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Abstract

In this article we discuss the Heston [I7] model with stochastic interest rates driven
by Hull-White [18] (HW) or Cox-Ingersoll-Ross [§] (CIR) processes. We define a so-called
volatility compensator which guarantees that the Heston hybrid model with a non-zero
correlation between the equity and interest rate processes is properly defined. Moreover,
we propose an approximation for the characteristic function, so that pricing of basic
derivative products can be efficiently done using Fourier techniques [12; [7]. We also
discuss the effect of the approximations on the instantaneous correlations, and check the
influence of the correlation between stock and interest rate on the implied volatilities.

Key words: Heston-Hull-White, Heston-Cox-Ingersoll-Ross, equity-interest rate hybrid
products, affine jump diffusion processes.

1 Introduction

Modelling derivative products in Finance usually starts with the specification of a system of
Stochastic Differential Equations (SDEs), that correspond to state variables like stock, interest
rate and volatility. By correlating the SDEs from the different asset classes one can define
so-called hybrid models, and use them for pricing multi-asset derivatives. Even if each of these
SDEs yields a closed form solution, a non-zero correlation structure between the processes may
cause difficulties for modelling and product pricing. Typically, a closed form solution of the
hybrid models is not known, and numerical approximations by means of Monte Carlo (MC)
simulation or discretization of the corresponding Partial Differential Equations (PDEs) have
to be employed for model evaluation and derivative pricing. The speed of pricing European
products is however crucial, especially for the calibration. Several theoretically attractive SDE
models, that cannot fulfill the speed requirements, are not used in practice.

The aim of this paper is to define hybrid SDE models that fit in the class of affine jump
diffusion processes (AJD), as in Duffie, Pan and Singleton [I1]. For processes within this class
a closed form solution of the characteristic function exists. Suppose we have given a system of
SDEs (without any jumps), i.e.,

AX, = u(Xy)dt + o(Xy)dW;. (1.1)

*Corresponding author. E-mail address: L.A.Grzelak@tudelft.nl.



This system (|1.1]) is said to be of the affine form if:

w(Xy) = ag+a;Xy, for any (ag,a;) € R® x R™™ (1.2)
o(X)o(X)T = (co)ij + (cl)iTth, for arbitrary (cg,cq) € R™™ ™ x R**™>"  (1.3)
r(X;) = ro+riX,, for (rg,r1) € R x R, (1.4)

with 7(X¢) being an interest rate component. Then, the discounted characteristic function
(CF) is of the following form [11]:

d(u, Xy, t,T) = E? (67 S redstinT X | ft) — AD+BT ()X,

where the expectation is taken under the risk-neutral measure, Q. For a time lag, 7 :=T —t,
the coefficients A(u,7) and B (u,7) have to satisfy the following complex-valued ordinary
differential equations (ODEs):

d 1

—B(u,7)= -r+a'B+ -BT¢B,

d T lor .
EA(U,T) = —ro+B ag+ iB coB,

with a;,¢;,7;, 1 = 0,1, as in , and .

In this article we focus our attention specifically on a hybrid model which combines the
equity and interest rate asset classes. Brigo and Mercurio [6] have shown that the assumption
of constant interest rates in the classical Black-Scholes model [4] can be generalized, and by
including the stochastic interest rate process of Hull and White [I8], one is still able to obtain a
closed form solution for European-style option prices. Originally, the Black-Scholes-Hull-White
model in [6] was not dedicated to pricing hybrid products, but to increasing the accuracy for
long-maturity options. The model is, however, unable to describe any smile and skew shapes
present in the equity markets. It was later improved in [14] and [2], where the two-dimensional
stochastic volatility model by Heston [I7] was incorporated, however, with the assumption of
no correlation between the equity and interest rate processes. Some form of correlation was
indirectly modeled by including additional terms in the SDEs.

In [I5] the Heston stochastic volatility model was replaced by the Schébel-Zhu model, while
the interest rate was still driven by a Hull-White process (SZHW model). In this model a full
matrix of correlations can be directly imposed on the driving Brownian motions. The model
is well-defined under the class of AJD processes, but since the SZHW model is based on a
Vasicek-type process [24] for stochastic volatility, the volatilities can become negative.

A different approach to modelling equity-interest rate hybrids was presented by Benhamou
et al. [3], which extended the local volatility framework of Dupire [10] and Derman, Kani [9]
and incorporated stochastic interest rates. This idea was further investigated in [16], where
the short-rate interest rate was implied from the Stochastic Volatility Libor Market Model,
enabling the incorporation of an interest rate smile in the framework.

The contribution of the present paper is two-fold. First of all, we investigate the Heston-
Hull-White, and the Heston-Cox-Ingersoll-Ross hybrid models and propose approximations so
that we can obtain their characteristic functions. Secondly, we provide numerical results for
the resulting approximations and compare them with the full-scale Heston hybrid models.

In Section 2 we discuss the Heston hybrid models with the stochastic interest rate processes.
In Section 3 we present the approximations for the Heston Hull-White model and derive
the corresponding CF, first assuming a zero correlation between interest rate and volatility.
In Section 4 we give an approximation for the Heston-Cox-Ingersoll-Ross model. Section 5
concludes. Numerical results are presented in Sections 3 and 4.

2 Heston Hybrid Models with Stochastic Interest Rate

With state vector X; = [S¢,04], under the risk-neutral pricing measure, the Heston
stochastic volatility model [I7], which is our point-of-departure, is specified by the following



system of SDEs:
{dSt = rSydt+ /oS dWE, Sy >0, @)

doy = k(or — op)dt+ /o dWY, 19 >0,

with 7 a constant interest rate, correlation dWdWy¢ = p, »dt, and |pg | < 1. The variance
process, oy, of the stock S; is a mean reverting square root process, in which x > 0 determines
the speed of adjustment of the volatility towards its theoretical mean, > 0, and v > 0 is the
second-order volatility, i.e., the variance of the volatility.

As already indicated in [I7], the model given in is not in the class of affine processes,
whereas under the log transform for the stock, x; = log S, it is. Then, the discounted CF is
given by:

¢Hes (u7 X, 7_) — eB;,;(U,T)10+BG(U,T)O'0+A(U,T)7 (22)

where the functions B, (u, T), B, (u,7) and A(u,7) are known in closed form (see [I7]).

The CF is explicit, but also its inverse has to be found for pricing purposes. Because of the
form of the CF, we cannot get it analytically and a numerical method for integration has to
be used, see, for example, [B} [} 12 [19; [20] for Fourier methods.

2.1 Full-Scale Hybrid Models

A constant interest rate, r, may be insufficient for pricing interest rate sensitive products.
Therefore, we extend our state vector with an additional stochastic quantity, i.e.: X; =
[St, o, r¢]; This model corresponds to a hybrid stochastic volatility equity model with a stochastic
interest rate process, ry. In particular, we add to the Heston model the Hull-White (HW)
interest rate [I8], or the square root Cox-Ingersoll-Ross [8] (CIR) process. The extended
model can be presented in the following way:

dSt = TtStdt+ \/EStde, SO > 0,
doy = k(6 —oy)dt+ /o dW7, o9 >0, (2.3)

dry = A0 — ry)dt+ nridW/, 1o >0,

where exponent p = 0 in represents the Heston-Hull-White (HHW) model and for p = %
it becomes the Heston-Cox-Ingersoll-Ross (HCIR) model. For both models the correlations are
given by AW AW/ = py o, AWFAW] = pg ., AW AW/ = psr, and &, v and & are as in ,
A > 0 determines the speed of mean reversion for the interest rate process; 6, is the interest
rate term-structure and 7 controls the volatility of the interest rate. We note that the interest
rate process in for p = % is of the same form as the volatility process oy.

