and (6) it follows that (12) can be

rewritten in:
E?z, +eEx, + Iz, =0 =3

(A+1)2z, +e(A+Day + 12, =0 <& (13)
A%z, + (e +2) Az, + (24 €)xy, = 0.
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Assuming that z, depends on two scales (a fast scale n, and a slow scale en) it follows that
2 = z(n, en) and that (12) or (13) becomes

(A1 + A+ A1A )%z (n,en) + (e + 2) (A1 + Ac + A1A)x(n, en)+
+(2+¢€)z(n,en) =0 &

(A2 +2A1 + 2)x(n,en) + (2A1 (A + A1A) + 2(Ac + A1A)

+eA1 + €)z(n,en) + O(2x(n,en)) =0 <

(A2 +2A1 +2)x(n,en) + (2(A1 + I)(Ac + A1AL) + €(Ay + I))x(n, en)
+0(e?z(n, en)) = 0.

(14)

To construct an approximation for x,, = x(n,en) one now has to substitute into (14) a formal
power series (in €) for x,, that is,

z(n,en) = xo(n, en) + exy(n, en) + xa(n, en) + ... (15)
Then, by taking together those terms of equal powers in € one obtains as O(1)-problem
(A2 +2A; +2)z0(n,en) =0 & xo(n+2,en) +x(n,en) =0, (16)

and as O(e)-problem

(A2 + 2, + 2)a1 (n, en) + <2(A1 + DA+ ALA, + g)) wo(n, en) = 0, (17)

and so on. The O(1)-problem (16) can readily be solved, yielding

xo(n,en) = fo(en) cos (%) + go(en) sin (%) , (18)
where fo(en) and go(en) are still arbitrary functions, which can be used to avoid unbounded
behaviour in z1(n, en) on the O(1) iteration scale.

The O(e)-problem (17) now becomes:

e(x1(n+2,en) +z1(n,en)) + 2(xo(n+2,e(n+1)) —zo(n + 2,en)) + exg(n,en) =0

& e(zi(n+2,en) +zi(n,en)) = (2Acfo(en) — egolen)) cos(5)+
+  (2Acgo(en) + efo(en)) sin(5F). )

19

In the OAE (19) for x1(n, en) it is obvious that the righthand side contains terms (i.e., cos(*y")
and sin("5")), which are solutions of the homogeneous OAE. Then, to avoid unbounded or secular
behaviour in x1(n, en) it follows that fo(en) and go(en) have to satisfy:

2A. fo(en) — ego(en) = 0,

9. go(en) + ¢ folen) = 0. (20)
System (20) for fo(en) and go(en) can readily be solved, yielding
folen) = ao(1+ )% cos(np(e)) +bo(1 + ) ¥ sin(np(e)),
2 2 (21)
go(en) = —ap(1+ )=

sin(np(€)) + bo(1+ 5% cos(npu(e),
where ag and by are arbitrary constants, and where u(e€) is given by cos(u(€)) = (1 + %)_%, and

sin(u(e)) = §(1+ %)*%. From these expressions u(€) can be approximated by

p(e) = %e - ie‘? +O(e), (22)

and from (19) z;1(n, en) can be determined, yielding

z1(n,en) = fi(en) COS(%) + g1(en) sin(%), (23)
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where f1(en) and g;(en) are still arbitrary functions which can be used to avoid secular terms in
x2(n, en). At this moment, however, we are not interested in the higher order approximations. For
that reason we will take in (23) fi(en) and g1(en) equal to the constants a; and by respectively.
So far we have constructed an approximation for the solution of the OAE (12). In this case the
approximation xg(n,en) can be compared with the exact solution of the OAFE (12). The exact
solution is given by

Zn =a 1™ cos(nf(e)) +b 1™ sin(né(e)), (24)

where a and b are arbitrary constants, and where 6(e) is given by cos(f(¢)) = —§ and sin(f(e)) =
(1- %)%, and 6(e) can be approximated by 0(¢) = § + § + Z—; + O(€®). The approximation
xo(n,en) is given by (18), (21), and (22). This approximation can be rewritten in the following

form

2\ % 2\ %

xo(n,en) = ag (1 + 64) cos (% + nu(e)) + by (1 + 64) sin (% + nu(e)) . (25)
From (24) and (25) it can readily be deduced that the difference between the exact solution
and the approximation xg(n,en) is of order € for n ~ % So, the constructed approximation is
O(e) accurate on an iteration scale of order 1. Usually of course the exact solution of a weakly
(non)linearly perturbed OAE will not be available. In section 4 of this paper it will be shown
how for such cases the asymptotic validity of an approximation can be obtained on a sufficiently
long iteration scale. In the next section of this paper it will be shown how the multiple scales

perturbation method can be applied to a second order, weakly nonlinear, regularly perturbed

OAE.

