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Abstract

In this report, the design of a freeze plug which is one of the safety component in genera-
tion IV Molten Salt Reactor (MSR), is studied. From the experience of Fukushima-Daiichi
nuclear power plant disaster, it is preferred to remove the decay heat from reactor core,
passively i.e without mechanical or electrical assistance. This decay heat calculation is
adopted from [16] but rest of the engineering aspects of the freeze plug with respect to
the current MSR design is unknown. Further the solid properties of salt LiF − ThF4

(78% − 22%) used in the MSR, is unknown. Hence the reactor core with a freeze plug
system is studied using water/ice data. A simplified model with a rectangular cross section
of freeze plug is adopted to study the heat transfer from reactor core to plug. The math-
ematical model initially formulated with decay heat comprising of a moving interface and
time dependant boundary condition is too complex to establish preliminary understand-
ing. This is further simplified to a constant temperature boundary condition with moving
interface and conduction as dominant heat transfer for which the analytical solution is
available. These analytical results are compared with experiment performed by Ramazan
Kahraman et al. [9]. The results show very large melting times in absence of heat source.
Also, interface position curve for pure conduction model deviates from the experimental
results in which convective effects are also dominant. Further, sensitivity analysis is per-
formed which shows strong dependence of interface position on thermal conductivity and
latent heat of fusion.
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Chapter 1

Introduction

In 2011, the Fukushima-Daiichi nuclear power plant suffered from the natural disaster of
the great-east Japan Earthquake and subsequently followed by tsunami. Although the
reactors was designed to be protected against emergency situations, based on previous
scientific data available [15], the natural disaster still managed to inflict a significant
damage to the power plant.

After the earthquake, due to the loss of external power source, the reactors units
were shutdown. Despite shutdown, the reactor cores were still be producing about a few
percent of their nominal thermal power, from fission product decay [18]. The external
cooling circuit which includes the cooling pumps and the heat exchanger, dumped the
reactor heat into the sea. This system was running on back-up generators to remove the
residual heat from the core during the external power loss. Earthquake was followed by
tsunami, which eventually submerged the back-up power system, leading to the failure of
the auxiliary cooling system. Ultimately, it isolated the reactor cores from their heat sink,
causing the fuel to melt.

This incident has been translated into an important safety requirement for the future
nuclear reactor system. The system has to be passive and effectively remove the decay heat
during electrical/mechanical power system failure. The design evaluated in the generation
IV Molten Salt Reactor (MSR) for this purpose, is a freeze plug. This idea was carried
forward from MSR experiments conducted by ORNL in 1960s because a proven and reliable
mechanical valve suitable for the application was unavailable during that time [3]. It will
placed in the pipe between the reactor core and the sub-critical drain tanks. It will melt
due the decay heat, consequently allowing the fuel to be drained in the sub-critical storage
tanks. This report studies the design of a freeze plug for the MSR.

1.1 Overview of Molten Salt Reactor

MSR are referred to a class of nuclear fission reactors in which fissile material is dissolved
in the molten salt. This fuel is typically fissile material such as UF4, PuF3, minor actinides
fluorides and/or fertile elements as ThF4 depending on the desired application (breeder
reactor, actinides burner, etc) dissolved in molten fluoride salt such as LiF , BeF2 etc
[17].

The physical properties of the salt also allow MSRs to run at high temperature which
range from 700◦C to 750◦C) [16] and operate at near atmospheric pressure. MSRs have
large negative temperature feedback coefficients. Temperature feedback is the change in
the reactivity of the core with the change in temperature. Since the reaction coefficient is
negative it allows the reactor to be shut down due to expansion of the fuel salt when tem-
perature increases beyond design limits. These salts are, also relatively inert substances
with no rapid reaction with the air or water. Hence there is neither fire nor explosion
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hazard for this fuel.
In MSR, fission reactions occur within the mixture of molten salt and liquid fuel. This

fuel can be transported between the reactor core and external heat exchanger with the
help of a pump and piping system. The heat produced during the reaction is transferred
to a secondary clean liquid-salt coolant from the primary molten salt. This configuration
is depicted in the figure(1.1). It also consists of a circuit which connects the core volume
to the sub-critical storage tanks through a freeze plug. A freeze plug acts like a valve and
is a compound of solid state of the fuel salt. In normal operating condition, the solid plug
will be cooled with the help of external fan(s) (this is not shown in the figure). During
the pump failure (or any other critical scenario in which reactor needs to be stopped), the
solid plug begins to melt due the decay heat from the reactor core. After the complete
melting of the solid salt, it is possible to drain the fuel salt through gravity.

Figure 1.1: A schematic representation of typical MSR design (Generation IV Forum in
2002).