System is not in the affine form, not even with x; = log S;. In particular, the symmetric
instantaneous covariance matrix is given by:

Ot PaoVOt  ParllTE/OL
cX)oX)T=| *  ~F*or  proyri Vo | . (24)
* * n2ri?

Setting the correlation p,, to zero would still not make the system affine. Matrix (2.4)) is of
the linear form w.r.t state vector [x; = log Sy, oy, 7], if two correlations, p,, and p, ., are set
to zerﬂ Models with two correlations equal to zero are covered in [21].

Since for pricing equity-interest rate products a non-zero correlation between stock and
interest rate is crucial, alternative approximations to the Heston hybrid models need to be
formulated, so that correlations can be imposed. Variants are discussed in the sections to
follow. These approximate models are evaluated with the help of the Cholesky decomposition
of a correlation matrix.

lwhere we assume positive parameters.



We can decompose a given general symmetric correlation matrix, C, denoted by

1 p1 p2
* % 1

as C = LL7”, where L is a lower triangular matrix with strictly positive entries:

1 0 0

prV1—=pt 0

L= 5
P3—pP2pP1 1— 2 P3—pP2pP1
P2 i \/ & ( m>

We can rewrite a system of SDEs in terms of the independent Brownian motions with the
help of the lower triangular matrix L.

Since our main objective is to derive a closed form of the CF while assuming a nonzero
correlation between the equity process, S;, and the interest rate, r;, we first assume that the
Brownian motions for the interest rate r; and the volatility o, are not correlated.

By exchanging the order of the state variables X; = [x¢, 0, 7¢] to Xf = [rt, 04, 2], the
HHW and HCIR models in have p1 = pro =0, p2 = ppr #0 and p3 = py» # 0 in
and read:

(2.6)

d’l"t )\(Qt - Tt) 777"5) 0 0 d?tr

doy | = | k(@ —0p) | dt+ 0 Ve 0 dwy

dsS; ¢S4 Par\/OtSt  Pror/OtSt  /OrSty /1 — P%,a - Pi,r dW{f
(2.7)

In Section B.3] we also discuss a model with a full matrix of correlations.

2.2 Reformulated Heston Hybrid Models

In the previous section we have seen that for the HHW and HCIR models with a full matrix
of correlations given in (2.3, the affinity relations [II] are not satisfied, so that the CF cannot
be obtained by standard techniques.

In order to have a well-defined Heston hybrid model with indirectly imposed correlation,
Pz,r, we propose the following system of SDEs:

ds; = reSpdt+ /oS dWiE+ Qur? S, dW] + Ao S dW, Sy > 0,
doy = k(6 —op)dt+ /o dW/, oo >0, (2.8)
dry = A0 — r¢)dt+ nrydWy, ro >0,
with
thxtha - ﬁx,o’ ’
dwgaw; = 0, (2.9)
dwygdw] = 0,

where p = 0 for HHW and p = % for HCIR. We have included a time-dependent function, £2;,
and a constant parameter, A. Note that we still assume independence between instantaneous
short rate, r;, and the volatility process oy, i.e., pro = 0.

By exchanging the order of the state variables, to X} = [ry, oy, ¢, system is given, in
terms of the independent Brownian motions, by:

dry A0y — 1) U 0 0 d@tr

doy | = | k(G —0y) | dt+ 0 Wt 0 awye |,

dSy TSt UrySe /oSt (Poe +A)  O1Siy /1= P32, AW
(2.10)



In the lemma below we show that the model (2.8]) is equivalent with the full-scale HHW
model in (2.3), with a nonzero correlation py ,.

Lemma 2.1. Model @) is a well-defined Heston hybrid model in the sense of Equation
with non-zero correlation, py ., for:

Qt = pa:,'r‘r;p\/ Ot,
Pre = Pao T Prrs (2.11)
A= Pz,0 = Pa,os
where correlation pg , is as in model @) and pg o, in model .

Proof. We present the two models (2.3) and (2.8) in terms of the independent Brownian
motions, (2.7) and (2.10), respectively. By matching the appropriate coefficients in ([2.7)
and (2.10)), we find that the following relations should hold:

QP8 = Pz,r\/OtSt,
V1= 02oVoeSe = /1= p3 o — P2, VoeSt, (212)
(Pro + A)y/iS: = PN
By simplifying the proof is finished. O

When including the results (2.11)) directly in the main system (2.8)) the affinity property of
the system would be lost. So, in order to satisfy the affinity constraints, we approzimate 2y by
a deterministic time-dependent function, as follows:

Q ~ prE (r;"V/30) = purE (17 P) E (V7). (2.13)

assuming independence between r; and oy.
Finally, the coefficients for our first approximate model, which we call the Heston-Hybrid-
Model-1 (H1), based on the approximations of System (2.8)) explained above, are given by:

Y~ pE (rt_p) E (/o)

Py = P+ P (2.14)
A= Pao — Pros

where p, » and p, , are the correlations from System (2.3); p, o is the correlation in .

The approximation for 2 in (2.14]) consists of two expectations: one with respect to /oy
and another with respect to rf. Since exponent p can only take two values, p = 0 or p = %,

E (r;p) simply equals 1 for p = 0, and E (\/1/73) for p = % Approximations of these
expectations are given in the sections to follow.

In the lemma below we present the affinity of model H1.

Lemma 2.2 (Affinity of the Heston-Hybrid-Model-1). The model @) in log-equity space,
x; = log Sy, with a constant parameter, A, and a deterministic function, 0, as given by
is of the affine form.

Proof. We use the log-transform, x; = log S, so that we find, by applying It6’s lemma,

dl’t

1
(redt + AW} + Qurfd W, + AVordWy) — 5 (erfp top (14 A2+ 2,3m,c,A)) dt

1 1
<Tt - iﬁfrfp ~3 (14 2pz,0A + A?) crt> dt + /o dWE + QP dW] + Ay/or dWY.



For state vector X} = [ry, 04, 4], it is clear that according to (1.2)) and (1.4]) the drift and
the interest rate are already in the affine form. The symmetric instantaneous covariance

matrix (1.3) is given by:

0 nQuri?
o(Xy)o(X)T = * V2o VPz.o0t + YAy . (2.15)
* * o+ Q?r?p + A2%04 + 2P, o Aoy

Since p=0or p = % the instantaneous covariance matrix lb is of the affine form, i.e., all
terms in the covariance matrix are linear combinations of the state vector X} = [ry, 0y, 2¢]. O

2.2.1 The Case A =0

With A = 0 in Systems and (2.10), the model resembles the one in [I4]. There, a
constant parameter () = (), was prescribed, and an instantaneous correlation was indirectly
imposed.

The following lemma, however, shows that this model with A = 0 resembles the full-scale
HHW and HCIR models only for correlation p, . = 0.

Lemma 2.3. The hybrid model (@ with A = 0 are full-scale HHW and HCIR models, in the
sense of System , only if the instantaneous correlation between the stock and the interest
rate processes in System equals zero, i.e., pyr» = 0.

Proof. The proof is analogous to the proof of Lemma We see from the equalities in ([2.11])
that the System (2.7) resembles System (2.10) with A = 0, only if:

Q= px,rrt_p\/ Ot,
Pw,c = Pz.os (2.16)
Pre = PootPir

The equations (2.16)) only hold for pg , = 0. So, we conclude that the HHW and HCIR models
with A = 0 are not full-scale HHW and HCIR models with a non-zero correlation py ,. O

Although the model with A = 0 is not a properly defined Heston hybrid model, one can
still proceed with the analysis. Parameter {2 was derived based on following equality, see [14],
using the definition of the instantaneous correlation,

E (dSydry) + E(dS)E(dr,) nu?P S, dt Qrf

VST A+ PSP At \JouS? dt+ QS At e At o+ Q2
B (2.17)
To deal with the affinity issue a constant approximation for {2 was proposed, given by:

N T % T p
Pz,r 1/ 1/
~———FE| = dt E| = de | . 2.18
J1- 2, (T 0 ) / (T 0 21

By choosing Q = 0 the model collapses to the well-known Heston-Hull-White model (p = 0) or
Heston-CIR model (p = %) with zero correlation p, ,. This model is included in the numerical
experiments of the next section.