3 On a weakly nonlinear, regularly perturbed OAF

In this section an approximation of the solution of a second order, weakly nonlinear, regularly
perturbed OAFE with a Van der Pol type of nonlinearity will be constructed. The OAFE can be
obtained by using a central finite difference approximation of the continuous Van der Pol equation.
The OAF is given by

Tngo — 2¢08(0)Tni1 + 2o = (1 — 22, 1) (Tnto — T), (26)

where € is a small parameter, that is, 0 < € < 1, and where 6 is constant (which is related
to the stepsize in making the continuous Van der Pol equation discrete). It turns out that a
straightforward, naive perturbation expansion for x, (that is, zo(n) + exy(n) + €222(n) + ...) will
lead to secular behaviour in the expansion. To avoid this a two scales perturbation method will
be used with z,, = x(n,en). To apply the perturbation method the OAFE (26) first has to be
rewritten with difference operators (see also (5), (6)), yielding

A%z, + (2 —2cos(0))(Axy, + ) = €(1 — (Az,, + xn)z)(A2zn + 2Axy,,). (27)

Then, the operator A in (27) is replaced by Ay + A + AjA(see (9) or (11)), and the function
xy, is replaced by x(n,en). The OAE (27) then becomes

(2—2cos(0))(A1 + Ac+ A1A + T)x(n,en) =
e(1— ((A1 + A+ AtA + Dz(n,en))?) (A2 + 2A1 (A + AL A )+
A% +2A1A% + A2A%)2(n,en) + 2(A1 + A + A1 A)z(n, en)).

(28)

Then, the function z(n,en) is expanded in a formal power series in €, that is,
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z(n,en) = zo(n, en) + exy(n, en) + €xa(n, en) + ..., (29)

and is substituted into (28). By taking together those terms of equal powers in € one obtains as
O(1)-problem:
A2xo(n,en) + (2 — 2cos(0)) (A1 + Ixo(n, en) = 0, (30)

and as O(e)-problem

eA2z1(n,en) + €(2 — 2cos(0))(Ay + Ixy(n,en)
—2A1(Ac + A1A)zp(n,en) — (2 — 2cos(0))(A

+e(1 = (A1 + Dao(n, en))?) (AT + 2A1)x

:— A)zo(n, en) (31)
en)),

and so on. The O(1)-problem (30) can readily be solved, yielding

0))(A
o(n,

xo(n,en) = fo(en) cos(nd) + go(en) sin(nd), (32)

where fo(en) and go(en) are still arbitrary functions which can be used to avoid secular terms in
x1(n, en). Then, by substituting (32) into the O(e)-problem (31), and after rearranging terms, one
finally obtains as O(e)-problem

eAzi(n,en) + €(2 — 2cos 0) (A + Ixy(n, en) =
cos(nf){ (1 — cos(20))(Acfolen) — efo(en)(1 — 153 (en) — Lgd(en))

— sin(26) (Acgo(en) — egolen) (1 — 413 (en) — Lad(en))) b+
sin(n0){ sin(20) (Acfoen) — efo(en)(1 = 3 f(en) — Lgd(en)))

(1 c0s(26))(Acgo(en) — egolen) (1 —  f3(en) — Lgd(en))) b+ (33)
e{ cos(3n0 + 20) | (cos(20) — D)(=} fi(en) +  folen)gB(en))+

sin(26) (—4.f3 (en)golen) + 493 (en)) | +

sin(3n8 + 20) | (cos(20) — 1)(~3 f3(en)go(en) + Sgfi())+

sin(20)(1£3(6) = 4 folem)g3(en))| .

In the OAFE (33) for z1(n, en) it is obvious that the righthand side contains terms (that is, cos(n8)
and sin(n#)), which are solutions of the corresponding homogeneous OAE. It should be observed
that the terms involving cos(3nf + 260) and sin(3n6 + 26) are no solutions of the homogeneous
OAE. So, to avoid unbounded or secular behaviour in z1(n,en) it follows from (33) that fo(en)
and go(en) have to satisfy:

Acfo(en) = efo(en)(1 = § 3 (en) = Jai(en). 5
Acgo(en) = ego(en) (L — 3. /5 (en) — 395 (en).

From (34) it is obvious that when fy(en) (or go(en)) is equal to zero for some n = ng then fo(en) (or

go(en)) is zero for all n > ng. It also follows form (34) that go(en)Acfo(en) — fo(en)Acgo(en) =0

or equivalently (assuming that fo(en) # 0):

go(en) _ en) = €M
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-2 0 2 f
0
V1+k? V1+k?

Figure 1: The dynamics of the solutions of the OAFE (36) for 0 < e < 1.

for some constant k, which is determined by the initial conditions. The system of two first order
OAEs (34) then reduces by using (35) to the following first order OAFE for fy(en).

A, folen) = efo(en) (1 — i(l + k2)fg(en)> . (36)

As far as we know there are no exact solutions available for the OAFE (36). However, for 0 < e < 1
the OAE (36) has three equilibrium points: an unstable one for fo = 0, and two stable ones:

one for fy = ﬁ and one for fy = ﬁ The dynamics of the solutions of the OAE (36) is

depicted in Figure 3.1.

