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Matrix multiplication

ail ai2 dl13 bll b12 b13 C11 C12 C13
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Multiplying n x n matrices takes O(n®) operations (n® multiplications and n® — n? additions).



Matrix multiplication

ail ai2 dl13 bll b12 b13 C11 C12 C13
a1 ax a3 || b1 b b3 | =] 1 2 3 Cik = E ajjbjk
a31 a3 ass bz1 b3 b33 €31 €32 (33 J

Multiplying n x n matrices takes O(n®) operations (n® multiplications and n® — n? additions).

Can we do better?

Exponent of matrix multiplication

w = inf{a : We can multiply n x n matrices in time O(n®)}

We know that 2 < w < 3.




Strassen’s bilinear algorithm (1969)
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Strassen’s bilinear algorithm (1969)

My
Mo
Ms
My
Ms
Me
M7

[An A12] ' [511
Bx

Axi Ax

(A11 + A22) - (B11 + Bx)
(A21 + A22) - Bia
(A11 + A12) - B2
A1 - (Bi2 — B2)
A2 - (Bo1 — Bi1)
(A21 — A1) - (Bu1 + Br2)
(A12 — Ax) - (B21 + B22)

512} _ [Cn
Boo (@31

My — Mz + Ms + My
M3 + My
Ms + Ms
M — My + My 4+ Mg




{All A12] ' [311
A1 Ax| |Ba
M; = (A1 + Ax)- (B + B2)
My = (A2 + Ax)- B
Ms = (A1 + A12) - B2
My = A1 - (B2 — Bx)
Ms = Az - (B2 — Bi1)
Ms = (A2 — A1) (B + Br2)
M7 = (A2 — Ax)- (B2 + B22)

B12} _ [Cll
B> (@31

C12:|
(o

= My + My — Ms + My
— Myt My
= My + My
= M; — My + M3 + Mg

Recursive application to 2" x 2" matrices

Number of operations f(n) satisfies f(n+ 1) < 7f(n) + 18 - 4". Hence, f(n) = O(7").




{All A12] ' [311 B12} _ [Cll C12:|

A21 Ax| |Ba Bz Ca1 (2
My = (A1 + A2) - (Bi + Bx)
My = (A2 + Ax)- B
Ms = (A1 + A1) Bxn Cii = Mi+My—Ms+ M;
My = A1 - (B2 — Bx) G2 = M3+ Ms
Ms = A (B2 — B11) C1 = My+ My
Me = (A2x — A1) (B + Bi2) G = My — M, + Mz + Mg
M7 = (A2 — Ax)- (B2 + B22)

Recursive application to 2" x 2" matrices
Number of operations f(n) satisfies f(n+ 1) < 7f(n) + 18 - 4". Hence, f(n) = O(7").
—  We can multiply N x N matrices in time O(N'°827) = O(N?81).
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Applications

@ Algorithms in linear algebra. E.g. matrix inversion, determinant have complexity O(n®).
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@ Linear programming.
@ Algorithms on graphs. E.g. all-pair shortest path, graph matching.
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Applications

@ Algorithms in linear algebra. E.g. matrix inversion, determinant have complexity O(n®).
@ Linear programming.

@ Algorithms on graphs. E.g. all-pair shortest path, graph matching.

Puzzle: How to find a triangle in a graph? [ Matousek, 33 miniatures |

Let A be the n x n adjacency matrix.

Find i,j s.t. Aj # 0 and (A%); # 0.

Takes only O(n*) time.




Tensor / Trilinear form

T = Z Z Z CijkXiYjZk

icl jed kek

@ The index sets /, J, K are finite.
@ The ¢y are coefficients in field IF.

@ The X, yj, zx are variables.




Tensor / Trilinear form

T = Z Z Z CijkXiYjZk

icl jed kek

@ The index sets /, J, K are finite.
@ The cjj are coefficients in field FF.

@ The X, yj, zx are variables.

Tensor rank
We say that T # 0 has rank 1 if

T =0 aix) (D By) - (D mezw)-
i J k

That is: cjx = aifjyk for all i,j, k.

In general: R(T) is minimum r in a decomposition T = T; + --- + T, of rank 1 tensors.




Direct sum

Given

T= Z Z Z CijkXiYjZk> T = Z Z Z Citjt k! X1 Yj1 Zk!

iel jed keK el j'lel) k'eK’
Assume INI'=JNJ=KnNnK' =0.
The direct sum is T 4+ T’ viewed with variable sets /U I’, JU J', KU K'.
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Direct sum

Given

T= Z Z Z CijkXiYjZk> T = Z Z Z Citjt k! X1 Yj1 Zk!

iel jed keK el j'lel) k'eK’
Assume INI'=JNJ=KnNnK' =0.
The direct sum is T 4+ T’ viewed with variable sets /U I’, JU J', KU K'.