In the following sections we derive the characteristic functions for the reformulated Heston
hybrid models from Section as defined in . We distinguish the case p = 0, which we
call the reformulated Heston Hull-White hybrid model, abbreviated by HI-HW, from p = %
which is the reformulated Heston Cox-Ingersoll-Ross hybrid model (H1-CIR).

x,r

2



3 Reformulated Heston Hull-White Hybrid Model

We start with the derivation of the CF for the reformulated Heston Hull-White hybrid
model (HI-HW), with p =0 in . We first assume that the term-structure for the interest
rate 0; is constant, 6; = 6. A generalization is presented in Appendix [C}

According to [IT], the discounted CF for the HI-HW model is of the following form:

¢(U,XT,T) — eA(’U.,T)—‘rB;E(’LL,T)IO—‘,-BU(u,T)00+BT(u,T)T0’ (31)
with boundary conditions B, (u,0) = iu, By(u,0) = 0, B.(u,0) = 0 and A(u,0) = 0, where
7:=T —t. Next, we derive the CF for the HI-HW model, with A and €; as in (2.14]). For
this, we need some simplifications for some of the terms appearing.

3.1 Approximation for Stochastic Volatility

We start with the following lemma:

Lemma 3.1. The expectation E(,/0y), with stochastic process oy given in Equation @), can
be approximated by:

v2 (1 —e ") (gert — 5 + 200)

E(\/o7) ~ (5(1 — ™) foge ™ — - ) = A(t), (32

(ge™* — G + g9)

where K, @, v and oy are the parameters given in .

Proof. Deriving an analytic expression for the expectation of /o, directly for stochastic
volatility process oy, as in (2.8]), is involved. Therefore, in order to find a first order
approximation we apply the so-called delta method, see for example [I} 23], which states that
a function p(X) can be approximated by a first order Taylor expansion at E(X), i.e.,
dp

o(X) = pEX)+ (X — EX)a—X(}EX), (3.3)
for a given random variable, X, with expectation, EX, and variance, Var.X, assuming that for
(X)) its first derivative with respect to X exists and is sufficiently smooth. Since the variance
of (X)) can be approximated by the variance of the right-hand side of (3.3)) we have:

Var(p(X)) =~ Var ((p(EX) + (X - IEX)S;?(EX))
- <3§(EX)) VarX. (34)

Now, by using this result for function ¢(o¢) = /o, we find

2
Var(y/o1) ~ (; @) Var(oy) = ivgiéif). (3.5)

However, from the definition of variance we also have:
Var(y/o7) = E(oy) — (Ev/ay)” . (3.6)
and by combining Equations (3.5 and (3.6 we obtain the following approximation:

B(y/&7) ~ %E(ot) - ;Vgg‘j;? (3.7)




Since oy is a square root process, as in (2.8)), we have

t
0 = ope " 4 5(1 — o) + / oFs=t)y [Fod IV (3.9)
0
The expectation of E(c;) now equals
E(o¢) = ape ™ +5(1 — e "), (3.9)
whereas for the variance we get:
¢ 2
E(o?) = E (]E(at) + / ve”(s_t)@dW;> (3.10)
0

2

= @+ ( [ et vy ) (3.11)

which, by It&’s isometry, reads:

E(o7) = (E(o)* +7° /t e E(0,)ds (3.12)
0
= (E(oy))* + g—ﬁe*m(e“ —1) (6e" — & 4 20¢) . (3.13)

So the variance, Var(oy), equals

2
Var(o;) = ;—Ke_%t(e"‘t —1) (6" — & + 200) . (3.14)
Now, by substituting Equations (3.9) and (3.14) in , the lemma is proved. O

Since Lemma provides an explicit approximation for §; in (2.14) in terms of a
deterministic function for E(,/0;), we are, in principle, able to derive the corresponding CF.

Remark. We assume that the first-order linear terms around the parameter values in the
Taylor expansion give an accurate representation. However, this may not work satisfactory
for flat’ density functions, like those from a wuniform distribution. In order to increase
the accuracy, higher order terms can be included in the expansion [1]. More discussion on
conditions for the delta method to perform well can be found in [23).

The approximation for E(,/o¢) in is still non-trivial. In order to find the coefficients
of the CF, a routine for numerically solving the corresponding ODEs has to be incorporated.
Numerical integration, however, slows down the option pricing engine, and would make the
SDE model less attractive. As we aim to find a closed form expression for the CF, we further
simplify A(¢) in . Expectation E(,/0¢) can be approximated by a function of the following
form:

E(\/77) ~ a+ be™ =: A(t), (3.15)
with a, b and ¢ constant. Appropriate values for a, b and ¢ in (3.15) can be obtained via an
optimization problem of the form, ming p,. [|A(t) — A(t)|]5, where || - ||,, is any n'" norm.

We propose here, instead of a numerical approximation for these coefficients, a simple
analytic expression in Result

Result 3.2. By matching the functions A(t) and 1~\(t) fort — 400, t — 0 and t = 1, we find:

2 ~
lim A(t)= /6 - L = a= lim A(t),
t——+o0 8% t——+oo
lim A(t) = Voo = a+b= }in%K(t), (3.16)
lim A(t) = A1) = a+be™=  lim A(1).



The values a, b and ¢ can now be estimated by:

_ 7
. Vo (3.17)
c= —log (b ' (A1) —a)),

where A(t) is given by (3.9).

The approximation given in Result may give difficulties for o < % in Equation
(the expression under the square root then becomes negative). The variance process o; is
always positive and cannot reach zero if 265 > ~? (the Feller condition), which, rewritten,
equals ¢ > % With all the parameters assumed to be positive, this means that, if the Feller
condition is satisfied, the approximation in is also well-defined.

In order to measure the quality of approximation to A(t) in , we perform a
numerical experiment (see the results in Figure . For randomly chosen sets of parameters

the approximation (3.17]) resembles A(t) in (3.2)) very well.

K =2.339 =0.17 6 =0.08 0y =0.04

R =296 7 =0.11 7 =0.04 5y =0.14

Rk =2.689 =0.28 ¢ =0.29 gy =0.2
R =2.857 =0.03 7 =0.09 55 =0.21
R =0.68 7 =0.36 7 =0.28 7y =0.08

——— 5 =0.765 =0.27 5 =0.1 & =0.14

=174 =0.34 5 =0.11 7, =0.03

value

R
R =2.335 =0.17 5 =0.08 5y =0.04

R =2.965 =0.11 & =0.04 6 =0.14

025+ 7 O 7 =2687=0.28 5 =0.29 5, =0.2
0.2l O  #=2857=0.03 7 =0.09 5, =0.21
i O %=0.687=0.36 5 =0.28 &, =0.08
0.15
O %=0765=0.27 5 =0.1 6, =0.14
0.1 L L L L L ! O &=19=0345=0.11 5, =0.03
0 1 2 3 4 5 6

Figure 3.1: The quality of the approximation E(,/o;) =~ a + be™* (squares) versus
Equation (3.2) (continuous line) for 7 randomly chosen parameter sets k, 7y, & and oyp.

Remark. In order to increase the accuracy of the model it is possible to approzimate Q; by an
appropriate stochastic process. In Section[{.4 we discuss such a model extension for the hybrid
Heston-Cozx-Ingersoll-Ross model. These results can also be simply adopted to this framework.
However, an analytic closed-form CF will be difficult to derive.