For € > 1 the dynamics becomes much more complicated (three unstable equilibrium points, period
doublings, chaotic behaviour), but since 0 < ¢ < 1 that case is beyond the scope of the analysis.
From (35), (36), and Figure 3.1 it now follows that (for f3(en) + gZ(en) # 0) fZ(en) + g2(en)
tends (slowly) to 4 for n — co. From (33) x1(n, en) can now be determined such that z;(n,en) is
bounded for n ~ 1, and from (32) and (35) it follows that

zo(n,en) = fo(en)V'1+ k2 sin(nd + ¢), (37)

where ¢ is given by sin(p) = \/ﬁ and cos(p) = ﬁ, and where fy(en) is a solution of the

OAE (36) (see also Figure 3.1). So far an approximation Zappros(n, €n) = xo(n, en) + ex1(n, en)
has been constructed, where x1(n, en) still contains some arbitrary functions which can be used to
avoid secular terms in x5(n,en). Since we are not interested in the higher order approximations
there arbitrary functions will or can be chosen equal to their initial values. The approximation
Tapproz (N, €n) satisfied the OAE (26) accurately, that is, up to O(e?). In fact it can be shown that

Tapproz (N + 2, e(n +2)) — 2c08(8)Tapproz (N + 1, €(n + 1)) + Tapprox (1, €n)

—e(1— 22,0 (1 + 1, e(n + 1)) (Zappron (1 + 2, €1+ 2)) — Zagpron (1, €n)) = ER(n,en), OO

where R(n,en) depends on zg(n,en) and on x1(n,en), and where R(n,en) is bounded for n ~
1. It requires an additional analysis to show that Tapproz(n,en) and zo(n,en) are both O(e)
accurate approximations of the solution of (26) for n ~ % The proof of asymptotic validity of the
approximation(s) on long iteration scales (that is, for n ~ %) will be given in the next section of

this paper.

4 On the asymptotic validity of approximations

In this section a justification of the multiple scales perturbation method for OAFE's will be given,
which covers all the examples that have been presented in this paper. Consider the following
system of k first order OAFEs:

u(n +1) = Au(n) + ef (u(n), n;€), (39)
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where u(n) is a (k x 1)-vector, A is a (k X k)-matrix with constant and e-independent elements,
€ is a small parameter with 0 < € < 1, and where f is (k x 1)-vector, with f : RF x R — RF.
Moreover, f satisfies the following Lipschitz condition, that is,

I f(u(n),n;€) = fa(n),n;e) | < L[| u(n) —a(n)]| (40)

for some constant L, and where @(n) is a (k x 1)-vector, and where ||.|| is assumed to be the maxi-
mum norm. The vector function f is not necessarily linear in u(n). Let @(n) be an approximation
of u(n), which has been constructed by some kind of perturbation method (for instance a multiple
scales perturbation method or another perturbation method), and let @(n) satisfy

a(n +1) = Aa(n) + ef(@(n),n;e) + em+lﬂ(n; €), (41)

where R(n;e€) is a (k x 1)-vector, and where m is a positive integer (usually m = 1). Now it
will be assumed that matrix A is similar to a diagonal matrix, that is, it will be assumed that
there exists a nonsingular matrix P (with ||P|| and ||P~!|| bounded by a constant M) such that
P~'AP is a diagonal matrix with on the diagonal the eigenvalue A1, Az, .., A\, of matrix A. When
A is not similar to a diagonal matrix (that is, when the algebraic multiplicity of an eigenvalue is
not equal to the geometric multiplicity of this eigenvalue) then a similar proof can be given by
using the Jordan form of matrix A. This almost similar proof will be omitted in this paper. Now
let u(n) = Pv(n) and @(n) = Po(n). Then, (4.1) and (4.3) become

(n+1) = P7LAPv(n) + eP~ L f(Pu(n),n;e),

2 42
O(n+1) = P~APS(n) + eP7L f(Pi(n), ns €) + €™ TP R(n;e), (42)

where P7'AP is a diagonal matrix with on the diagonal the eigenvalues A, ..., A\ of matrix A.
Now let

A= max |Ail-
1<i<k (43)
If A <1 it will be assumed that for n ~ %
|B(n;e)|| < My, (44)
where M is a positive constant. And for A > 1 it will be assumed that for n ~ %
IR(n;e)|]| < MoA™(14 Mse)”, and (45)
1/ (w(n),n;e)|| < Mallu(n)|| + Ms for |lu(n)|| — oo, (46)

where My, M3, My, and M5 are positive constants. Condition (4.8) for A > 1 indicates that the
linear part in (4.1) dominates the dynamics of the problem (or equivalently, the term ef in (4.1)
remains relatively small compared to the other terms in (4.1)). Now first the case 0 < X\ < 1 will
be considered. The degenerate case A = 0 will not be considered in this paper. By subtracting the
two equations in (4.4), and by using (4.2), (4.5), and (4.6) the following estimate can be obtained.

