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Abstract

We propose an efficient pricing method for arithmetic, and geometric,
Asian options under Lévy processes, based on Fourier cosine expansions
and Clenshaw—Curtis quadrature. The pricing method is developed for
both European—style and American—style Asian options, and for discretely
and continuously monitored versions. In the present paper we focus on
European—style Asian options; American-style options are treated in an
accompanying part IT of this paper. The exponential convergence rate
of Fourier cosine expansions and Clenshaw—Curtis quadrature reduces the
CPU time of the method to milli-seconds for geometric Asian options and
a few seconds for arithmetic Asian options. The method’s accuracy is il-
lustrated by a detailed error analysis, and by various numerical examples.
Keywords: Arithmetic Asian options, Lévy processes, Fourier cosine ex-
pansions, Clenshaw—Curtis quadrature, exponential convergence.

AMS MSC: 65C30, 60H35, 65T50

1 Introduction

Asian options, introduced in 1987, belong to the class of path—dependent op-
tions. Their payoff is typically based on a geometric or arithmetic average of
underlying asset prices at monitoring dates before maturity. The number of
monitoring dates can be finite (discretely-monitored) or infinite (continuously—
monitored). Volatility inherent in an asset is reduced due to the averaging
feature, leading to cheaper options compared to plain vanilla option equiva-
lents.

For geometric Asian options a closed—form solution under the Black—Scholes
model has been presented in [15]. Other Lévy asset models have been studied
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in [12], resulting in an efficient valuation method based on the Fast Fourier
Transform.

For arithmetic Asian options the prices have to be approximated numeri-
cally. Monte Carlo methods have been applied for this task, for example in [15].
An efficient PDE method for arithmetic Asian options which works particularly
well for short maturities has been presented in [18].

Advanced pricing methods for options on the arithmetic average are based
on a recursive integration procedure, in which the probability density function
of the log-return of the sum of asset prices is approximated, see [6, 2, 16, 12].
In [6, 2] an FFT and inverse FFT have been incorporated in the procedure
to approximate the governing densities. The study in [6] was focused on log—
normally distributed underlying processes and required a fine grid to approxi-
mate the probability density function. This method is extended to more general
densities in [2], where the size of the grid was reduced by re—centering the prob-
ability densities at each monitoring step, resulting in reduced CPU time. In [12]
the FFT was used to approximate the density of the increment between con-
secutive monitoring dates, in combination with a series of recursive quadrature
rules. The total computational complexity in [12] was O(Mn?), where M is
the number of monitoring dates and n the number of points used in the quadra-
ture. A recent contribution was presented in [7], where discretely sampled Asian
options were priced via backward price convolutions.

Another pricing approach can be found in [14], where the governing densi-
ties were computed by a special Laplace inversion, for guaranteed return rate
products, that can be seen as generalized discretely sampled Asian options.
Alternatively, upper and lower bounds of the Asian option prices have been
determined, for example in [16], for Lévy asset processes.

In this paper, Asian options are priced with the help Fourier cosine ex-
pansions. We name the resulting method, the ASCOS method (Asian cosine
method), as it is related to the COS method from [10, 11]. The COS method
recovers the transitional density function in the risk—neutral formula in terms
of the conditional characteristic function, by a Fourier cosine expansion. The
characteristic function of a Lévy process is typically available in closed form.
In our pricing method, the Fourier cosine expansions are not only used in the
risk—neutral pricing formula, but also to recursively recover the characteristic
function of the log-return of the sum of asset prices. Moreover, the Clenshaw—
Curtis quadrature rule is used in the pricing procedure.

Exponential convergence has been proved and observed for plain vanilla
European and Bermudan options in [10, 11]. We will perform an extensive
error analysis here to confirm exponential convergence also for Asian options.

We present, in section 2, a technique to price geometric Asian options
under Lévy processes (discretely and continuously monitored), which is highly
efficient. The pricing algorithm for arithmetic Asian options is presented in
section 3. A detailed error analysis is given in section 4 and numerical results
are presented in section 5. We compare our results to those presented in [12].

The ASCOS pricing method can be seen as an efficient alternative to the



FFT and convolution methods in [6, 12, 2, 16]. The method remains robust
as the number of monitoring dates, M, increases for arithmetic Asian options.
The ASCOS method is extended to pricing American—style Asian options, in
an accompanying Part II of the present paper. Key is here that instead of
recovering the density function (like in [6, 12, 2, 16]), the characteristic function
is recovered, which enables us to also price American—style Asian options.

In our paper, we focus on a fixed—strike Asian options. The extension
to floating—strike Asian options follows directly from the symmetry between
floating-strike and fixed-strike Asian options, as explained in [13] and [9].

2 ASCOS method for European-style geometric Asian
options

The ASCOS pricing technique for geometric and arithmetic Asian options is
described in sections 2 and 3, respectively. In our method, the characteristic
function of the geometric or arithmetic mean value of the underlying is recov-
ered, which is then used to calculate the Asian option value by Fourier cosine
expansions. For geometric Asian options, the characteristic function of the
geometric mean can be calculated directly, as we will see below.

2.1 Introduction to the COS method

We depart from the risk-neutral option valuation formula (discounted expected
payoff approach) for plain vanilla European options:

i) =e v [ oy, T) fyl)dy, 1)

where v(z,ty) is the present option value, r the interest rate, At = T — tg
and x,y can be any monotone functions of the underlying asset at initial time
to and the expiration date T', respectively. Payoff function v(y,T’) is known,
but the transitional density function, f(y|z), typically is not. Based on (1),
we approximate the transitional density function on a truncated domain [a, b],
by a truncated Fourier cosine series expansion, with N terms, based on its
conditional characteristic function (see [10]), as follows:

N-1

o)~ 52 Y e (oG exp (1750 eos (d =2, (2

k=0

with ¢(u;x) the conditional characteristic function of f(y|z), a, b determine
the integration interval and Re means taking the real part of the argument.
The prime at the sum symbol indicates that the first term in the expansion is
multiplied by one-half. The appropriate size of the integration interval can be
determined with the help of the cumulants [10] !.

ISo that | [}, f(ylz)dy — [ f(y|x)dy| < TOL.