3.2 Characteristic Function for H1I-HW Model

In Result 3.2 we have obtained values for the parameters a, b and c. In the derivation of
the CF for the HI-HW model we use Q; = p, ,(a + be~"). The CF for the HI-HW model can
now be found in closed form, by the following lemmas:

Lemma 3.3 (The ODEs related to the HI-HW model). The functions A(u,T), Bg(u,T),
B (u,7) and By(u,7) foru € R and 7 > 0 in for H1-HW satisfy the following system of

10



ODEs:
dB,

dr
dB,

dr
dB,

dr
dA

dr
where k, A\, 8 and n correspond to the parameters in Model @, A and py o are given in
and Q; as in , with .

Proof. The proof can be found in Appendix [A] O

= 0,

= —1-AB,+B,,

1 1
= —kB, — 5(1 + A2 4 2pz,0A)By(1 — By) + 572B§ + (Vpz,0 +7A) By By,

1 1
= MB, + rk3B, — 5B,TQ§(1 — B,)+ 577233 + 0B, B,,

The following lemma gives the closed form solution for the functions B, (u,7), B,(u,7),
By (u,7) and A(u,7) in (3.1).
Lemma 3.4 (Characteristic Function for the HI-HW model). The solution of the ODE system
in Lemma[3.3 can be found analytically and is given by:

By(u,7) = iu, (3.18)

Br(u,7) = (iu— 1A (1 —e7), (3.19)

By(u,7,v) = %ﬂ (k — Ypg,otu — yiul — d), (3.20)
721 —ge ’

1

—d
withd = \/ f2 — 272 f2, g = f‘ pt K, 0,m, A\, v are as in ; A and py o are given by (2.14}),
1
and a, b and ¢ by , E| For A(u,T,7) we have:

T 1 1 T 1 T T T
Alu, 7,7) :)ﬁ/ B,dt — (Qiu+2u2>/ Qfdt+§772/ detﬂ‘un/ QtBrdt—Hs&/ B,dt,
0 0 0 0 0

Iy I I I3 Iy

where the integrals Iy, I, Is and Iy all admit an analytic solution:

1 1
Iy = X(Z’LL — 1) (’7‘ + X(Q*AT _ 1)) ’
2
I = S5 (01— e77) + dab(l - e7T) + 2ar) |
c
1 . 2 —2\T —AT
L = gt (B+e™ —de™7 —247),
z,r u—1) _
I = w (N7 (bA(c — €7 (e 4 A — AT)) + ac(e + Ne (1 + (A — 1)),
1 2 1-— ge_dT
4 ’72(f1 )T 72 Og( 1—g )’
and
fi = K—9pzoiu— yiul, (3.21)
1 1
foo = =LA +2p, o Aiu— S (1+ A%+ 20, , A)u?, (3.22)

Proof. The proof is straightforward and is based on solving the Riccati-type ODEs. The general
solution given in Appendix [B| Derivation has been performed using the package Mathematica.
O

2Note that both By (u,T,7), and A(u,7,v) have additionally the vol-vol parameter, v, in their argument

lists. This is because in the derivation of the extended model with a full matrix of correlations, to be discussed
in Section [3:3] this notation will turn out to be useful.
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3.2.1 Numerical Experiment

Here, we perform numerical experiments by which we validate the performance of the new
hybrid model , for p = 0. We compare this HI-HW model with the full-scale HHW
model , with respect to implied volatilities and instantaneous correlations. Since the
characteristic function of the HHW model in is not known, these prices were obtained by
Monte Carlo simulation, and compared with the prices obtained by the Fourier inverse of the
CF for the HI-HW model, derived in Section The Monte Carlo simulation was performed
with 50.000 paths and 1.000 time-steps. The parameters were chosen to be: § = 0.03, k = 1.2,
o =008, v=009 XA=11,1n =01, ppo = —0.7, pgr = 0.6, So = 1, rp = 0.08 and
Vo = 0.0625.

Since the approximation for the CF in Lemmal|3.4)is heavily dependent on the approximation
for ©;, we determine the unknown parameters a, b and c¢ first. In Table we present
the analytically obtained parameters from Result [3:2] and the numerically obtained values
by a Levenberg-Marquardt algorithm. The table shows that both approaches generate an
approximation with a very small squared-sum-error (SSE). Both approximations are highly
satisfactory, and the analytic approximation can safely be used here.

Table 3.1: Values for a, b and ¢ in approximation (3.15]). The analytic solution is obtained by
Result 3.2

Parameters Error
method a b c SSE
analytic M 0.2814 | -0.0313 | 1.2114 || 1.29E-09
Levenberg-Marquardt | 0.2814 | -0.0311 | 1.1347 || 4.69E-10

In Figure we present the implied volatilities for the HHW (obtained by Monte Carlo)
and the HI-HW (obtained by the FFT) models. For short and long maturity experiments
(left side and right side picture, respectively), we obtain a very good fit of the HI-HW to the
full-scale HHW model.

Implied volalilities for exact and approx. models (=1y) Implied volalilities for exact and approx. models {=5y)
1.6 0.8
— [ — Heston-HW (Monte-Carlo) H;I — [ — Heston-HW (Monte-Carlo)
—@— H1-HW (FFT) 0.7:8 —@— H1-HW (FFT)

0.7

0.65
£ £

2 2 osf
S S
> >
° o
2 £ 055F

= =
E E

0.5

0.45

0.4

. . . . . . . . . | 0.35— . . . . . . . . |
0.2 0.4 0.6 0.8 1 12 14 16 18 2 0.2 0.4 0.6 0.8 1 12 14 16 18 2
strike [K] strike [K]

Figure 3.2: The implied Black-Scholes volatilities for the HHW model in generated by
MC simulation, and the HI-HW model obtained by inverting the CF. The parameters
are # =0.03, k=12, =0.08, y=0.09, A\ =11, n = 0.1, py, = 0.7, pg, = 0.6, Sp =1,
ro = 0.08, vg = 0.0625, a = 0.2813, b = —0.0311 and ¢ = 1.1347. LEFT: 7 = 1y, RIGHT:
T = HYy.

In a next experiment (see Figure|3.3])) we examine, by means of a Monte Carlo simulation,
the behavior of the instantaneous correlations between stock S; and the interest rate r; fgr
three hybrid models, the HHW model 1' the model with A =0, as in [I4] and constant €2,
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and the H1-HW model given by (2.8)),([2.13),(2.14),(3.15) (3.17). Figure shows that for the

HHW and the HI-HW model, the instantaneous correlations are stable and oscillate around
the exact value, chosen to be 0.6, whereas for the model with A = 0 a different correlation
pattern is observed. For the latter model, initially the correlation is significantly higher than
0.6, and it decreases in time. These results show that a constant ) in the model with A = 0
may give an average correlation close to the exact value, although the instantaneous correlation
is not stable.

Comparison of Instantaneous correlations (1=1y) Comparison of Instantaneous correlations (1=5y)
T T T 0.65

0.63

Heston-HW Heston-HW
- = — HI-HW 064 - = —HI-HW (]
A=0 model =0 model

0.62

0.63

o
o
2

0.62

A Wﬂ«p !

0.61

o
o
©

instantaneous correlation
o
)
instantaneous correlation

| ,»,ﬂ.,MWI‘

0.58

L L L L L L L L
0 1 2 3 4 5 0 1 2 3 4 5
time [t] time [t]

Figure 3.3: The instantaneous correlations for different models. The red line represents the
model with A = 0 with constant €2, the blue line corresponds to the full-scale HHW model,
and the dotted-green line to the HI-HW model. Parameters are the same as in Figure 3.2
LEFT: 7 = 1y, RIGHT: 7 = by.

3.3 Heston Hybrid Model with Full Matrix of Correlations

Following the idea of reformulating the Heston hybrid model presented in Section [2.2] we
discuss here the inclusion of the additional correlation, p, ,, between the interest rate r; and
the stochastic volatility o,. We call the resulting model, the reformulated Heston Hull-White
Hybrid Model-2, and denote it by H2-HW.