lu(n +1) = 8(n + || < (A + eLMo)|[o(n) = B(n)l| + " MMy =

lo(n) = 8(n)|| < (A + eLMo)" [[1(0) — 8(0)]| + €™+ Mo M (BEERDL). (47)

From (4.9) it follows that for 0 < A < 1

L M

lo(n) = 5(n)|| < [[u(0) — B(0)[| O™ 5*) + O(emHiAmen =), (48)

and for A = 1 that
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lu(n) —2()] < [u(0) — 2(0)]] O(e o) + O(emen ). (49)

Now if ||u(0) — @(0)|| = O(em™?) for 0 < A < 1, and if ||u(0) — @(0)|| = O(e™) for A = 1 it follows
from (4.10) that for 0 < A < 1

lu(n) = a(n)[| = [P~ o(n) = PT1o(n)|| < Mollo(n) — B(n)|| = O(e"+1A™) (50)

for n = O(%), and it follows from (4.11) that for A = 1

u(n) —a(n)| = O(™) (51)

for n = O(1).
Now the case A > 1 will be considered. Again consider (4.4) and let v(n) = \"w(n) and o(n) =
A"w(n). System (4.4) then becomes

w(n+1) = $ P~ APw(n) + w5+ w ) (52)
@(n+1) = LPTAPG(n) + w5+ ) S P1R(nse).

In (4.14) it should be observed that + P~'AP is a diagonal matrix for which the modulus of the
largest diagonal element in modules is equal to one. Then, by subtracting the two equations in
(4.14), and by using (4.2), (4.5), (4.7), and (4.8) it follows that (assuming that ||w(0) — w(0)|| =

O(e™))

lw(n + 1) —w(n+ 1)
= |lw(n) —w(n)]|
= Jlw(n) —w(n)]|

Llw(n) — @(n)|| + LMo |lw(n) — @(n)| + Sogr Mo R(n; €|
(1 + LMoyn{]lip(0) — B (0)]| + O(ememMs)}
O(e™)  forn~ 1

(53)

From u(n) = Pv(n) = A"Pw(n) and @(n) = A"Pw(n), and from (4.15) it can then be deduced
that for A > 1

lu(n) —a(n)|| = O(e™A") (54)

for n = O(1). The results which have been proved so far are summarized in the following theorem.

Theorem 4.1 Let u(n) and a(n) satisfy (39) and (41) respectively, where f satisfies (40) and
where matriz A is assumed to be similar to a diagonal matriz. Let X be defined by (43), and let R
and f additionally satisfy (44) or (45)-(46) for 0 < X <1 or A > 1 respectively. Furthermore, let
[w(0) — @(0)|| be O(e™*?) for 0 < A <1 and O(e™) for A > 1. Then, for n = O(1) it follows that
lu(n) —a(n)|| = O(™A")  for 0 <A< 1, and
lu(n) — a(n)| = O(e™x") " for A2 1,

Since each k — th order OAFE can be rewritten as a system of k first order OAFEs it follows that
Theorem 4.1 directly can be applied to the examples as treated in the previous sections (see the
linear OAFE (12) and the weakly nonlinear OAE (26)). For both examples it can be simply shown
that A = 1 and that |z, — (zo(n,en) + ex1(n,en))| = O(e) for n = O(L). It also follows for
n=0(%) that



On the multiple scales perturbation method for difference equations. 11

|z, — zo(n, en)] |zn, — (xo(n, en) + ex1(n, en)) + exi(n,en)| <
|xn — (zo(n, en) 4+ exq1(n, en))| + €|lz1(n, en)|

O(e) + O(e) = O(e

[N

since z1(n,en) is bounded for n = O(2). So, in both examples the functions zo(n,en) are O(e)

€

accurate approximation of x, for 0 <n < %, where K is an e-independent constant.

5 On singularly perturbed, linear OAFEs

In this section the following three singularly perturbed, linear, second order OAFE's will be studied
forn=20,1,2..:

(e — i>$n+2 + (% —2€)Tpt1 + exy =0, (55)
(e +2)ynt2 — (1 +2€)yns1 + ey, =0, and (56)
Zn+2 + €2nt1 + €2, =0, (57)

where € is a small parameter with 0 < ¢ < 1. A singularly perturbed OAFE is characterised by
the fact that the order of the OAFE is reduced when the small parameter € is taken equal to zero
(in this case). In the OAFEs (55) and (56) the order of the OAEs will be reduced by one, whereas
for OAFEs (57) with € = 0 one can hardly speak of an OAE. When a naive, straight forward
perturbation approach is used to approximate the solution of the OAFE it is usually impossible to
satisfy all the initial conditions because of this order reduction in the OAE. For ODFE's rescaling
procedures are used to tackle this problem. In this section a rescaling procedure for OAFEs like
(55)-(57) will be proposed to solve the aforementioned problem for OAEs. When the significant
scalings in the OAFEs are known the multiple scales perturbation method for OAFEs (as developed
in section 2 of this paper) will be applied to approximate the solutions of the OAFEs. In fact a
two scales method will be used for (55), and a three scales method will be used for (56) and for
(57). It will turn out that the constructed approximations of the solutions are accurate ones on
long iteration scales. This can be shown by using the theory as developed in the previous section
or by comparing the approximations directly with the exact solutions. Now the OAFE (55) will be
considered firstly.