Replacing f(y|x) by its approximation (2) in (1) and interchanging integra-
tion and summation gives the COS formula for the computation of plain vanilla

European options:
—ikm 2
x) e b—a> Vie,s (3)

where 0(x, ) indicates the approximate option value, and

2 b a
Vk_b—a/av(y’ )cos(lmb a)dy,

are the Fourier cosine coefficients of v(y, T"), available in closed form for several
payoff functions.

oz, to) = TNZ Re< (

With integration interval [a,b] chosen sufficiently wide, it was found that
the series truncation error dominates the overall error. For transitional den-
sity functions f(y|z) € C*([a,b] C R), the method converges exponentially;
otherwise convergence is algebraically [10, 11].

2.2 European-style geometric Asian options

The payoff function of a geometric Asian options with M monitoring dates and
a fixed strike reads:

M
max H c K,0), for a call,
v(S,T) = g(5) = =
max (K H M ,0). for a put.

Here S, K, g(S) denote the stock price, the strike price and the payoff function,
respectively; M =1,2,---.

For geometric Asian options, the characteristic function of the geometric
mean can be calculated directly. The underlying process is transformed to the
logarithm domain and we use the notation:

1 M
=i @
=0

M 1
= log( H M+1 :M

In order to use the Fourier cosine expansion, we need to determine the condi-
tional characteristic function of y given xg. From the definition of characteristic



function we have:

M

Blusw) = Blexp (iuy) o] = Blexp (u = > )|l
§=0

Elexp (iu(zo + M1 (M(x1 —x0) + (M —1)(x2 — 1)

+ (M =2)(r3 —x2) + ... +2(xp—1 — vMm-2) + (T — Ta-1))|F0))]
M-1

e fexp (itu o 20 ) 170 B e (it oz =) ) 70

... E [exp <’L(UM1+ 1)(£CM — xM1)> |.7:0} .

The last step is due to the fact that Lévy processes have independent incre-
ments. A Lévy process also has stationary increments, which implies that the
increments 1 — xg, T2 — x1, -+, Ty — Ty—1 are identically distributed, and
they are all independent of xy. Denoting the (identical) characteristic functions
of these increments by ¢(u,t), and substitution of ¢(u,t) into (5) gives the
characteristic function of y given xg:

M .
, M4+1—5 T—1y
. _ iuxo | . 6
Huszo) = e H@(u i ®
Substitution of characteristic function (6) into (3) results in the ASCOS
pricing formula for European-style geometric Asian options, with the underlying
asset modeled by a Lévy process:

N-1
v(xo,tg) = e At Z, Re <¢(bma;x0)e_ikﬂbfa> Vi, (7)
k=0
where
2 (xi(log(K),b) — Ky (log(K),b)), for a call,
e 52— (Kt(a,log(K)) — xx(a,log(K))), for a put,
with

xr2 _
Xk(x1,22) = / eycos<k7rg;_2>dy,

1

Yp(w1,22) = /2005</€7TZ:Z> dy, (8)

which are known analytically.

The computational complexity to get the characteristic function for each
u=kr/b—a, k=0,---,N —1is linear in M, so that O(MN) computations
are required. The complexity of the work in (7) is linear in N, so that the total
computational complexity of the method is O(MN).

(5)



For geometric Asian options there is no error in deriving the characteris-
tic function by (5) and (6). The only errors made are due to the COS for-
mula (7). Detailed error analysis of the COS method for European options
can be found in [10]. The ASCOS pricing method for geometric Asian op-
tions under Lévy processes is thus expected to have an exponential conver-
gence rate in the number of cosine terms, for all density functions that satisfy
f(ylz) € C>([a,b] C R).

Remark 2.1 (Black—Scholes Model). Under the Black-Scholes model, we have
that

M
= o+

2 +1(M(xl—$0)+(M—1)($2—961)+"'+(90M—$M—1))

18 normally distributed:

~N< (1t — 0.50%)At, %02At>. 9)

The characteristic function can be derived directly and the resulting compu-
tational complezity is therefore only O(N). Note however that a closed form
solution is available in this case.

3 ASCOS method for arithmetic Asian options

For arithmetic Asian options, the characteristic function of the arithmetic mean
will be derived recursively by Fourier cosine expansions and Clenshaw—Curtis
quadrature. The Fourier cosine expansion is used each time step (i.e. at each
monitoring date), whereas the Clenshaw—Curtis quadrature rule is used once at
the beginning of the computation. In subsection 2.2 the characteristic function
of the geometric average was recovered, which was explicitly a function of g =
log(Sy), as zg + ... + xp is a function of xg, so that the characteristic function
took the form ¢(u;xp). In the present section, we recover the characteristic
function of the sum of Lévy asset price increments which is independent of x.
Therefore we write the characteristic function here in the form ¢(u), rather
than ¢(u; ).

The payoff function of an arithmetic Asian options reads:

M
max ( 1 12 S; — K,0), for a call,
(S, T) = g(5) = = (10)

;,0), for a put.

7=0

In this section we denote by n, the number of terms in the Clenshaw-Curtis
quadrature (g stands for quadrature).



We first explain the recursion procedure to recover the characteristic func-
tion of the arithmetic mean value of the underlying. We denote by:

S.
Rj::10g< J>, j=1,---,M. (11)
ijl
For Lévy processes, the increments R;, j = 1,---, M are identically and inde-

pendently distributed, so that Rjd:R. Then Vu, j, we can write ¢g, (u) = ¢r(u).
Characteristic function ¢r(u) is known in closed form for different Lévy pro-
cesses.