Suppose that, in terms of independent Brownian motions, we have given the following
system of SDEs:

dry A6 — 1) iy 0 0 awy

doy | = | k(@ —0y) | dt+ T Lyou 0 awyg |,

dSt T‘tSt QtrfSt (ﬁx,o’ =+ A) \/OTS,& 1-— [)%70_\/075,5 thm
(3.33)

with T', A, ©Q; and Y; unknown functions. Following the proof in Lemma we immediately
find that System (3.23) and the Heston hybrid model with a full matrix of correlations ([2.3)
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are equivalent if and only if the following equalities hold:

T, = YPr,o\V Ot
I'= Y/ 1= P2
O = pr,xrt_p\/ Ot,
? (3.24
B o (o teapee) >
1- pr,a
A= Pz,0 — PraPro pao-
\/ 1- pg,a

Here, pr o, po,0, Pr.o are the correlations in the full-scale Heston model defined in (2.3)) and p,. o
is the correlation in the Heston hybrid model given in . Note that in e assume
zero correlations g, , and p, ., and relate the processes indirectly via representation .

It is clear that by taking p,, = 0 the H2-HW model with a full matrix of correlations
collapses to the setup in Lemma [2.I] Moreover, because of the affinity constraints discussed
in Lemma we are unable to place T; and €2; directly in Equation . Therefore, as
before, we use the deterministic approximation Y; =~ vp;. ,E(\/0;). For which Result can
be used.

The representations of the Heston-Hull-White model in and the model in with
pro 7 0 for p = 0 are closely related. The lemma below specifies the relation in terms of the
coefficients of the corresponding CF.

Lemma 3.5 (The Heston-Hull-White Hybrid Model-2 with Full Matrix of Correlations). The
solution for the ODFEs system for the Heston-Hull-White hybrid model with a full matriz of

correlations defined by , for p=0, is given by:

B.(u,7) = iu, (3.25)
By(u,7) = (iu— DAL —e™ ), (3.26)
Bﬂ(uaT) = Ba(uvTv F), (327)

with By (u,7,T) given in and for A(u,T) we have:
T 1
A(u,7) = A(u, 7,T) +/ B,(u,s)Ys (nBr(u, s)+ QTSBU + iu§23> ds, (3.28)
0

where I" is defined in , A(u, 1,T) is given in , Yo = yproE(y/0r), Qe = prE(/07)
with E(\/o¢) =~ a + be™" and parameters a, b, and ¢ specified in Result|3.2
This result can be found easily with the help of package Mathematica.

Lemma shows that term A(u,7) in the CF for the H2-HW model with a full matrix
of correlations requires numerical integration of the hyper-geometric function oF;. This
integration can be efficiently performed by a basic quadrature routine as already shown in [15].

Since for this model we are able to introduce a full matrix of correlations, we show the
effect of varying p, . and p,, in Figure For both cases, we investigate the impact of
the correlations on the implied at-the-money Black-Scholes volatilities. We notice that both
correlations, p,, and p, ., have a significant impact on the implied volatilities. Although,
their effect is reversed, i.e., for p;, = 0.3 the implied volatility is higher than for p,, = 0 and
lower for p,, = —0.3, while higher correlations p, , imply lower implied volatilities, we also
see that the effect of correlation p, , is more significant than for p, .

The agreement between the results with the full-scale HHW model and the H2-HW model is
very well. The full-correlation model requires a numerical integration routine to be employed,
which may be a disadvantage. One can, instead, work with correlation p,., = 0 and use the
closed form solution for the CF in Section [3.2.1] or use this additional degree of freedom either
to increase the accuracy of the model fit to market data, or estimate it externally from historic
data.
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Implied Volatility for the app. H2-HW hybrid model Implied Volatility for the app. H2-HW hybrid model

with full matrix of correlations with full matrix of correlations
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Figure 3.4: The impact of correlations p, , and p,, on the at-the-money implied volatilities.
The parameters in both cases were chosen to: § = 0.05, k = 0.5, & = 0.2, v = 0.25, A = 0.8,
n=0.15, Sg = 1, 1o = 0.05 and vy = 0.2.

4 Reformulated Heston-Cox-Ingersoll-Ross Hybrid
Model

We discuss here the CF for the reformulated Heston-Cox-Ingersoll-Ross hybrid model. Since
this model is more involved than the Hull-White based models, we dedicate separate sections to
the derivation. For the reformulated Heston Hull-White model we have used the approximation
O ~ ps+E(y/0¢), which could be approximated with the help of the function given in .
In the Cox-Ingersoll-Ross case, the approximation for €2; involves two processes, i.e.,

N = py  E(Voy) - E(\/1/14).

Although the first expectation can be approximated as in Result the second expectation
brings some additional complications. Moreover, since integration over §2; is needed in the
derivation of the CF, we cannot determine an analytic form for the CF.

4.1 Constant Approximation of Function {2,

In order to derive the CF analytically, we first assume €; = € to be constant, i.e.:

- I : I :
Q~p, E|= E(= , 41
Pa, T/o oudt |/ T/o rydt (4.1)

and we abbreviate this model by H1-CIR.

Since in the H1-CIR model the dynamics for oy and r; are of the same type, the expectations
can be calculated in the same manner. Unfortunately, the expectations in the right-hand side
of are not trivially solved. We use an approximation given by Lemma

Lemma 4.1. For a given square root process oy, as in Equation (@, the expectation of the
integral of o over some interval [0, T], T > 0, has a first order approximation given by:

T 3
1 T 1 7T 1Var if ods
E f/ ods | ~ ]E(/ atds>— (T 0 ) . (4.2)
0 0

T T 4R (% fOT Utds)
Moreover, the expression on the right-hand side of admits a closed form solution.
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Proof. The first part of the proof results from the delta approximation as in the proof of
Lemma, Now, we show that the right-hand side of Equation (4.2) can be determined
analytically. From Equation (3.8]) we have:

T T T ot
/ odt = / (oo™ +5(1—e ")) dt + / [/ e“(s_t)wﬁdW;} dt
0 0 0

0

K K

= T
T+ 707 (1—e""%) —|—/ 7 (1 - e"(s_T)) Vo dW7,
0

using Fubini’s Theorem. For the expectation we then have:

1 [T 0og— 0 k
o= ]E <TA O'tdt) =0+ OI{T (1 — e T) s (43)
and for the second moment:
2
1 r 2 1 T Y k(s—=T 2
E(T/O 05d8> = g E[;(l—e( ))\/F} ds, (4.4)

with the expectation under the integral equal to:

2

o O N [ O )

After integration and simplifying the resulting expression, we obtain:

1t yre 2Tr ~ Tk (= | (= 2Tx -
Var | — osds | = (=200 + 6 +4e"" (6 + (6 — 00)rT) + > (200 + 5(2Tk — 5))] .
0

T 2723
(4.5)
Now, by the inclusion of the appropriate terms in the delta method approximation, as discussed
in the proof of Lemma[3.1] this proof is complete. O

We continue with the derivation of the CF for H1-CIR in the following lemma:

Lemma 4.2 (The ODEs for the H1-CIR model). The functions A(u,7), By(u,7), By(u,T)
and By (u,7) for u € R and 7 > 0 in the CF satisfy the following system of ODEs for

the H1-CIR model with , :

dB,

dr
dB,

dr
dB,

dr
dA

dr

where Kk, &, n, v, 0, \, are as in @, Q is given in , , and A and py , are given
in .

Proof. The proof is very similar to the proof in Appendix A. O

= 0’

1~ 1 _ 1-
= —1-AB,+(1— 592)335 - 577235 + 1B, B, + 59233,

1 1 R
= —kB; — 5(1 + A%+ 2pz,0A)By(1 — By) + 572B2 + (Ypz,0 +VA)Bo By,

= MB, + k5B,.