5.1 The OAE (55)

To determine the significant scalings in (55) the following rescaling procedure is proposed. Let

Tpn = 5n (G)ana (58)

where d,,(¢) is a rescaling function which might depend on €, and where a,, is a function which
remains O(1) on the iteration scale under consideration (usually this will be an iteration scale of
O(1)). Then, (58) is substituted into (55), yielding

1 1
(e — 1)5n+2(e)an+2 + (5 —26)0p41(€)ant1 + €dp(€)a, =0 (59)

and a balancing procedure will be followed to determine the rescaling function(s) d,(e). When the
first term and the second term in (59) are assumed to be the most significant ones then d,(e) has
to satisfy
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1 1
Z6n+2(e) + §5n+1(6) =0 = 5n(€) = 502" (60)

It can readily be verified that the third term in (59) (that is, €d,(€)a,) is indeed smaller. So,
d(e) = 2™ is indeed a significant rescaling. When the second term and the third term in (59) are
assumed to be the most significant ones then §, (¢) has to satisfy

%(5”4_1(6) +ed(e) =0 = d,(e) =dp(—2¢)™. (61)

It can be verified that the first term in (59) is indeed smaller, and so, d,(¢) = (—2¢)™ is another
significant rescaling. Similarly it can be checked that the first term and the third term in (59)
can not be the most significant ones simultaneously, since the second term would be in that case
larger. Now two functionally independent approximations of the solutions of the linear OAFE (55)
will be constructed. The sum of these two approximations will be an approximation of the general
solution of the OAE (55). Firstly let z,, = 2"a,. The OAFE (55) then becomes

(=14 4€)ant2 + (1 — 4€)an41 + €a, = 0. (62)

A two scales perturbation method will be used to approximate the solution a,, of (62) since the
straightforward perturbation expansion will lead to secular terms. The following expansion for a,,

an = a(n,en) = ag(n, en) + eai(n, en) + as(n, en) + ... (63)
is substituted into (62), and terms of equal powers in € are taken together (see also section 2 of
this paper), yielding as O(1)-problem

A2ag(n,en) + Ajag(n,en) =0 < ag(n+2,en) —ap(n+ 1,en) =0, (64)
and as O(e)-problem

eAai(n,en) + eAjar(n,en) = —2A1(A 1A + Aag(n, en)+

+4eA2ag(n,en) — (A1Ac + Ad)ag(n, en) + 4eAjag(n, en) + exo(n, en), (65)
and so on. The O(1)-problem (64) can readily be solved, yielding
aO(na 6’)7,) = fO(En)v (66)

where fo(en) is an arbitrary function which will be used to avoid secular terms in a1(n,en). The
O(e)-problem (65) then becomes

eAlay(n, en) + eArar(n,en) = —A.folen) + efo(en). (67)
To avoid secular terms in a;(n, en) it is obvious from (67) that fy(en) should satisfy
—Acfolen) +efo(en) =0 = folen) = co(1 +¢)7, (68)
and
ai(n,en) = fi(en),

where ¢y is an arbitrary constant, and where fi(en) is an arbitrary function which can be used
to avoid secular terms in as(n, en). Since we are not interested in the higher order approximation
f1(en) will now be taken equal to its initial value ¢;. So far the following approximation for a,
has been constructed (see (63), (66), and (68)): co(1 + €)™ + ec1, where ¢y and ¢; are constants.
And so, it follows that an approximation of a solution of (55) is

2" (co(1 4 €)™ + ecy). (69)
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Another functionally independent approximation of the solution of (55) can be constructed by
using the rescaling given by (61), that is, let @, = (—2€)"b,. The OAFE (55) then becomes

6(1 — 4€>bn+2 + (1 — 46)bn+1 — bn =0. (70)

The following expansion for b,

by, = b(n,en) = bo(n, en) + eby (n, en) + €2ba(n, en) + ... (71)

is substituted into (70), and terms of equal powers in € are taken together, yielding as O(1)-problem

Aibo(n,en) =0, (72)
and as O(e)-problem
eA1bi(n,en) = —eAbg(n,en) — (A1A + A)bg(n, en)
+2eA1by(n, en) + 3ebg(n, en), (73)
and so on. The O(1)-problem (72) can readily be solved, yielding
bo(n,en) = go(en), (74)

where go(en) is an arbitrary function which will be used to avoid secular terms in by (n,en). The
O(e) (73) now becomes

eAr1bi(n,en) = —A.go(en) + 3ego(en). (75)

To avoid secular terms in by (n, en) it is clear from (75) that go(en) should satisfy