We introduce a stochastic process, Y;, where Y1 = Ry and for j = 2,--- , M,
we have
Yj := Ryy1—j +1og(1 + exp(Yj—1)). (12)

We denote by Z; :=log(1 + exp(Y})),Vj, so that (12) is rewritten as
Y; = Ryq1—j + Z1. (13)

In this setting Y; admits the form

Sv—j+1 Sm—j+2 Su
Y. =1lo JT VL ,
’ g( Snm—j Snm—j Sm-;
and we have that u
1 (1 + exp(Yum))So
= 14
M+1 ]Z; 5 M+1 (14)

Convolution scheme (13) has already been used in [6, 2, 16], for example, in
combination with other numerical methods, to recover the probability density
function of Y. Here, however, we will recover the characteristic function of
Yy instead, by a forward recursion procedure, which is then used in turn to
recover the density of the European-style arithmetic mean of the underlying
process in the risk-neutral formula (15). The arithmetic Asian option value is
now defined as:

vlansto) =72 [ oy, T) s, () (15)

By (14), v(y,T) in (15) is of the following form:

+
<50(1]\"|4'ej11)(y)) - K) , for a call,

Jr
<K - —50(1]\—; iiql) (y))) , for a put.

o(y, T) =

3.1 Recovery of characteristic function

To recover the characteristic function of Yy, i.e. ¢y,, (u), we start with Y3, for
which the characteristic function reads:

Pvy (u) = dr(w). (16)



Then, at time step ¢;, j = 2,--- , M, ¢y, (u) can be recovered in terms of
¢y,_, (u). This is done by application of (13) and the fact that Lévy processes
have independent increments. This implies that Vj, Rp4q1-; and Z;_1 are
independent, which gives us:

by, (u) = bRy, (W)bz,_, (u) = dr(u)dz;_, (u). (17)

From the definition of characteristic function, we have

o

62,1 (u) = B[ s rew(i-1)] = / (e” + 1) fy,_, (2)dz.  (18)

—0o0
To apply the Fourier cosine series expansion to approzimate the characteristic
function, we first truncate the integration range

b
b0 = [ (€ 41"y @), (19)

If we define the following error

er(X) = /R L s

then, as Vj,u € R,
|(e” 4+ 1)™| = | cos(ulog(1 + ) +isin(ulog(l + e”)))| = 1, (20)

the error in (19) can be bounded by:

‘/R\[a,b](ex + 1)“Lij71 («T)dx‘ < / fyjfl(l’)da? = ET(Y}—l). (21)

R\[a,}]

We apply the Fourier cosine expansion to approximate fy, , (), giving:

~ 2 / N l l
bz, 4 (u) = b_a Z Re <¢>Yj_1(b_7ra)exp(—iab ﬂa)>

/ab(ef +1)™ cos <(x - a)b”a) dz, (22)

where ¢y, _, is an approximation of ¢y, ;.

In this way, dSZj is recovered in terms of qASy]q. Application of (17) gives

-1
us an approximation ¢y, (u) for any u. Equation (22) can be written in matrix—

vector form:

O, 1= ./\/lAj_1, (23)
using:
;1 = (Dji(k)hy, ®ji(k) = bz, (w),
w, = bk_ia k=0,---,N -1,

b
M = (M(k‘,l))gl;lo, M(k, 1) :/ (e 4+ 1) cos((x — a)w;)dz,

4; = bfa(Aj(l)){igl, Aj(1) = Re(dy; , () exp (—iauy)).




By the recursion procedure in (17) and (23), the characteristic function,
¢y,, (u), can be approximated by ¢y,, (u) efficiently. Application of (3) in (15)
finally gives us the European-style arithmetic Asian option value:

—r km —szr
oz, tg) = Atz Re< va, ( a)e )Vk, (24)

in which

2 S .
Vi — h— <M+1X]€( b) + (MJOrl—K)wk(x,b)), for a call, o)

ﬁ ((K - MS+ 1)¢(a ") — MS_?_ 1x(a,x*)) , for a put.

Functions xg (21, z2) and ¢ (z1,z2) are as in (8), and z* = log(mﬂgfjl) —1).

3.2 Clenshaw—Curtis quadrature

We discuss the efficient computation of matrix M in (23). An important feature
is that matrix M remains constant for all time steps t;,7 = 1,--- ,M — 1, so
that we need to calculate it only once. Its elements are given by:

b
M(k,1) = / (e® + 1) cos((x — a)u)dz, k,1=0,---N—1, (26)

which can be rewritten in terms of incomplete Beta functions (see appendix A).
Here, (26) is approximated numerically by the Clenshaw—Curtis quadrature
rule, which is based on an expansion of the integrand in terms of Chebyshev
polynomials (as proposed in [8]; more information can be found in [4]).

To use the Clenshaw—Curtis rule for (26), we first change the integration
interval from [a, b] to [—1,1]

b
/ (e +1)"* cos ((x — a)u;)dx =

1 _ _ U _
/—1b 2(1 (exp(b2a:ﬂ+a—2‘_b)—|—1) cos((b2ax+a_2‘_b—a)ul)dx.

The integral can then be approximated as follows
b .
/ (e + 1) cos((x — a)w)dz ~ (DTd)Ty =: wTy, (27)

where D is an (nqy/2 4+ 1) x (ny/2 + 1) matrix, whose elements read

n— 1k — D 1/2, if n={1,n,/2 + 1},
D(k,n):2(308<( 171)q(f2 ) ){ / {Lng/ }

Nq 1, otherwise.

9



The vector d and the elements y,, in y = {yn}zq:/g are defined as:

2 2 ) 1 T
4= <1’<14>’<116>""’<1<nq2>2>’<1n3>> !
Yo = f(COS(%)Hf(—COS(%)), (29)

where in our case

5~ a)uy).

For all (k,1), the vector w = D”d remains the same, so that it needs to
be computed only once, for all (k,1). Because DTd is a type I discrete cosine
transform, the computational complexity is O(nglogyng). Elements y, must
be calculated for each pair (k, 1), with complexity O(n,) and the computational
complexity, for all (k,l), is therefore O(n,N?). When using the Clenshaw—
Curtis quadrature rule to compute matrix M (only once, used for all time
steps), the total computational complexity is thus O(n, log, ) + O(ngN?).

Furthermore, at each time step ¢;, we need O(N 2) computations for the

matrix—vector multiplication (23) and O(N) computations to obtain <ZA>yj by
equation (16) or (17). The computational complexity for this task is thus
O(MN?).

The overall computational complexity of our method for arithmetic Asian
option is then O(nglogyng) + O(ngN?) + O(MN?). The number N? is in
practice much larger than log,n,. The overall complexity is then of order
O((ng + M)N?).

We will show in the section on error analysis for arithmetic Asian options
that for most of the Lévy processes, the Fourier cosine expansion exhibits an
exponential convergence rate with respect to N. For the integrand in (26)
the Clenshaw-Curtis quadrature converges exponentially with respect to n.
Therefore, the ASCOS pricing method is an efficient alternative to the method
proposed in [12], which requires O(M N?) computations (N being the number
of points used in the quadrature in [12]), with N > ng, and N > N, for the
same level of accuracy. Our pricing method is especially advantageous when the
number of monitoring dates, M, increases. The method is summarized below.