The next lemma shows that the CF for the H1-CIR model can be found analytically.
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Lemma 4.3 (CF for the H1-CIR model). The solution for the ODFEs system in Lemma
can be found explicitly and is given by:

By(u,7) = iu, (4.6)
; 32 20,2 4 501202 _
B,(u,7) = 2i+2u — Q_U + ZQ u” 4w (e%(%ﬂunﬁ/\)r _ 1) ’ (4.7)
2(Qun + i)
Bour) = L. T i A —d) (4.8)
o , T - 72 1 — ge_d.,. Wp:r,a ,7 9 .
. o D] B} _ fl - d .. .
with d = \/f{ — 2v%f2, g = Fitd and the remaining parameters are as in Lemma (4.2 For
1
A(u, 7) we have:
Au, 1) = )\0/ B,dt +m‘r/ B,dt, (4.9)
0 0
h I

where integrals Iy and Iy are given by:

24+ u(=2i+ Q2(i +u) +un?)

L = — e e"nT L AT (N — iQunT — 1)), (4.10)
2 (Qun +i\)* ( )

1 2 1—ge
L = —(fi-d)7r— =log —"——— 411
2 = lh-dr- g (1T, (1)

with
fi = E—=7psoiu—yiul, (4.12)
1 1

f = _5(1 + A%+ 25, ;A)iu — 5(1 + A%+ 25, s A)u?, (4.13)

Proof. The proof is straightforward, based on solving Riccati type ODEs with the general
solution given in Appendix [B] and obtained via Mathematica. O

Now, as in the case of the HI-HW model, we compare the performance of the H1-CIR
model with the full-scale Heston Hybrid Model in (2.3) with p = 1.

4.1.1 Numerical Experiment

We first investigate by a numerical experiment the quality of the approximation of the CF
for the H1-CIR model, given in Lemma compared to the exact solution from the HCIR
model from . For the HCIR model Monte Carlo simulation is used. The Monte Carlo
simulation was again performed with 50.000 paths and 1.000 time-steps. Figure [I.1]shows that
for 7 =1 and 7 = 5 the H1-CIR model gives highly satisfactory implied volatilities. We can
observe, however, that for out-of-the money options the approximation gives slightly lower
values than the HCIR model.

Figure presents the instantaneous correlations, and shows that for constant {2; the
average correlation is close to that of the full-scale HCIR model. However, it is not stable in
time. This leads us to consider an improved approximation for the {2;-term in the next section.

4.2 Stochastic Approximation of Function (),

For the reformulated Heston-CIR model, function € is of the following form:

U= prry[ 7 (4.14)
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Implied volalilities for exact and approx. models (=1y) Implied volalilities for exact and approx. models ({=5y)
1.6 0.8
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Figure 4.1: The implied Black-Scholes volatilities for the HCIR model in (2.3) generated by
MC simulation, and Model Gi forp = % by inverting the CF given in Lemma Parameters
are as presented in Figure LEFT: 7 = 1y, RIGHT: 7 = 5y.
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Figure 4.2: The instantaneous correlations for the HCIR and the H1-CIR models. The green
line represents Model with constant Q in Equation and the blue line corresponds
to the full-scale HCIR model. Parameters are as presented in Figure (4.1). LEFT: 7 = 1y,
RIGHT: 7 = 5y.

for which the symmetric instantaneous covariance matrix reads,

(1 =+ p?:,r + A% 4 QAﬁx,o)Ut Pz,0V0t + Avoy npx,r\/a\/ﬁ
U(Xt)J(Xt)T = * v2o, 0

* * 7727’t

(4.15)

For state vector X; = [x4, 04, 74| covariance matrix includes the terms ,/o¢./r; and is
thus not affine. Our main goal here is to find an improved approximation of the instantaneous
covariance matrix but with the affinity of the model preserved. We call this model the H2-CIR
model.

By applying It6’s lemma to v} := /o7 and to R} := \/ry, with oy and r; of the same form,
we find, for v}:

, )
* ’Y R o * ,-Y o *
o = [‘ sup T2 ( B )] dit SdW7, v = Voo (4.16)

t
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Although the drift in is relatively involved, the diffusion term is free of state variables.
This suggests that the SDE above can be approximated by some normal process.

Since in the proof of Result [3.2] we have found a highly satisfactory closed-form approxi-
mation for E(,/o;) and Var(,/o;), we are able to derive a stochastic process for which the first
two moments match. For this purpose we propose the following dynamics for the square of the
square-root process dv; =~ dv;, and for dR; ~ dR}:

dv, = pdt+ AW, v = /oo,
ARy = pydt+ AW/, Ry = /o,
with some deterministic, time-dependent functions 1¥, uft, ¢? and ¥*. We choose these time-

dependent functions so that the first two moments match. Therefore, for the expectation and
the variance we find:

t
Blva) = o+ [ uids,
0

: (4.17)
Vaa) = [ (s
0
By simplifying the unknown functions pf and v} in (4.17) we have:
U d
W= SEE),
(4.18)

d
o= | SVarye).

Using the results from Section the expectation E(,/0;) and the variance Var(,/o;) can be
approximated by an appropriate Taylor expansion. For both quantities pj and ) we find an
approximation pY &~ —cbe™“* with b and ¢ given in Result and

o~ [1 d (Var(gt)ﬂ% - y2ent (62 (et — 1)% — (3 — 4e" + ) o + 203)
¢ 4dt \ E(oy) 8((ext —1)7 + 00)°
(4.19)
Notice that higher order approximations for py and 1y can be easily included.
Now, based on the assumption that the dynamics for d(,/o;) and d(,/r;) can be
approximated by basic stochastic processes, we find, by Ité’s lemma that z; = \/o;+/r¢ has
a simple form as well, given by:

dze = (pffoe + pf Re) dt + oy RedW + 9o, dW (4.20)

With these additional variables the state vector X; under the log-stock process x; = log S
needs to be expanded to X; = [z, oy, ¢, vt, Ry, 2¢], which gives rise to the following system of
SDEs:

da; = (Tt - % (P2, + 1420000 + A?) at) dt+ Vo dWi+ pg /o dWi+ Ao, dWY
do; = k(G —op)dt+  yy/ordW7,

dr; = A —ry)dt+ ny/rdW],

du, = e grawy,

dR; = plfdt+- Rawr,

dz = (.vat + pyRe) di+ ) \/red W+ Pio Wy,

(4.21)
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with A, py, and the other coefficients as in (2.11). Now, the symmetric instantaneous
covariance matrix is given by:

S0y a0y npr,rﬁ\/ﬁ T/’ffsx/a px,rwtl%\/?t €4w5ﬁﬁ+pz,rwﬁgt

x 7oy 0 ViVVor 0 VUL TEN/Te

e Y R
* * * * (¥f)? (f)? /o

* * * * * (¥9)ry + (1ptR)20t

with constants: & = (1 + p?c,r + A% + 2Aﬁw,0)’ & = ('Yﬁ:v,o + A7), & = (A + ﬁxp)v §4 =
(Pro + D).

In the current form the covariance matrix does not satisfy the affinity constraints. However,
with v, = /oy, By = /7t and z; = /04+/ry the symmetric matrix reads:

glat gQUt NPz rZt w;}&’)vt pa:,rthUt 541#%}'215 + pz,rwﬁo’t

* oy 20 Yiyv RO Wé 2
* * nry 0 ViR Ny, 2

, 4.93
N S A (6})°R, (4.23)
* * * * (ft)? (ft) v,
* * * * * (W9)2re + (Vi) 2oy

which, since 1} is a deterministic time-dependent function, is now affine.
Since the system of SDEs (4.21]) is of the affine form, we can derive the corresponding CF:

¢H2—CIR(U7 XT7 T) — eBT,(u,‘r)zo-O-Ba(u,‘r)oo+Br(u,‘r)ro+B,,(u,r)v0+BR(u,r)R0+Bz(u,‘r)zo, (424)
with v = /o0, Ro = \/To, 20 = \/V0\/T0, and the functions B,(u,7), By(u,7), By(u,T),
B,(u,7), Br(u,7) and B, (u,7) satisfy the ODEs given by the lemma below.