Compare to matrices: A® B = {’3 g]

o R(T® T') < R(T)+R(T')  (sub additive)




Kronecker product

Given

53) ) JLETENEE () B D) BRI

iel jeJ keK irel j'el) k'eK’

the Kronecker product is

!
TRT = Z Z Z Cijk Cit j' k' Xiit Yjj! Zkk'

(i,i")elxI" (jj)EIX I (kK VEK XK'

e R(T® T < R(T)R(T") (sub multiplicative)




MM tensors

Define

n

£ m
(¢, m,n) = ZZ XijYik Zki -

i=1 j=1 k=1

This tensor encodes multiplication of £ x m and m x n matrices.
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MM tensors

Define

n

£ m
(¢, m,n) = ZZ XijYik Zki -

i=1 j=1 k=1

This tensor encodes multiplication of £ x m and m x n matrices.
@ Suppose AB = C.
@ Substitute x;; = Aj; and yj = Bj.

@ Then Cj is the coefficient of z;.

Lemma
o ({,m,n)y@ (',m' n") =l mm nn')
e R({(¢,m,n)) = R({(n, ¢, m))
So R({(¢mn, ¢mn,¢mn)) < R((¢, m, n))3




(2,2,2)

So R((2,2,2)) < 7.

X11Y11211 + X11Y12221 + X12Y21211 + X12Y22221 +

X21Y11Z12 + X21Y12222 + X22Y212Z12 + X22Y22202

(x11 + x22)

X1

X22
(x21 + x22)
(x12 + x11)
(x12 — x22)
(x01 — x11)

(y11 + y22)

()/12 - Y22)
(yo1 — y11)

yi1
Y22

(yo1 + y22)
(y12 + y11)

(z11 + 222)
(221 + 222)
(z12 + z11)
(z12 — 222)
(221 — z11)
m

z2



Theorem

e Suppose that R({n, n, n)

)<r. Thenn*<r.
e Suppose that R((¢, m,n)) < r.

Then (¢mn)~ < r3.




Theorem

e Suppose that R({n, n, n)

)<r. Thenn*<r.
e Suppose that R((¢, m,n)) < r.

Then (¢mn)~ < r3.
Examples

o (Strassen) R((2,2,2)) <T. So w < log(7)/ log(2) < 2.81




Theorem

e Suppose that R((n,
e Suppose that R((¢, m

) 1)
1)

Then n® < r.

<r
<r. Then (¢mn)* < r3.

Examples

o (Strassen) R((2,2,2)) <7 So w < log(7)/ log(2) < 2.81
o (Pan) R({70,70,70)) < 143640.  So w < log(143640)/ log(70) < 2.796.
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Theorem

e Suppose that R((n,n,n)) <r. Thenn“ <r
o Suppose that R(({,m,n)) < r. Then ({mn)~ < r3.
Examples
o (Strassen) R((2,2,2)) <T. So w < log(7)/ log(2) < 2.81

e (Pan) R((70,70,70)) < 143640.  So w < log(143640)/ log(70) < 2.796.

We know that R((3,3,3)) € {19, 20, 21, 22, 23}.
Rank 19 would give w < 2.681.

Testing if R((3,3,3)) < 19 can in principle be done by solving a non-convex opt. problem in
19-3.9 =513 variables.



Finding rank decomposition

Suppose T = > 7 _; CiikXiyjzk. To test if

r

¢ ‘
T=3 o)X 8% O kz)

=1 i J k

for some numbers ag), B}g),fy,(f), solve:
. () al0) (¢
min || [ — > af”59]]|
By m —

For instance, using Alternate Least Squares.



Bini and border rank

T = x11y11211 + X11¥12221 + X12¥21211 + X12¥22221 + X21¥11Z12 + X21Y12222

This is (2,2,2) where we set xo2 = 0.



Bini and border rank

T = X11Y11211 + X11Y12201 + X12Y21Z11 + X12Y222201 + X21Y11212 + X21Y12222

Bini et al. found:

(x12 + Ax11) - (y12 + Ay22) - 221
+ (xe1 + A1) - yin - (211 + Az12)
— x12-y12 - (211 + 221 + Az22) + O(\)
— o1 (Y11 + y12 + Ayo1) - zi1
+  (x12 +x21) - (y12 + Ay21) - (211 + Az22)

>



Bini and border rank

T = x11y11211 + X11y12221 + X12¥21211 + X12¥22221 + X21¥11Z12 + X21Y12222

Bini et al. found:

(x12 + Axa1) - (ya2 + Ay22) - 221
+  (xo1 + Ax11) - y11 - (211 + Az12)
— xi2 - y12 (211 + za1 + Az2) + O(\)
— xo1 - (11 +y12 + Aya1) - zi
+ (a2 +x21) - (yi2 + Ayo1) - (211 + Az22)