ASCOS ALGORITHM: Pricing European-style arithmetic Asian options.

10



Initialization

e Use Clenshaw—Curtis quadrature (27) to compute
M= M(k,1)), k,1=0,--- ,N —1, with M in (23), (26).

e Compute ¢r(ug),k=0,--- ,N — 1.
o Set ¢y, (ur) = pr(ug).
Main Loop to Recover QASYM: For j =2 to M,

e Compute the vector ®;_; with elements §£ij1 (ug), k=0,--- ,N—
1 using (23).

e Recover QZA)YJ. (ug), k=0,---, N —1 using (17).
Final step:

e Compute #(zg, tg) by inserting ¢y,, (ux), k = 0,--- , N—1 into (24).

3.3 Extensions

In a series of remarks, we now discuss some other generalizations of the ASCOS
method. The American-style Asian options generalization will be discussed in
a separate part II of this paper.

Remark 3.1 (Continuously—monitored Asian options). The option values of
continuously—monitored arithmetic Asian options, with payoff

l/T +
(4 S(t)dt — K)*, for a call,
oS, T)=g(s) = I

T
(K — 111/ S(t)dt)", for a put,
0

can be obtained from discretely—monitored arithmetic Asian option prices by a
four-point Richardson extrapolation.

Let v(M) denote the computed value of a discretely-monitored Asian option
with M monitoring dates. The continuously—monitored Asian option value, de-
noted by Voo, 1S approzimated by a four-point Richardson extrapolation scheme,
as follows:

1
Doo(d) = ﬁ(64@(2d+3) — 560(2912) + 140(29+1) — 5(29)). (30)
The same technique can be applied for continuously monitored geometric
Asian options.

Remark 3.2 (Asian options on the harmonic average). Asian options with a
payoff based on the harmonic average, i.e. on M/(Z]Nil 1/S;), can be priced in
a similar fashion as explained above by the ASCOS method. First, we recover
the characteristic function of a variable y = log(3_7" So/Sj) recursively; then

11



we insert the approzimation into the COS pricing formula. We define R; =
log(Sj-1/S;). Starting with Y1 = log(Ryr), we find, Vi, u:

551

Sj

iulog(

or, (u) = Ele =TS — g (e, 81)

with ¢g; available in closed form for Lévy processes. For this reason, ¢y, (u) is
also known analytically.

For j = 2,--- M we then define Y; := RMH—]' + Z;_1, where Z; =
log(1 +exp (Y})). In this setting we have Yy = log(3 72 So/S;).

Again, RMH—J‘ and Z;_1 are independent at each time step, due to the
properties of Lévy processes. Therefore

¢Y} (u) = ¢R1\4+1,j (u)¢Zj—1(u)7 V’U/,

where ¢g,, . (u) is known analytically from (31) and ¢z;_,(u) can be recov-

ered, as ézj_l(u) from ¢Eyj_1(u) by Fourier cosine expansions and Clenshaw—
Curtis quadrature, as in (22). We thus approzimate the characteristic function
of Yar and the fized strike Asian option value is then given by:

N-1
~ k . a
’IA)(l', tO) = e_TAt Z/ Re <¢YM( u )elkﬂ-ba> an

b—a
k=0
in which

2 (MSoxi(a*,b) — Ky (a,0), for a call,

Vi = 9
b_a(K¢(a>33*) _MSOX(GJ?x*))a fOT apUt7

where z* = log(MSy/K), x(x1,x2) := fff e Ycos(kmi=2)dy, and (21, x2)
is defined in (8).

Finally, the symmetry between floating and fized—strike Asian options also
holds for Asian options on the harmonic average, so that floating strike options
can be valued as well.

Remark 3.3 (A special case: the forward contract). A forward contract, as
often encountered in commodity markets, may be defined by the payoff:

1 M
9(8) = S5 - K. (32)

1 M
—rA
’U(.’Eo,to) = € tE M—l—l Sj*K
7=0
S Si
— —rAt 0 Y]\/[ 0 o
(5Bl (e 1) e



where the last step follows from (14). The expected value of exp (Yar) can be
obtained by a forward recursion procedure. At each monitoring date, t;, we have
from (13) that

E[eYi] = BlefM+1-i (1 4 €¥i-1)). (34)

For Léuvy processes Ryri1-; and (1 + exp(Yj_1)) are independent and R;% R,
Vj, so that equation (34) reads:

E[e"] = E[e"](1 + E[e" 1)), V¥, (35)
with Ele¥] = E[ef!]. The value of E[ef!] reads

N-1
0o k ) "
El] = /_ _frly)dy = kZ_O Re (qu(b_De““”w) xi(a,b), (36)
where function xx(x1,x2) is defined in (8) and ¢g is the characteristic function
of R, which is available for various Lévy processes.

The E[ef]-term needs to be calculated only once, with O(N) complexity.
In the recursion procedure to get the forward value, we use (35) M — 1 times
and (33) once. Therefore, the total computational complexity is O(N)+ O(M),
and exponential convergence is expected for probability density functions belong-
ing to C*®[a,b].

4 FError analysis for arithmetic Asian options

Here we give an error analysis of the ASCOS method for arithmetic Asian
options. We first discuss, in general terms, three types of error occurring, i.e.,
the truncation error, ep, the error of the Fourier cosine expansion, €r, and the
error from the use of the Clenshaw—Curtis quadrature, €q.

The truncation error was defined as
R\[a,}]

and it decreases as interval [a,b] increases. In other words, for a sufficiently
large integration range [a, b, this part of the error won’t dominate the overall
error of the arithmetic Asian option price.

Regarding the error of the Fourier cosine expansions, we know from [10]
that for f(y|z) € C*>]a,b], it can be bounded by

ler(N, [a,b])] < P*(N) exp(=(N — 1)v),

with v > 0 a constant and a term P*(IV) which varies less than exponentially
with respect to N.

When the probability density function has a discontinuous derivative, the
error can be bounded by

IEF(N7 [a, b])‘ <

13



where P*(N) is a constant and 3 > 1.

Error e decays thus either exponentially with respect to IV, if the density
function f(y|z) € C>]a,b], or algebraically.