—Acgo(en) + 3ego(en) =0 = go(en) = do(1 + 3¢)",

and
bi(n,en) = gi(en), (76)

where dj is an arbitrary constant, and where g;(en) is an arbitrary function which can be used to
avoid secular terms in by(n,en). Since we are not interested in the higher order approximations
g1(en) will now be taken equal to a constant d;. So far the following approximation for b, has
been constructed (see (71), (74), and (76)): do(1+ 3€)™ +edy, where dy and d; are constants. And
so, it follows that an approximation of a solution of (55) is

(—2€)"(do(1 + 3€)™ + €dy). (77)

Since the OAE (55) is linear the superposition principle can be used, and then it follows from
(69) and (77) that an approximation z(n,en) of the solution z,, of (55) is given by

x(n,en) = 2" (co(1+ €)™ 4+ €c1) + (—2¢)" (do(1 + 3¢)™ + edy), (78)

where cg, ¢1,dg, and dy are constants which are determined by the initial conditions for n = 0,1
(that is, when zy and x1, and their expansions in € are given). How well z(n, en) approximates
the exact solution x, can now be determined in two ways. The first way is to apply Theorem 4.1
(see the previous section). For OAFE (55) we have that A = 2 and x(n, en) satisfies the OAFE (55)
upto (2 + 26)"0(e2?) + (—2¢ — 6¢)"O(e®). So, it follows from Theorem 4.1 that

|z, —x(n,en)] = 2"0(e) forn = O(%) (79)
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From (79) it follows that the absolute error becomes large on the iteration scale of O(1), but that
the relative error is small for n ~ =, that is,
xy, — x(n, en)

1
T en) |=O(e) forn~ o (80)

Since the linear OAFE (55) has constant coefficients also the exact solution z,, can be computed
directly, yielding

wn =a(l+(1—4e)72)" +b(1—(1_4€)—§)n
(2+2€+6€ —|—O( )) —|—b( 26—66 _&_0(63))77,7

where a and b are constants. It can also readily be verified from (81) that x(n,en) satisfies (79)
and (80).

(81)

5.2 The OAE (56)

The rescaling and balancing procedure as introduced in section 5.1 can be repeated for the OAFE
(56), and it turns out that the significant scalings are

S(e) = (%)”, and 6, (€) = " (82)

As in the previous example two functionally independent approximations of the solutions of the
linear OAE (56) will be constructed but in this example by using a three scales perturbation
method instead of a two scales method. By putting y, = (3)"a,, the OAE (56) becomes

(e+2)ant2 — (24 4€)any1 + deay, = 0. (83)

Then, the following expansion for a,,

an = ap(n, en, €n) + eay(n, en, €n) + 2as(n, en, €n) + ... (84)

is substituted into (83), and as usual the following O(e™)-problems are obtained for m = 0,1,2, ...
(see also section 2 of this paper):
the O(1)-problem:

2A2ag(n, en, €2n) + 2A1a9(n, en, e2n) =0 &
2

ao(n+2,en, e n)—ao(n+1,en,e n) =0, (85)

the O(e)-problem:

2eA2a1(n, en, e n) +2A5a;1(n, en, eQn) —(4A1 + 2)(A1A + Ad)ag(n, en, €2n)
—eA%ag(n, en, €2n) + 2eAjag(n, en, €2n) — eag(n, en, €2n),
(86)

the O(€?)-problem:

2e2Aag(n, en, ezn) +2€2A1az(n, en, e2n) = — (4A1 +2)(A1A+ Ad)ai(n, en, €2n)
—e2A%a1(n,en, €2n) + 262 A1a;1(n, en, €2n) — €2a1(n, en, €2n)
—(4A1(A1A2 +A€2) +2(A1A + A)P)ap(n, en, €2n)
—€(2A1 — 2)(A1A + Ad)ag(n, en, €2n) — 2(A1Ae + Ae2)ag(n, en, €2n),
(87)

and so on. The O(1)-problem (85) readily can be solved, yielding
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ao(n,en,e*n) = fo(en,e’n), (88)

where fo(en,e?n) is still an arbitrary function which will be used to avoid secular terms in
ai(n,en, e2n) and in az(n, en, €n). The O(e)-problem (86) now becomes

2eA2aq(n, en, €2n) + 2eAjai(n, en, €2n) = —2A. fo(en, €2n) — efo(en, €n). (89)

To avoid secular terms in aj(n, en, €2n) it is obvious from (89) that fo(en, e?n) has to satisfy

—2A fo(en, €?n) — efo(en,en) =0 = fo(en,e’n) = (1 — %)"90(6271), (90)

where go(e?n) is still an arbitrary function which will be used to avoid secular terms in the O(e?)-
problem (87). From (89) and (90) it now also follows that

ai(n,en, e*n) = fi(en,en), (91)

where f)(en,€?n) is still an arbitrary function which can be used to avoid secular terms in the

higher order problems. The O(e?) -problem (87) now becomes (observe that Ajag = 0 and
A1a1 = 0)

2e2Avaz(n, en, €2n) + 262 Aras(n, en, €2n) = —2eA fi1(en, €2n) — €2 f1(en, €2n)