1.2 Design Requirements of the Plug

The reactor model behaviour adopted from [16] is used for the report. Based on simulation,
it was predicted that decay heat will be initially 4.3% of the nominal power of the reactor.
Since this decay heat is not removed, the reactor core temperature will increase with
time. The temperature increase due to the decay heat is represented in shown in fig
(1.2). Although the salt boiling point is 2028 K, the damage to reactor system occurs at
a earlier temperature of 1473 K which indicates the melting temperature of steel. Hence
the safety system is required to drain the fuel before this point is reached. Based on the
results, the damage point is reached in approximately 11 minutes, while the boiling point
is reached after 30 minutes. Within these 11 minutes, the solid salt has to be melted with
the available decay heat and all the molten salt has to be drained into the sub critical
tank. Since it does not rely on external electrical or mechanical source , the system is
called passive Decay Heat Removal(DHR).

6



Figure 1.2: Pdecay and temperature distribution for the reactor. Adopted from [16]

The following parameters are evaluated as a part of the design of freeze plug:

i Time taken for the salt to melt (tm);

ii thickness of the salt (δ) ;

iii diameter of the tube (D) ;

iv final flow rate (Φv) of the salt to the subcritical drain tanks.

Also, during the normal operating condition, it is required that the plug is fixed despite
the weight of the liquid volume above. This requirement will also govern the parameters
like thickness, cross-sectional area of the plug and geometry of the pipe. The ultimate aim
of the design of freeze plug is to incorporate both mechanical and thermal requirements,
but this report is confined only to study the heat transfer between the core and the freeze
plug.
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Chapter 2

Modelling

2.1 Formulation of the problem

A possible model of a simple rectangular freeze plug is shown in figure(2.1a) to understand
the heat transfer phenomena from the reactor core to the plug. The plug should be placed
as close to the core as possible in order to extract the maximum decay heat. In figure
(2.1b) x < 0 represent the liquid fuel salt region from the core while 0 < x 6 L is the solid
plug region. At time (t=0), the initial conditions for the molten fuel salt is temperature
(T1(t) = 973 K) which is equal to the reactor temperature. The freeze plug, in solid state,
is maintained at temperature T2 = 723K. Also, (T1 > Tm > T2), where (Tm = 858K) is
the melting temperature. The problem is represented in terms of 1-D heat transfer model.

The phase change process is represented in fig(2.1b) for t > 0. In this figure, for
any t > 0, an amount δ(t) of salt has already melted. The position of the interface
between solid and liquid is identified by the layer with temperature Tm. Thus the liquid
temperature decreases from T1 to Tm while the solid temperature increases from T2 to Tm.
An expected temperature profile is drawn for the process.

(a) Reactor Core with the Plug (b) Freeeze plug as the control volume

Figure 2.1: The process of phase change is represented by line diagram in the figure (2.1b).
The vertical axis represents the temperature while the horizontal axis represents the length
of the plug. At any time t > 0 i.e. after the plug has started melting, the interface has
moved up to a distance δ(t) from the initial position x=0.
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The process is formulated according to following assumptions:

i Since the problem is represented in 1D, the effects from wall boundaries is neglected.
It is also assumed that the plug is uniformly heated i.e melting layer can be repre-
sented by a vertical line as shown in fig(2.1b).

ii During the normal operating condition, it is required that plug should be externally
cooled to be maintained at T2. Hence it would be a good approximation to consider
its surrounding to be in thermal equilibrium with the plug. Thus, at x=l there would
be no temperature exchange with the environment. Therefore, a constant flux can
be applied at the boundary position.

iii It is expected that the freeze plug will be a solidified compound of LiF − ThF4

which is the reactor fuel itself. Due to the same fluid and solid composition, it is
assumed that the melted liquid from the freeze plug gets instantaneously mixed with
the reactor fluid.

iv In order to identify the solid boundary (freeze plug control volume) it is assumed that
it will be represented by the interface T=Tm. Also the energy balance (exchange of
heat from liquid salt to freeze plug along with latent heat absorption) as a boundary
condition will be applied to this layer.

v The heat transfer from the molten salt to the freeze plug takes place by conduction.

Heat conduction can be mathematically represented as below:

∂T (x, t)

∂t
= α

∂2T (x, t)

∂x2
(2.1)

where α is the thermal diffusivity (m2/s) of a material.
Initial Condition:

T (x, 0) = T2 (2.2)

Boundary Condition:

T (x, t)|x=δ = Tm (2.3)

where δ(t) is the position of the interface. This is followed by insulated boundary
condition described by :

∂T (x, t)

∂x

∣∣∣∣
x=l

= 0 (2.4)

Energy Balance at this interface position (δ(t)):

φin − φout + Production− Consumption =
d

dt

This equation is a generic balance for any quantity. For example it can be applied
to mass, momentum or energy, any required parameter of interest. In this case, φin and
φout represent the energy inflow and energy outflow at the interface δ respectively. The
consumption term at δ is the latent heat of fusion (L), [J/kg] , which is utilized in melting
the solid. There is no accumulation of energy at the interface , hence the d/dt term is
zero. This is also represented in the figure (2.1b).