Let us now have a look at the error from the Clenshaw—Curtis quadrature,
which we use to approximate

b
I:= / (e® + 1)k cos((x — a)uy)dz, (38)

by I :=wTy in (27). In other words, ¢ = I — I.

According to [17, 19], the Clenshaw—Curtis quadrature rule exhibits an
error which can be bounded by O((2n,)~*/k), for a k-times differentiable inte-
grand. When k is bounded, we have algebraic convergence; otherwise the error
converges exponentially with respect to ng, see also [3]. The integrand in (38)
belongs to C*|a, b, as all derivatives are continuous on any interval [a, b], con-
firming that, for the integrand in (38), we will have exponential convergence
with respect to ng.

4.1 Error propagation in the characteristic functions
The following lemma is used in the error analysis.

Lemma 4.1. For any random variable, X, and any u € R, the characteristic
function can be bounded by |px (u)| < 1.

Proof. For any X and u, the characteristic function ¢x (u) is defined by:

ox(u) = E[e™X] = /00 e f(z)d.
We have
ox(l < [ | pla)da,
and thus:

lbx (w)] < /_°° f@)de = 1.

O]

Now we start with the error analysis, and denote by e(dy, (u) and e(¢ 2, (u)),
m = 1,--- M, the errors in ¢y, (u) and ¢z, (u), respectively. From (24) the
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error in the arithmetic Asian option price, denoted by ¢, is given by

N-1
€ = e—rAt /OO v(y T)fY —rAt , d)Y km )e—ikﬂ’ﬁ Vk
- ’ M E , M —a

—r o ., v kT . pra
[ ) )y e 55 b <¢YM<,,_@)6 ' > Vi
o k=0

N-1

. ’ km ~ km ik
o e e (o)~ e )
N—ll k
—r 2 T —ikm 2
= ecos+e Atz Re (€(¢YM(b_a))e k b_"‘> Vk,
k=0

where Vj, is known analytically and e.qs is the error resulting from the use of the
COS pricing method. From [10] we know that for a sufficiently large truncation
range [a, b], we have €., = O(er) and thus

€= TAtZ Re< ¢YM b a))e baa> Vi. (39)

The remaining part of the error (39) which we need to estimate is e(¢y,, (u)).
This is done by mathematical induction. We first estimate the error in ¢y, (u)
and ¢y, (u) and then use an induction step to bound the error in ¢y,, (u).

_ Characteristic function ¢y, (u) is known analytically from (16), so that
€(py, (u)) =0, Vu.

The error in <ZA>Z1 (u) consists of three parts. The first part is the error due
to the truncation of the integration range as in (19). The second part is due to
the approximation of fy, (x) by the Fourier cosine expansion in (22). The third
part is due to the use of the Clenshaw—Curtis quadrature rule to approximate
the integral in (22). Summing up, we have:

o) b
d@mm=/<ﬁ+me@m—/@M4wMumr

—0o0

N-1

b , 2 ! !
+ /a(e‘”+1)wfyl z)dz — — alz: fie (¢Y1 5—a) Pieg ja)>l

N—-1
+ bfaZ'Re <¢yl(bl_7ra)exp(—iabl7r )) (I—1) (40)
=0

T i 2 ! Im . lm
= /R\[ab}(e + )" fy, (x )dm—l—eF—i-b_aZO Re (qﬁyl(b_a)exp( mb—a)> €q-

The lemma below gives an upper bound for the local error.
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Lemma 4.2. We define by

T b E a Z/ Re <¢Yy(blir )eXp(_iablﬂ- )) €q> (41)

a —a
then, with integration range |a,b] sufficiently wide, we have
1 < PN, mg)(ex] + 5= Nlegl), ¥,

where P(N, ng) > 0 varies less than ep and €,, with respect to N,n,.

Proof. Application of (21) gives us that, Vj,u € R,

| (" + 1)™ fy, (z)dz| < er(Y;), (42)
R\[a,b]

with er(Y;) defined in (37). Substitution into (41), results in

N-1
lm

2 / o
lejl < fer(Y5)| + ler| + ' a lz(:) | Re <¢Yj(b — a)eXp(_mba)) ||€q]-

From Lemma 4.1, it follows that, Vj,[, |¢y, (I7/b —a)| < 1, and

l l l
|exp(—iabf )| = | cos <_abfa> + isin (—ab Ul > | =1, VI,

a —a

so that |Re (¢y, (Ir/(b— a)) exp (—ialw /(b — a))) | < 1, Vj, 1.
For [a, b] sufficiently wide, ez dominates the expression eg + e, so that we
find, Vj:

N—-1
_ 2 / _ 2
el < PO (el + 520 Y bl | = Py (leel + 52 Vlel )
=0

(43)
where P(N, ng) > 0 varies less than ep and e, with respect to N, n,. ]
Using the notation:
2
€], = |€F‘ + HN|€q|, (44)

we can write |e;| < P(N,ng)er, V4. Application of Lemma 4.2 and (44) to (40)
gives
|€(@z, (u))] = er] < P(N, ng)er.
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We continue with the error in ¢y, (u). From (17) we have that

~

(P (w) = e(dz,(w)dr(u) = erdr(u) = e19y; (u), Vu. (45)

Applying Lemma 4.1 and Lemma 4.2 to (45) results in

|e(dys ()] = lerllgy; (u)] < ler] < PN, ng)er. (46)

Next, we arrive at the induction step, described in the lemma below.

We use the common notation € = O(g(a1,- - ,ay)) to indicate that a @ > 0
exists, so that |e[ = Qg(a1, -+ ,an)| with @ constant or varying less than
function g(-) with respect to parameters aj,--- ,an.