>l



Bini and border rank

T = X11Y11211 + X11Y12221 + X12¥21211 + X12¥22221 + X21Y11212 + X21Y12222

Bini et al. found:

(x12 + Ax11) - (yi2 + Ay22) - 221
+  (x21 + Ax11) - y11 - (211 + Az12)
— x12-y12 - (211 + 221 + Az22) + 0(\)
— xo1 - (y11 +y12 + A\y21) - znn
+  (x12 4+ x21) - (y12 + Ayo1) - (z11 + Az22)

\'
Il
>

Border rank
Border rank R(T) is at most 5.
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Bini and border rank

T = x11y11211 + X11Y12221 + X12¥21211 + X12¥22221 + X21¥11Z12 + X21Y12222

!
T = X03y312Z12 + X03Y32202 + X02)21Z12 + X02¥22222 + X13Y31211 + X13Y32221

T’ is obtained from T by:
for each xjjyjkzxi change i <+ 3 — i and j <+ 4 — .



Bini and border rank

T = x11y11211 + X11Y12221 + X12¥21211 + X12¥22221 + X21¥11Z12 + X21Y12222

T = xo3y31212 + X03Y32220 + X20Y21212 + X02Y22200 + X13Y31211 + X13Y32221
T’ is obtained from T by:
for each xjjyjkzxi change i <+ 3 — i and j <+ 4 — .
e 2,3,2)=T+T'
e R(T")=R(T) <5.




Bini and border rank

T = x11y11211 + X11Y12221 + X12¥21211 + X12¥22221 + X21¥11Z12 + X21Y12222

T = xo3y31212 + X03Y32220 + X20Y21212 + X02Y22200 + X13Y31211 + X13Y32221
T’ is obtained from T by:
for each xjjyjkzxi change i <+ 3 — i and j <+ 4 — .
e 2,3,2)=T+T'
e R(T")=R(T) <5.

Conclusion
Since R((2,3,2)) < 10 we have w < 3log(10)/log(2-3-2) < 2.78.
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Schénhage's direct sum theorem

\ Observation 1

A

Border rank can be strictly subadditive !

For matrices: rank ['3 g] =rank A +rank B

Border rank is not additive
o R((3,1,3)) =9, R((1,4,1))=4
o R((3,1,3) @ (1,4,1)) < 10

Shitov [2019] found example with R(S @ T) < R(S) + R(T), disproving Strassen’s conjecture.



Schénhage's direct sum theorem

Observation 2
Direct sums of equal MM-tensors simulate larger MM-tensors.




Schénhage's direct sum theorem

Observation 2

Direct sums of equal MM-tensors simulate larger MM-tensors.

Suppose T =7 ® (n, n, n) (direct sum of 7 copies of (n, n, n)).

Then T can ‘simulate’ (2,2,2) ® (n, n, n) = (2n,2n,2n).



Schénhage's direct sum theorem

Observation 2

Direct sums of equal MM-tensors simulate larger MM-tensors.

7 ® (n,n,n) (direct sum of 7 copies of (n, n, n)).
Then T can ‘simulate’ (2,2,2) ® (n,n,n) = (2n,2n,2n).

In general, if t > k“, then t ® (n, n, n) can ‘simulate’ (kn, kn, kn).



Schénhage's direct sum theorem

Theorem
Let T be a tensor such that

e R(T)<r

e T ‘contains’ direct sum ({1, my,n1) @ -+ @& (€¢, Mg, ny)
Then (L1mym)“/3 + -+ (Lemeng)*/3 < r.

Proof.

High powers of T contain many copies of the same matrix
multiplication.

R({3,1,3) ®(1,4,1)) <10
So 9v/3 + 4«/3 < 10. It follows that w < 2.594.
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Coppersmith-Winograd tensor

Fix positive integer q. Coppersmith-Winigrad tensor:

q q q
(W = x0¥0Zg+1 + X0¥q+120 + Xq+1Y020 + Z X0Yizi + Z XiYoZi + ZXIYIZO
i=1 i=1 i=1



Coppersmith-Winograd tensor

Fix positive integer q. Coppersmith-Winigrad tensor:

q q q
CWq = X0¥0Zg 11 + X0Yq 1120 + Xq11Y0Z0 + Y _ X0¥iZi + Y XiYoZi + D _ Xi¥iZo
i=1 i=1 i=1

e CW, is sum of 6 MM-tensors. For example:
X0Y0Zg+1 = (1,1,1) (multiply 1 x 1 and 1 x 1 ‘matrices’)
S xivozi = (q,1,q) (multiply g x 1 and 1 x g matrices)

@ But not a direct sum.