—2A2 fo(en, €2n) — 2A 2 fo(en, €2n) + 2eA. fo(en, €2n). (92)

Now it should be observed that all terms in the righthand side of (92) will lead to secular terms
in as(n,en, e2n). To avoid these secular terms the righthand side of (92) should be equal to zero,
or equivalently (by using (90)):

2eA fi(en, €2n) + €% fi(en,e®n) = (1 — 5) (—2A2g0(°n) — 26290(6271)). (93)

Now all terms in the righthand side of (93) will lead to secular terms in f;(en, €2n). To avoid this
secular behaviour it follows from (93) that go(e?n) has to satisfy:

3 3
—2A2go(en) — 56290(6271) =0 = go(€n) =co(1— 162)"7 (94)
where ¢ is a constant. From (93) it then also follows that
€
filen, @) = (1= 5)gi(én), (95)

where g1 (€2n) is an arbitrary function. And from (92) it then follows that

az(n,en,e*n) = fa(en,e’n), (96)
where f2(en, e?n) is an arbitrary function. From y, = (3)"a,, (84), (88), (90)-(96) it follows that

an approximation of y, is given by

1 n €\n 3 2\n 1 n
(31— 5= 5 + 0 ()" (97)
In a completely similar way a second, functionally independent approximation of ¥, can be con-

structed (starting with y,, = €"b,, and so on), yielding

doe™(1 + €)™ + €"O(e), (98)
where dj is a constant. The computations to obtain (98) are left to the reader as an exercise. From
(97) and (98) it follows by using the superposition principle that an approximation y(n, en, €2n)
of the general solution y,, of (56) is given by
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y(n,en, n) = co(%)nu ~ S =3 4 dpen(1 + ). (99)

2 4

How accurate this approximation is, can directly be seen by comparing y(n, en, €2n) with the exact
solution ¥, which is given by

2(e+2) 2(e+2)

- :a(1+2e+(1—4e)% " n b(1+2s—(1_4e)5>n
=a(3 —te— 22+ 0(e*)" + ble + € + O(e*))™.

(100)

From (99) and (100) it can readily be deduced that for n ~ %

[y =yl en,en) | = (3)"0(0)

5.3 The OAE (57)

The rescaling and balancing procedure as introduced in section 5.1 can be repeated again for the
OAE (57), and it turns out that only one significant scaling is present:

on(e) = (Vo). (101)

As in the previous examples approximations of the solution of the linear OAE (57) will be
constructed. In this example a three scales perturbation method will be applied. By putting
zn = (V€)"a, the OAE (57) becomes

Gn+y2 + \/Ea'n-i-l +an, =0. (102)

Then, the following expansion for a,

a, = ag(n,en,en) + veai(n,\en,en) + eas(n, V/en,en) + ... (103)

is substituted into (102), and as usual the following O(e )-problems are obtained for m =
0,1,2,...:
the O(1)-problem:

A2ag(n,/en,en)  + 2A1a9(n,/en,en) + 2ag(n,en,en) =0 < (104)
ao(n+2 Ven,en) 4+ ap(n \fn en) =0,
the O(y/€)-problem:
VeA2ar(n, \/en, en) + 2\/eAjar(n, en, en) + 2 /eay (n, \/en,en) = (105)
—2(A4 +I)(A1A\[—|—A\/)a0( \fn en) — /e(Aq —I—I)ao( ,AVEn, en),
the O(e)-problem:
eA2as(n,v/en, en) + 2eAjas(n, /en, en) + 2eas(n, \/en,en) =

—Ve(2A BT + VeEr)ai(n, en, en) (106)
—(2A3FE% + A%/EEf + V€A Er)ao(n, /en, en),

and so on. The O(1)-problem (104) can easily be solved, yielding

ao(n, Ven,en) = fo(\/en,en) cos( )—l—go(\fn en) sm(n;-) (107)

2
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where fo(y/en, en) and go(+/en, en) are still arbitrary functions which will be used to avoid secular
terms in a1 (n,/en,en) and in as(n, /en,en). The O(y/€)-problem (106) now becomes

VeAlar(n, \/en, en) + 2y/eAjar(n, /en, en) + 2\/ear(n, /en,en) =
cos( "5 )(QA\/fo(\fn en) — v/ego(Ven, en)) + (108)
Sin(%E) (2 Lego(v/en, en) + V/efo yen, en).

Obviously the righthand side of (108) contains terms (i.e. cos(%F) and sin(%")) which are so-
lutions of the corresponding homogeneous OAFE and which consequently lead to secular terms
in ai(n,v/en,en). To avoid this secular behaviour in aj(n,/en,en) it follows from (108) that
fo(\/en,en) and go(v/en, en) have to satisfy

2A jefo(Ven,en)  —y/ego(y/en,en) =0, (109)
2A sego(Ven,en)  ++/efo(y/en,en) = 0.