Lemma 4.3. Form =3,--- , M, assuming that
(m—1)—1
(P (w)) = P(N,ng) Z Py, (w)en-1)-j, Vu, (47)

where P(N, ng) is a term which varies less than exponentially with respect to
N and ng, then

e(dy, Z w)em—j), Vu, (48)

and thus

(¢, (w)] = O(m — D)er. (49)



Proof. We find that for m = 3,--- , M, and Vu:

(62,1 ()
o0 . 2 Nﬁl/ N I lm -
= /_Oo(ew + D% fy  (z)dz — a4 ; Re <¢ym1(b_a) exp(—iab — a)> I

= / (e +1)"fy, _,(z)dx — / (e +1)"fy, _,(z)dzx

\ N-1
. i 2 / lm o dm
n /a (€% + 1)y (x)dz — b—ag Re ((byml(b_a)exp(—zab_a))I

N-1
2 / lm I -
—i I—1
b e (on G ewliag 7)) ()
N—-1
2 / s N Im o Im A
+ b a — Re<¢ym 1 b a)_(bym—l(b_a))exp(_zab_a))I
2 I z
T U T ™
= /R\[a’b](e + 1"y, (2)dr +ep + o ; Re <¢Ym () exp(—i b_a)) €
2 I z
T . i A
R 2 Re <e(¢ym_1(b — a))exp(—zab — a)> I

Z Re< (0, (N exp(iag ™) ) T (50)

Substitution of (47) into (50) gives

(m—1)—1 N-1
= em-1+ P(N,ng) ]2_:1 bia Z_O/Re (qbyj(blfa)e(m 1)—j exp(—i blj ))f
) (m—1)—1 5 N1 - - A
= em—1+ P(N,ng) z; e(m_l)_J(b —a 2 Re (qbyj(b a) exp(—mb — )> I)
(m]—;)—l B
= em-1 —I-P(N, nq) Z e(m,l),](ﬁzj (u)
j=1



The error in ¢y, (u), Vu, is found as
Py, (w) = or(we(dz, (u))

= ¢r(uem—1+ P(N,ny) Z e(m—1)—jOr(W) oz, (1)
j=1

(m—1)—1
= ¢r(uw)em—1+ P(N,ng) €(m—1)—jPV;41 (W)
j=1
= oy, (w)em—1+ P(N,ng) em—jPy; (u)
=2
= Z w)em—j) + O(exer), k,lel,--- ,m—1.

From Lemma 4.2 we see that |e;| = O(|ep|+ |&q), V7, if N and n, increase
simultaneously. Error er decays exponentially with respect to N and ¢, de-
cays exponentially with respect to ng, so that e; decays exponentially and the
quadratic term, eye;, converges to zero faster than e;. We thus have that

(¢Ym Z w)em—j)

and application of Lemmas 4.1 and 4.2 gives, Yu € R,
‘ Z Py, (w)em—j| < Z Py, (W)]|em—j| < P(N,ng)(m —1)er,

where P(N,n,) varies less than ep and e, with respect to N,n,, respectively.
So

|€(dy,, (u))| = O((m — 1)er), (51)
which concludes the proof. O

As a result of the lemma above, we have, Vu,

(¢YM Z CbY em j (52)

and

[e(yas (w))] = O((M = 1)er). (53)
Remark 4.1 (Error of ¢y,,). Application of (53) and (44) results in

@y ()] = O(M = 1)(lep| + 5= Nleg), Ve
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When the number of monitoring dates, M, increases, larger values of N and
ng are necessary to reach a specified level of accuracy.

Moreover, when a large value of N is necessary for accuracy, we should also
increase ng to control the error. When N and ng both increase, the expression
|Negy| converges exponentially to zero® and we have that

[e(dyar ()] = OM = 1)(Jer| + legl)), Vu.

4.2 Error in the option price

We now focus on the error in the arithmetic Asian option price. After applica-
tion of (52) in (39) the error reads

M-1 N—l/ . ‘
€= 0(ep) +0( ) em—jexp(~rAt) Y Re(dy, (;——)e " =0)).  (54)
j=1 k=0

When replacing e "2V}, (V; defined in (25)) by the following term:

2 S() * b SO *
: D)+ (2 K b)), f 11,
G_TAtj W]‘g = e_T'Atj b— a('] + 1Xk(x ) (] +1 g )wk(x >) oraca
bga((K_jgf)l)w(%x*)_j_’f)l)((a?x*))? foraput,

(55)
with At; := jAt/M, the expression

M—-1 N-1

! km kw2 .
D em—jexp(—rA) Y Re(dy, (;—)e ")V, Wik,
Jj=1 k=0

remains of the same order, regarding N and n,.

The error in (54) therefore satisfies

M-1 N-1
—rAt; ! km —ikmw 24— j
€= O(eF)+O(j§::1 em—je "2 kzzo Re((byj(b_a)@ = )WY).

We now can write for the overall error:

M-1
e=0(er) + O( Z em—j A(So, Atj)),

j=1
where A(Sp,7) stands for the Asian option value with initial underlying price
So and time to maturity 7. Then

M-1
el = Oller]) + O(Y_ lem—jlA(So, Aty)).

Jj=1

2Note that N varies linearly but €4 decays exponentially, so that N|eq| also decays expo-
nentially.
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By Lemma 4.2 we find
9 M-1
lel = Oler]) + O(ler| + ——Nlegl) > A(So, Aty)) (56)
7=1

Volatility inherent in an Asian option is smaller than that of an equiva-
lent vanilla European option, due to the averaging feature. This makes Asian
options cheaper than their plain vanilla equivalents. In other words, with the
same maturity, the value of an Asian option, A(Sp,7), is less or equal to that
of the corresponding vanilla European option, denoted by E(Sp, 7), written on
the same underlying asset. The European option value will be used as upper
bound for the corresponding arithmetic Asian option value in (56) and we have:

M-1

el = (yeF\)+0((\er+7N\equ (S0, At;)). (57)
7=1

We assume that

j:lIE-l%ﬁ—l E(So,jAtj) = E(So, Atj*),

so that the error in the Asian option price satisfies
2
lel = O(ler]) + O(ler| + ——Nleg)(M — 1) E(So, At;+)). (58)
What remains is an upper bound for the plain vanilla European option

value, E(Sp, (M — 1)At;+), which is given as follows.

Result 4.1. The value of a plain vanilla European call option can be bounded

by
ve(So, ) < Spe” 17,

with So, T, q the initial underlying price, the time to maturity and the dividend
rate, respectively.

The value of a vanilla Furopean put option can be bounded by
vp(So,7) < Ke™ ',

with K, r the strike price and the interest rate, respectively.

Summarizing, the error in the arithmetic Asian option with M monitoring
dates can be approximated by:

((léFHb o Nleg) (M —1)Spe™92%7), for a call, )

el ~

O((ler| + ﬁquD(M — 1)Ke "At*), for a put.