Coppersmith-Winograd tensor

q
CWq = X0¥0Zg+1 + X0Yq+120 + Xg+1Y0Z0 + Z(XO)/iZi + XiyoZi + Xiyizo)
i=1

Partition variables

Xo={x0}, X1 = {x1,...,Xq}, X2 = {xg+1}
Yo={»w} Yi=1{n,.-.,yq}, Yo ={ygs1} LL
2o ={z},Z1 ={z1,...,2q}, 2o = {zg41}

Denote by Tjj restriction of CW, to X, Y;, Z.
Then Tjj is a MM-tensor if i + j 4+ k = 2 and zero otherwise.




Laser method

q

CWy = Xoy02g+1 + X0Yq+120 + Xg+1Y020 + Z(XOYIZI + Xiyozj + Xiyizo)
i=1

Can show: R(CW,) < q+2.
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@ T consists of 37 x 3" x 3" blocks. Each block is a MM-tensor or zero.




Laser method

q
CWy = Xoy02g+1 + X0Yq+120 + Xg+1Y020 + Z(Xoyfzi + Xiyozj + Xiyizo)
i=1

Can show: R(CWg) < q+2.

Laser method
Basic tensor: CW,. Consider T = (CWg)®" for large n.
o R(T)<(g+2)"is ‘small'.
@ T consists of 3" x 3" x 3" blocks. Each block is a MM-tensor or zero.

@ Can find a large direct sum of MM-tensors inside
(Uses the ‘course structure’ and Salem-Spencer sets).




Laser method

q
CWy = Xoy02g+1 + X0Yq+120 + Xg+1Y020 + Z(XOYI'ZI + Xiyozj + Xiyizo)
i=1

Can show: R(CWg) < q+2.

Laser method
Basic tensor: CW,. Consider T = (CWg)®" for large n.
o R(T)<(g+2)"is ‘small'.
@ T consists of 3" x 3" x 3" blocks. Each block is a MM-tensor or zero.

@ Can find a large direct sum of MM-tensors inside
(Uses the ‘course structure’ and Salem-Spencer sets).

@ By Schonhage's theorem we get bound on w.
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Could it be that w = 27

Several ideas and conjectures for reaching w = 2:

@ CW equivoluminous subsets conjecture
(would disprove Erdés-Szemeredi sunflower conjecture and give large cap sets).

@ Existence of large multicoloured sum-free sets
(Context of Cohn-Umans group-algebra approach)

@ Better analysis of (powers of) CW,. Perhaps different basic tensor?



Cap set problem & Slice rank
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Pellegrino cap (1971)

Cap set problem
Cap set:

subset A C F3 that has no three points on a line.

Cap set Problem:

is there a ¢ < 3 such that every cap set has size O(c

n)_
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Pellegrino cap (1971)

EE
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Cap set problem

Cap set:
subset A C F3 that has no three points on a line.
Cap set Problem:
is there a ¢ < 3 such that every cap set has size O(c").

Theorem (Ellenberg-G. 2016)
Cap sets in F§ have size O(2.756").
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Several ideas and conjectures for reaching w = 2:

@ CW equivoluminous subsets conjecture
(would disprove Erdés-Szemeredi sunflower conjecture and give large cap sets).

@ Existence of large multicoloured sum-free sets
(Context of Cohn-Umans group-algebra approach)

@ Better analysis of (powers of) CW,. Perhaps different basic tensor?
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Could it be that w = 27

Several ideas and conjectures for reaching w = 2:

e CW equivoluminous subsets conjecture FALSE
(would disprove Erdés-Szemeredi sunflower conjecture and give large cap sets).

e Existence of large multicoloured sum-free sets FALSE (Blasiak et al)
(Context of Cohn-Umans group-algebra approach)

@ Better analysis of (powers of) CW,. Perhaps different basic tensor?
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The proof of Cap set Theorem was reformulated by Tao in terms of slice rank.
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Slice rank

The proof of Cap set Theorem was reformulated by Tao in terms of slice rank.

Tensor T has slice rank 1 if of the form:

O aixi)- O Biyiz) or (O _ayy)- O Buxiz) or (O awz) - (O Bixiyj)
; i ) i p %,

Slice rank satisfies:
e SR({¢,m,n)) = min({m,£n, mn).
o Can upper bound SR(CW,*") by a counting argument.
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Slice rank

The proof of Cap set Theorem was reformulated by Tao in terms of slice rank.

Tensor T has slice rank 1 if of the form:

O aixi)- O Biyiz) or (O _ayy)- O Buxiz) or (O awz) - (O Bixiyj)
i J,k Jj ik k ij

Slice rank satisfies:

e SR({¢,m,n)) = min({m,£n, mn).

o Can upper bound SR(CW,*") by a counting argument.

@ Can lower bound slice rank of direct sums of MM-tensors.
Barriers for methods

In recent years: various barriers to fast matrix multiplication.

Using slice rank Alman and Alman-Vassilevska showed:
Current methods applied to CW, cannot go beyond w < 2.16805.
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Thanks!
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