Lemma 4.4 (The ODEs related to the H2-CIR model). The functions B;(u,T), Bs(u,T),
B.(u,7), By(u,7), Br(u,7) and B,(u,7) foru € R and 7 > 0 in , satisfy:

dB,
dr

dB,
dr
dB, 1

— = —14+B,—)\B,
dr + 5a 7+2

dB
T; = /J'EBZ + wz}f?)Ba:Bv + ’Y¢fBoBv + px,r¢foBR + (d)tR)QBRBz
dBg
dr
dB,
dr
dA
dr
where u?, plt, ¥?, Y& are specified in , constants &1, €2, &3 and &4 are given as in ,
and the remaining parameters correspond to ones given in system .

= O’

1 1 1
= §€1Bw (Bx - 1) — KBy +&§2B: B, + 57233 + P;t,rwasz + §(¢tR)QBi

1 v
B2+ 5 (01) B2,

= p,?BZ + thnBrBR + (1%))23”32
= NpurBeBy + &40 By B, + ¢ B, B, + nEB, B,

1 1
= kGB, + NB, + !B, + ul'Bp + 5@:)233 + 5(1/)5)23;@.

Proof. The proof is very similar to the proof in Appendix [A] O

We see that the system of the ODEs given in Lemmal[d4]is very difficult to solve analytically.
To find the solution we have used an explicit Runge-Kutta method [I3} 22], ode/5 from the
Matlab package. Numerical results are presented in the next subsection.
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Remark. Note that the extension of the H2-CIR model to the case of a full matriz of
correlations is a trivial exercise.

Our approach of transforming a non-affine system of SDEs to an affine system is based on
the assumption that the expectation and variance of the square-root process, i.e., E(,/o;) and
Var(,/0¢), are accurate approximations. Our results are obtained by expanding the processes
around their means, but the framework presented is still applicable with higher order terms of
Taylor expansion included, or when exact representations are used.

4.2.1 Numerical Experiment

Finally, we perform numerical experiments to verify the accuracy of the approximations in
H2-CIR. Figure [£.3] shows an excellent fit, in terms of the implied volatilities, of the new H2-
CIR model to the full-scale Heston-CIR model. Also, the instantaneous correlations presented
in Figure give very satisfactory results, although for longer maturities some inaccuracies
can be observed. In Table we present the time needed for obtaining the plain vanilla
option prices. The table shows that although the system of ODEs given in needs to be
solved numerically, the time needed for obtaining European put or call prices, by the COS
pricing method [12], is significantly less than a second. The tolerance which was varied in the
table was the tolerance for the Riccati ODE solves. The pricing of the options by means of
the COS method, a method based on Fourier cosine series expansions, was performed with a
fixed number of 250 terms, which guaranteed sufficiently accurate option prices (up to machine
precision).

The key for fast evaluation of the ODEs lies in vectorizing the system.

Implied volalilities for exact and approx. models (=1y) Implied volalilities for exact and approx. models (=5y)

0.75

0.6
— [ — Heston-HW (Monte-Carlo) — @ — Heston-HW (Monte—Carlo)
0.55 —@— H2-CIR (FFT) 0.7 —@— H2-CIR (FFT)
0.65
0.6
= 2
z T 055f
k] S
> >
o o
2 2 o5f
= =3
E E
0451
0.4
0.35
. . . . . . n . . . . . . . n
0.2 0.4 0.6 0.8 1 1.2 14 1.6 18 2 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
strike [K] strike [K]

Figure 4.3: The implied Black-Scholes volatilities for the HCIR model in (2.3 and the H2-
CIR, FFT-based model, presented in (4.21]). Parameters are as presented in Figure LEFT:
7 =1, RIGHT: 7 = 5.

Table 4.1: Time in seconds for pricing a call option based on an explicit Runge-Kutta method
combined with the COS method [12].

Maturity
Accuracy || 7=0.5 T=1 T=2 T=25 T=10
1071 7.83E-2 | 7.86E-2 | 7.94E-2 | 8.50E-2 | 8.46E-2
1072 7.78E-2 | 7.80E-2 | 8.38E-2 | 8.48E-2 | 8.90E-2
107° 8.33E-2 | 8.97E-2 | 1.05E-1 | 1.34E-1 | 1.62E-1
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Comparison of Instantaneous correlations (t=1y) Comparison of Instantaneous correlations (=5y)
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Figure 4.4: The instantaneous correlations for the HCIR ({2.3)), and the H2-CIR model in (4.21]).

5 Conclusions

In this article we have presented an extension of the Heston model by stochastic interest
rates. We have focused our attention on two hybrid models, the Heston-Hull-White and the
Heston-Cox-Ingersoll-Ross models.

By a series of approximations, we placed variants of the Heston-Hull-White model in the
framework of affine diffusion processes. With the assumption of a zero correlation between
short rate and volatility we found a closed-form approximation for the characteristic function.
For the case with a full matrix of correlations, a semi-closed form for the characteristic
function resulted, in which one integral needed to be solved numerically. The approximations
in the models have been validated by comparing the implied volatilities and instantaneous
correlations to the full-scale Heston-Hull-White model. Restrictions for the accuracy of the
various approximations have also been presented.

Suitable approximations of the Heston-Cox-Ingersoll-Ross model lead to semi-closed form
solutions for the characteristic function. The most sophisticated version is based on a
transformation of the 3D Heston-CIR model to a 6D representation. This reformulated CIR-
based model gave a good fit to the full-scale hybrid equivalent model.

Acknowledgments

The authors would like to thank Natalia Borovykh and Sacha van Weeren from Rabobank
International for fruitful discussions and helpful comments.

References

[1] S. AmsTrUP, L. MACDONALD, B. MANLY, Handbook of Capture-Recapture Analysis. Princeton University
Press, 2006.

[2] J. ANDREASEN, Closed Form Pricing of FX Options Under Stochastic Rates and Volatility, Presentation
at Global Derivatives Conference 2006, Paris, 9-11 May 2006.

[3] E. BENHAMOU, A. RIVOIRA, A. GRUZ, Stochastic Interest Rates for Local Volatility Hybrid Models. Work-
ing Paper, March 2008. Available at: http://papers.ssrn.com/sol3/papers.cfm?abstract_id=1107711.

[4] F. BLack, M. ScHOLES, The Pricing of Options and Corporate Liabilities. J. Political Economy, 81:
637-654, 1973.

[5] M. BROADIE, Y. YAMAMOTO, Application of the Fast Gauss Transform to Option Pricing. Management
Science, 49: 1071-1088, 2003.

6] D. Brico, F. MERCURIO, Interest Rate Models- Theory and Practice: With Smile, Inflation and Credit.
Springer Finance, second edition, 2007.

[7] P.P. CARR, D.B. MADAN, Option Valuation Using the Fast Fourier Transform. J. Comp. Finance, 2:61-73,
1999.

[8] J.C. Cox, J.E. INGERSOLL, S.A. Ross, A Theory of the Term Structure of Interest Rates. Econometrica
53: 385-407, 1985.

22



[9] E. DErMAN, I. KaNI, Stochastic Implied Trees: Arbitrage Pricing with Stochastic Term and Strike
Structure of Volatility. Int. J. Theoretical Appl. Finance, 1: 61-110, 1998.

[10] B. DUPIRE, Pricing with a Smile. Risk, 7: 18-20, 1994.