For f(y|z) € C>]a,b], er and €, converge exponentially with respect to N
and ng, respectively. Therefore, as N and n, increase, the error in the Asian
option price decreases exponentially:

el < P(N,ng)(exp(—(N — 1)vr) + exp(—(ng — 1)1y)),
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where P(N, ng) is a term which varies less than exponentially with respect to
N and ng, and vp > 0,14 > 0.

When the probability density function has a discontinuous derivative, the
error in the Asian option price converges algebraically.

5 Numerical results

In this section numerical results for Asian options under the Black-Scholes (BS),
CGMY [5] and Normal Inverse Gaussian (NIG) [1] models are presented. We
use the same parameter sets as in [12], based on three test cases:

e BS case: r =0.0367,0 = 0.17801.

o CGMY case: r = 0.0367,C = 0.0244, G = 0.0765, M = 7.5515,
Y = 1.2945.

e NIG case: v = 0.0367,a = 6.1882, 3 = —3.8941, 8 = 0.1622.

These parameters have been obtained by calibration (see [12]). The character-
istic functions for these processes are presented in appendix B. In all numerical
examples we set time to maturity T' — tg = 1, and Sy = 100. Strike price, K,
and the number of monitoring dates, M, vary among the different experiments.

MATLAB 7.7.0 is used and the CPU is an Intel(R) Core(TM)2 Duo CPU
E6550 (@ 2.33GHz Cache size 4MB). CPU time is recorded in seconds.

The absolute error that we report below is defined as the absolute value of
the difference between the approximate solution at ¢ty and Sy, and a reference
value which is computed by the ASCOS method with a large number of terms in
the Fourier cosine expansions. The values have also been compared to reference
values in the literature. With our own reference values however we can compare
up to a higher accuracy.

5.1 Geometric Asian options

First of all, we confirm the exponential convergence of the ASCOS method for
geometric Asian options under the Black—Scholes model, for which an analytic
result is available, in Figure 1. For increasing N-values the error decreases
exponentially.

The performance of the ASCOS pricing method for the NIG and CGMY
test cases is presented in Table 1. Geometric Asian call option prices with 12, 50
and 250 monitoring dates are shown. Reference values are taken from ASCOS
computations with N = 4096. In all examples our method also gives the same
option prices, up to a basis point, as those presented in [12].

From Table 1 we see that the option prices have converged up to basis point
precision with NV = 128 and N = 512, respectively, for the NIG and CGMY
test cases. Exponential convergence is observed for these Lévy processes and,
as a result, geometric Asian options can be priced within milli-seconds by the
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Convergence of Geometric Asian option under BS model

\og‘ U( error)
&

Figure 1: Convergence of geometric Asian options under the BS model with
M = 250, 5y = 100, K = 90.

NIG model
M N=64 N=128 N =192
19 abs.error  1.42e-04 2.81e-05  1.33e-08
CPU time  4.9e-04 7.7e-04 8.3e-04
50 abs.error  1.23e-04 3.07e-05  1.24e-08
CPU time 9.3e-04 1.4e-03 2.1e-03
950 abs.error  1.13e-04 3.13e-05  2.11e-08
CPU time 3.1e-03 5.8e-03 8.2e-03
CGMY model
M N =256 N =512 N =1024
19 abs.error 2.1e-03  9.87e-06 6.27e-11
CPU time 2.7e-03 4.1e-03 9.9e-03
50 abs.error  1.20e-02  1.24e-05  6.71e-11
CPU time 1.2e-02 1.7e-02 4.3e-02
9250 abs.error  1.16e-02 3.65e-05  3.84e-11
CPU time 0.050 0.10 0.22

Table 1: Convergence of geometric Asian options for the NIG and CGMY test
cases with Sy = 100, K = 110.

ASCOS method. In a comparison with the results in [12], we found that our
timing results are approximately 100 times faster for the NIG test case and 20
times for the CGMY case.

Table 2 presents the convergence behavior when we approximate continuously—
monitored geometric Asian options (M = oo) by discretely—monitored geomet-
ric Asian options combined with the 4-point Richardson extrapolation (30).
Here d is as defined in (30), that is, discretely-monitored Asian options with
24 9d+1 9d+2 9d+3 yonitoring dates are used to approximate the continuously—
monitored Asian options. The reference values have been obtained by employing
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the ASCOS method with N = 4096, M = 512.

NIG CGMY
abs.error | CPU time | abs.error | CPU time
3.78e-04 0.0018 2.06e-04 0.0120
5.92e-05 0.0023 1.21e-04 0.0247
3.31e-05 0.0052 5.71e-05 0.0499

W N A

Table 2: Convergence of geometric Asian options for the NIG and CGMY cases
with Sy = 100, K = 110. For the NIG model we use N = 128, for the CGMY
model N = 512.

The discretely—monitored Asian prices with 4, 8, 16 and 32 monitoring
dates, i.e., d = 2 have converged to the continuously—monitored Asian price in
Table 2. We need approximately 2 and 25 milliseconds to get the continuously—
monitored Asian option prices for the NIG and CGMY test cases, respectively.
As compared to [12], we achieve a speedup of 20 for the NIG test and the CPU
time for the CGMY case is approximately one—third of that in [12].

5.2 Arithmetic Asian options

First, the error in an arithmetic Asian option under the Black—Scholes model
with 50 monitoring dates is presented in Figure 1, where at the y—axis we have
the logarithm (basis 10) of the absolute error in the Asian option price and at
the z—axis the value of index d, where N = 64d and n, = 100d. The reference
value is obtained by the ASCOS method with N = 4096 (the resulting values
are as in [12]). Exponential convergence in the arithmetic Asian price with
respect to N and n,, increasing simultaneously, is observed in Figure 2.

Convergence of Arithmetic Asian options under BS model

\ogm(error)

4 ) 6
d, with N=64d, ﬂq: 100d

Figure 2: Convergence of arithmetic Asian options for the BS test case with
M = 50,5y =100, K = 90.

Table 3 then presents the convergence and the CPU time of an arithmetic
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Asian option for the NIG test case with M = 12 and M = 50 (monthly and
weekly-monitored, respectively). Reference values are again obtained by setting
N = 4096. Exponential convergence can be seen in Table 3, as the error
decreases exponentially, when n, and N increase linearly. The Asian options
for M = 50 converge up to basis point precision with N = 128 and n, = 200,
where the CPU time is approximately 2.5 seconds. Higher order accuracy can
be achieved as N and n, increase, but the CPU time grows with respect to
ngN 2,

The speed of convergence is not influenced significantly by an increase in
the number of monitoring dates, M, neither is the CPU time.