System (109) can readily be solved, yielding
fal e, en) = ao(en)(1+ §) coslmp(e) + folen)(1+ 5) sin(un(e). 00
go(ven,en) = —ag(en)(1+ $)% sin(np(e)) + folen)(1+ £)% cos(np(e)).

where ag(en) and By(en) are arbitrary functions which will be used to avoid secular terms in
as(n, v/en,en), and where pu(e) is given by

cos(u(e)) = (1 + Z)_%, and sin(u(e)) = 3/e(1+ £)~ 3, and (111)
4(€) = LyE— e+ O for ¢ — 0.
Then, it follows from (108) that a1(n,/en, en) is given by
ai(n,ven,en) = f1(\/en,en) cos( 5 )—i—gl(\fn en) Sm(n;) (112)

where f1(v/en,en) and g1(y/en,en) are arbitrary functions which can be used to avoid secular
terms in the solutions of the higher order problems. By using (107), (110), and (112) it follows
that the O(e)-problem (106) now becomes

eA2ag(n, \/en, en) + 2eA1az(n, /en, en) + 2eaz(n, \/en, en) =

cos(") {Z\fA\/fl(\fn en) — e g1(ven, en) + 2A, fo(v/en, en) + ifo(\ﬁn,en)}—l— (113)
sin(%4") {2veA jegi(Ven, en) + € fi(ven, en) + 2A8.go(vVen, en) + Sgo(ven,en)} .

To avoid secular terms in as(n, \/en,en) it is obvious from (113) that f1, g1, fo, and go have to
satisfy

2VeA sefi(Ven,en) — e gi(Ven,en) =  —(2Acap(en) + fao(en))(1 + i)f cos(nu(e))
—(2Auoen) + So(en) (1 + )T sin(ul0).

2VeA segi(Ven,en) + e gi(Ven,en) = (2Acap(en) + fao(en))(1 + i)f sin(nu(e))
—(2AcBo(en) + $Bo(en))(1 + §)= cos(npu(e)).

Since (1+ £)% cos(npu(e)), and (1+ £)2 sin(npu(e)) are solutions of the homogeneous system (114)
it is obvious that these terms lead to secular behaviour in fi(y/en,en), and in g1 (y/en,en). To
avoid this secular behaviour it follows from (114) that ag(en) and By(en) have to satisfy

2Acap(en) +

g _ 0,
2Afo(en) + gﬂo(en) = 0. (115)
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System (115) can readily be solved, yielding

Olo(GTL) = ko(]. — g)n’
50(6’0) = lo(l - %)n,

where ko and [y are arbitrary constants. From (114) f; and g; can now be determined, and from
(113) as can be determined, yielding

fi(ven,en) = ax(en)(1 + § )%g s(npu(e ))+ﬁl(€”)(1+i)2§m(nu(6))a
g1(ven, en) = —as(en)(1 + )% sin(npu(e)) + i (en)(1 + $) cos(np(e)),
as(n, v/en,en) = fa(y/en, en) cos(F) + ga(y/en, en) sin( %),

where a1, 31, f2, and go are arbitrary functions. To determine these functions completely the
O(ey/€)-problem and the O(e?)-problem have to be solved. Since we are not interested in the
higher order approximations at this moment we will take «q, 81, f2, and g2 equal to constants
(such that the initial conditions (if present) can be satisfied up to O(e)). From (107), (110), (111),
and (116) it follows that ag(n,/en,en) is given by

aoln, e, en) = ko(1— §)7(1+ )% cos(% +np(e)) +
(1 — £7"(1+ )% sin(2F + npu(e)), (a17)

where ko and Iy are constants. The exact solution of the OAFE (102) is given by

(116)

an =k 1" cos(nf(e)) + [ 1"sin(nb(e)), (118)
where k and [ are constants, and where 6(¢) is given by

1

cos(f(e)) = €, and sin(f(e)) = (1 — )2, and
0():7+2\f+ w6Ve+ O(e2\/e) for e — 0.

From (117) and (118) it is not difficult to deduce that

lan, — ag(n, Ven,en)| = O(\/e) forn:O(l).

€

The examples as presented in this section and in section 2 and 3 of this paper clearly prove that
the multiple scales perturbation method gives accurate approximations on long iteration scales.

6 Conclusions and remarks

In this paper an improved version of the multiple scales perturbation method for OAFEs has been
presented and formulated completely in terms of difference equations. It has been shown how this
improved method can be applied to regularly perturbed OAFEs and to singularly perturbed, linear
OAFEs. The relative and/or absolute errors in the constructed approximations of the solutions of
the OAFEs have been determined, and it has been shown that these approximations are valid on
long iteration scales.

It is to be expected that the presented perturbation method also can be applied successfully
to weakly perturbed partial difference equations, and to singularly perturbed, weakly nonlinear
OAFEs. Of course, these extensions will be interesting subjects for future research. Finally, it
should be remarked that the presented perturbation method also can be used in the numerical
analysis of certain classes of regularly or singularly perturbed differential equations to see whether
the solutions of the discretized equations (i.e. the difference equations) have the same type of
behaviour as the solutions of the differential equations or not.
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