[11] D. DurrIg, J. PAN, K. SINGLETON, Transform Analysis and Asset Pricing for Affine Jump-Diffusions.
FEconometrica, 68: 1343-1376, 2000.

[12] F. Fana, C.W. OOSTERLEE, A Novel Pricing Method for European Options Based on Fourier-Cosine Series
Expansions. SIAM J. Sci. Comput., 31: 826, 2008.

[13] G. ForsyTHE, M. MaLcoLM, C. MOLER, Computer Methods for Mathematical Computations. Prentice-
Hall, New Jersey, 1977.

[14] A. GIESE, On the Pricing of Auto-Callable Equity Securities in the Presence of Stochastic Volatility and
Stochastic Interest Rates. Presentation 2004.

[15] L. A. GrzeLAk, C. W. OOSTERLEE, S. v. WEEREN, Extension of Stochastic Volatility Equity
Models with Hull-White Interest Rate Process. SSRN working paper, 2008. Available at SSRN:
http://ssrn.com/abstract=1344959.

[16] L. A. GRzZELAK, N. BOROVYKH, C. W. OOSTERLEE, Incorporating an Interest Rate Smile in an Equity Local
Volatility Model. SSRN working paper, 2008. Available at SSRN: http://ssrn.com/abstract=1295882.

[17] S. HEsTON, A Closed-form Solution for Options with Stochastic Volatility with Applications to Bond and
Currency Options. Rev. Fin. Studies, 6: 327-343, 1993.

[18] J. HuLL, A. WHITE, Using Hull-White Interest Rate Trees, J. Derivatives, 4: 26-36, 1996.

[19] R. LEE, Option Pricing by Transform Methods: Extensions, Unification, and Error Control. J. Comp.
Finance, 7(3): 51-86, 2004.

[20] A. Lewis, Option Valuation Under Stochastic Volatility. Finance Press, Newport Beach, 2001.

[21] M. Muskurus, K. IN'T HouT,J. BIERKENS,A.P.C. VAN DER PLOEG,J. IN'T PANHUIS, F. FANG, B. JANSSENS,
C.W. OOSTERLEE, The ING Problem- A problem from Financial Industry; Three papers on the Heston-
Hull-White model. Proc. Math. with Industry, Utrecht, Netherlands, 2007.

[22] D. KAHANER, C. MOLER, S. NASH, Numerical Methods and Software. Prentice-Hall, New Jersey, 1989.

[23] G. W. OEHLERT, A note on the delta method. Amer. Statistician, 46: 27-29, 1992.

[24] O.A. VASICEK, An equilibrium Characterization of the Term Structure. J. Financial Econ., 5: 177-188,

A

1977.

Proof of Lemma 3.3

Proof.
n? 0 78
U(Xt)O(Xt)T = 0 V2o VPz,00t + VA0 , (A1)
N VP00t + VA0 0y + QF + A0y + 2p, o Aoy
which gives:
772 0 7y
cwo=| 0 0 0 |, (A.2)
and
(0,0,0) (0,0,0) (0,0,0)
¢ = | (0,0,0) (0,72,0) (0,9pz,0 +7A,0) , (A.3)
(0,0,0)  (0,9pz,0 +7A,0) (0,1+A%+2p, ,A,0)
. 0 0
a=[N Kkt —307], as=]| O —K 0 (A.4)
1 —11+A2+2p,,A) 0
Now,
1 0
-B'e;B=| I, |, (A.5)
2
0
with,
1 500 1 2 2
Fi=357°B; + (Ypz,0 + YA)By By + 5(1 +A? +2p, ,A)B2. (A.6)
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So, the system of ODEs to be solved is of the following form:

B.

0 1

d 1 B, 1
o By |==|0|+| 0 —r —11+A%2+2p,,4) B, | + §BTc1B, (A7)
| B, 0 0 0 0 B,
1 a;j
and for A(u,7):
d P\, 1 n? 0 0
de(u,T) =[ B, B, B, ] ke | +=BT| 0 0 0 |B, (A.8)
T -3 n 0 OF
By simplifications the proof is finished. O
B Riccati Equations
Let us consider the following system of ODEs:
af(t
% = aog(t)
B.1
dg(t) 2 (B.1)
“ar = bo +big(t) + bag*(t).

with initial conditions: f(0) = fo and g(0) = go. The solution for the system above is given

by:

(—bl +d— 2bggo) (1 — e_dt)

t =
9(t) 90+ 2b3(1 — ge—dt)
ag 1—ge (B-2)
@) = f0+% ((_bl —d)t —2log (1—g)> .
. —b1 —d — 2goba
th: d = \/b? — 4byb = .
W L0 I T~ 2 Boby

C Including the Interest Rate Term Structure

As it was already mentioned, in deriving the characteristic function, ¢(u, X, 7), we have
assumed that ; in the interest rate process was constant and equal to €. The inclusion of
the term-structure in the Hull-White model is straightforward, but for the CIR model a time-
dependent 6; cannot be obtained analytically. Moreover, in [6] it was explained that numerical
estimates do not guarantee a positive term-structure. Therefore we restrict ourselves to the
HW model here.

In the system of SDEs the interest rate process is then given by the following SDE:

d?"t =A (975 — ’I"t) dt + ’I]thr, (Cl)

with parameters A > 0, n > 0, and time-dependent function ;. In [6] the function 6; was
chosen to exactly fit the term-structure of interest rates observed in the market. One can
easily show that in the case of the Hull-White model for a given instantaneous forward rate,
one has 5log P(t. T

R

fort > 0, T > 0 and P(¢t,T) is a zero coupon bond, which pays 1 unit at maturity 7. The
function 6; can now be expressed as

19f(0,1) n?

Yo o

0; = £(0,1) (1—e 2M). (C.2)
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In order to decompose the SDEs in (2.8]) so that the term-structure can be inserted, we define:
2
7 =Tt + by, with ro = 0 and ¢y = f(0,t) + 55z (1 — e_)‘t)2.
Since the log-stock process, x¢, is defined in terms of the short rate, r;, we have:

~ 1
dxt = (Tt + ¢t — 20't> dt + \/O?dW{E (C3)

Therefore, we also define x; := Z; + (;, with {; = fot sds. For a state vector, Xy = [z, 0, 1],

and a corresponding vector u = [uq, uz, us], we check the impact of the decompositions on the
CF:

o(u, X, t,T) E B (o7 K redse X 7 )
_ o ./‘tT ¢5d5+iuT[CT7O’wT]EQ (67 '[tT ?SdseiuTX;" |ft)

— ol wadstiuT[¢r,0,07] gA(u,7) +[z0,00,m0] B(u,T)

The coefficients B(u,7) = [B,(u,7), B, (u,7), B.(u,7)]T are known, so by taking u = [0, 0, 0],
we simply get:

$(0,X;,t,T) = E2 (e— S reds 1|}'t) = o= /i WadsgAO.T)Flwo,00,m0]BO.7) (C.4)

The left-hand side of Equation (C.4)) is the definition of a zero-coupon bond. Therefore, since
for 7o = 0, B;(0,7) =0, and B,(0,7) =0, we set t = 0 and get:

P(0,T) = E (o7 im0 1|y ) = o Jo wrdat o), (C.5)
where

1 T 2 3 1
A(0,T) = 5772/0 B,(0,5)%ds = - (—2 — 56_2’\T + AT) .

Finally, we obtain the reformulated Heston-Hull-White CF, with term-structure, as:

¢7(0, XT) 7_) _ eA(u,‘r)+Bm (u,7)z0+Bs (u,‘r)cro+6(u,7')’

with By (u,7), Bo(u,7), Br(u,7), A(u,7) given in Lemma [3.4] for § = 0, and

O(u,7) = (1 — iu) (log P(0,7) + 277—; (j\ +2(eM—1) - % (e72 7 — 1))) :
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