N =128 N =256 N =384

M | time and error ng =200 ng =400 n, — 600

12 abs.error 2.0e-3 1.71e-4 5.16e-6
CPU time 2.41 15.13 46.09

50 abs.error 2.26e-4 6.94e-5 2.17e-6
CPU time 2.43 15.16 46.22

Table 3: Convergence of arithmetic Asian options for the NIG test case with
So = 100, K = 110.

Furthermore, the convergence remains robust when the number of monitor-
ing dates increases, which gave rise to convergence difficulties for other pricing
methods. A larger number of Fourier cosine terms is required (thus resulting
in a larger CPU time) as compared to monthly or weekly-monitored examples.
This can be seen in Table 4, where arithmetic Asian options for the NIG and
CGMY test cases, with 250 monitoring dates (daily-monitored), are presented.
With N = 256,n, = 400 and N = 320,n, = 500, we find converged option
prices (up to basis point precision) for the NIG and CGMY cases, respectively.

Due to the exponential convergence rate of the Clenshaw—Curtis quadra-
ture and the Fourier cosine expansion, the number of terms needed remains lim-
ited, which influences the CPU time positively. In [12] an accuracy of O(1073)
was reached in approximately 210 seconds for the same CGMY test case with
M = 250. The ASCOS method reaches O(10~%) accuracy in approximately 27
seconds.

A comparison of the CPU times in Tables 3 and 4 shows that the ASCOS
CPU time does not increase from M = 12 to M = 250, because the quadrature
rule, which dominates the CPU time, is used only once. This is especially
beneficial for pricing continuously-monitored Asian options.

In Table 5 we finally compute continuously—monitored arithmetic Asian
call options under the NIG model with Sy = 100 and different strikes, by the
repeated Richardson extrapolation based on discretely-monitored arithmetic
Asian call options (30). The option prices converge somewhat slower with
respect to parameter d, as compared to the geometric Asian case. However, the
CPU time of the ASCOS method does not increase when d increases, so that
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time and error N =128 N =256 N =512
NIG ng =200 ng =400 ng = 800
abs.error 7.8e-3 9.33e-5 6.94e-7
CPU time 2.42 15.23 104.28
time and error N =256 N =320 N =38
COMY ng =400 ng =500 ng =600
abs.error 1.6e-3 4.69e-4 8.96e-5
CPU time 14.92 26.61 44.41

Table 4: Convergence of arithmetic Asian options for the NIG and CGMY test
cases with Sop = 100, K = 110, M = 250.

we can use a larger value for d, for instance d = 6 (M = 64, 128,256, 512) and
obtain accurate results.

d K =90 K =100
Option value | CPU time | Option value | CPU time
4 12.6748 60.05 5.1191 60.01
5 12.6744 60.13 5.1186 59.94
6 12.6743 60.35 5.1185 60.17

Table 5: Convergence of arithmetic Asian options under the NIG model with
So = 100, N = 256, n, = 400.

6 Conclusions

In this article, we proposed an efficient pricing method for European-style Asian
options, the ASCOS method, based on Fourier cosine expansions and Clenshaw—
Curtis quadrature. The method performs well for different Lévy processes,
different parameter values and different numbers of Asian option monitoring
dates. The method is accompanied by a detailed error analysis, giving evidence
for an exponential convergence rate for geometric and arithmetic Asian options.
Due to the exponential convergence, our pricing method is highly efficient and
significant speedup has been achieved compared to competitor pricing methods.

The ASCOS method performs in a robust manner when the number of mon-
itoring dates increases, and, interestingly, the CPU time does not increase sig-
nificantly. This makes the pricing method especially advantageous for weekly-
and even daily-monitored arithmetic Asian options, as well as for continuously—
monitored Asian options whose value is approximated by discretely—-monitored
Asian options in combination with Richardson extrapolation.

Acknowledgment The authors wish to thank prof Piet Hemker for fruitful
discussions.
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A Beta function formation

After some manipulations with symbolic software, we find that integral (26)
can be written in a form with incomplete Beta functions, as follows

b PR lm
/(e$+1) b-a cos((x — a) )dx
a b—a
1 _latm) |, 2ial il ik p Ul ik
- = (=, L1 i
5¢ 1 (ed (=Bt =2 1+ =)+ (=e’, == 1+ )
2n il ik p 0l ik
—B(—e® =1+ — PR R

where i = /-1, d = b_T“ and ((z,y, z) is the incomplete Beta function

5('/1;73/72) = /O\I ty_l(l - t)z_ldt'

The computation of the incomplete Beta functions in (60) is involved with these
complex-valued arguments.

B Lévy processes and characteristic functions

One problem with the GBM model is that it is not able to reproduce the
volatility skew or smile present in most financial markets. Over the past few
years it has been shown that several exponential Lévy models are, at least to
some extent, able to reproduce the skew or smile. One particular model we will
consider is the CGMY model [5]. The underlying Lévy process is characterized
by the triple (u, o, vcamy), where the Lévy density is specified as:

exp (=Glz|) .
veany () =\ exp (“Mal) (o1
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with parameters C,G, M and Y. Conveniently, the characteristic function of
the log-asset price can be found in closed-form as:

d(u;x0) = exp (iu(mo + put) — %u202t> eoamy (u, t), (62)

with o = log(Sp) and
poamy (u, t) = exp ((CT (=Y ) (M — iu)Y — MY + (G +iu)* — GY)),

where I'(x) is the gamma function.
When C = 0 the model reduces to the GBM model.

The Normal Inverse Gaussian (NIG) process [1] is a variance-mean mixture
of a Gaussian distribution with an inverse Gaussian. The pure jump character-
istic function of the NIG model reads

NG (u, t) = exp <t6 <\/a2 - 32— \/a2 —(B+ zu)2>> ,

with @, > 0 and 8 € (—a,a — 1). The a-parameter controls the steepness
of the density; § is a skewness parameter: G > 0 implies a density skew to
the right, # < 0 a density skew to the left, and § = 0 implies the density
is symmetric around 0. ¢ is a scale parameter in the sense that the rescaled
parameters o — «d and 8 — (6 are invariant under location-scale changes of x.
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