Pdecay(t)−
(
−λsA

∂T (x, t)

∂x

∣∣∣∣
x=δ

)
− Ldms

dt
= 0

9



The negative sign signifies decrease in the mass of solid (ms) with increasing time.
Substituting,

Ldms

dt
= L

d(ρsV )

dt
= L

d(ρsAδ)

dt
= LρsA

dδ

dt

LρsA
dδ

dt
= P (t)decay + λsA

∂T (x, t)

∂x

∣∣∣∣
x=δ

(2.5)

Here ρs and λs represent the density and thermal conductivity of the solid salt. These
properties (λ, ρ, Cp, L) for solid state of salt are unknown due to lack of experimental
results. The physics of heat transfer is thus, studied for the data of water-ice system.
Firstly, it is important to note that the salt is a binary system consisting of LiF − ThF4

[2] whereas water/ice is a pure compound.

2.1.1 Phase Change

For a chemical compound, a phase, is defined as a homogeneous, physically distinct, and
mechanically separable state of the material, for a given chemical composition. It is a
function of both pressure and temperature. The process of phase change behaviour is
different for pure crystalline substance and binary compounds. A binary system is a
homogeneous mixture of two different substances and their phase changes depends on the
solubility of these substance in each other in different phases.

• For a pure substance like water, phase change occurs at constant temperature. The
process is depicted in the curve(a) of fig(2.2). Initially heat is removed from a liquid
state which results in gradual temperature decrease, until the point B. It is at this
point at which first crystal are formed and further removal of heat, equivalent to
the latent heat, results in complete solidification (point C) at constant temperature.
This Latent heat required is equal to the enthalpy difference at points B and C.
Above this, one exception to phase change of ice to water is that the ρw > ρw, where
subscript i and w denote ice and water respectively. Hence phase change of water
will be associated by volume compression and can lead to convective effects

Figure 2.2: These are cooling curves represent solidification of pure substance (fig(a),
binary solid solution(fig (b) and binary eutectic solution (fig (c)). The changes in temper-
ature is observed when the energy is extracted from liquid state various compounds with
respect to time. Hence A to B represent liquid state, B to C represent phase change and
C to D represent solid. Adopted from [7]

• Further, the curve(b) shows the cooling process of binary system in which are both
the substance soluble in liquid as well as solid phases. This melting/freezing range for
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binary substance is attributed to the fact that there are changes in the composition
of the two substances in the solid and liquid phase.

• The curve(c) shows the cooling of two substance which are completely soluble in
liquid state while non-soluble in solid state. Crystallisation starts at point B , where
the component with excess composition starts to solidify. At C, the mixture has
reached a composition where both start solidifying simultaneously from the liquid
solution and temperature remains constant [7]. The fuel salt used in the MSR ,
would be expected to undergo either (b) or (c) type phase transition.

However it is still convenient to study the overall process using ice as plug because ther-
mal properties and behaviour of water/ice system well known. In case of other compounds,
it would be also required to study their reactions and affects in presence of radioactive
materials and with fuel salt. Also, various experiments and analytical/numerical models
about melting and freezing have been studied for water/ice extensively.

2.1.2 Stefan Number

Based on formulation of problem in section (2.1), heat transfer from the reactor core
to solid plug will experience three resistances: (i) due to thermal conductivity of the
liquid layer, (ii) at the interface and (iii) due to thermal conductivity of solid layer. An
important non-dimensional number which governs heat transfer during the phase change
at the interface, is the Stefan number. It is defined as follows :

Stefan No (Ste) =
sensible heat

Latent heat
=
Cp∆T

L
=
Cp(T − Tm)

L

where, Latent heat is the change in enthalpy during the phase change, Cp is the specific
heat capacity (J/kgK) of the material. Since the Stefan number is a ratio of sensible
heat(energy absorbed in the solid) to latent heat(absorbed at the interface), it must qualify
as the resistance in terms of energy exchange offered the interface of the phase change
medium. If Stefan numbers are low (< 0.2) [8], then enthalpy change at the interface is
significantly higher than the heat propagated through the medium. Hence it will require
longer time for the substance to melt.

The thermal properties of water and fuel salt are given in table (2.1). The temperature

Sr No Properties Water (@ 329.5 K) Salt(@ 973K)
1 Density ρ(kg/m3) 985.65 4124.87
2 Thermal Conductivity λ(Wm/K) 0.6458 1.0049
3 Heat Capacity Cp(J/KgK) 4186.025 1.049
4 thermal diffusivity α(m2/s) 1.565 ∗ 10−7 1.536 ∗ 10−7

5 latent heat of Fusion L (J/kg) 3.34 ∗ 105 1.71 ∗ 105

Table 2.1: Thermal properties of water and fuel salt
The properties of fuel and fertile salt are measured for the salt 78% LiF4- 22% ThF4 (ISTC Project
No.3749)[16]
The latent heat of fusion for the salt is calculated by weighted average ( based on molar mass percentage)
of individual components LiF4 and ThF4 [4]
The properties of water are interpolated from the reference temperature data points provided in[11]

of ice , for further discussion, is assumed to be −20◦C. In order to scale the temperature
of water Stefan number of salt and water are equated:

Stewater = Stesalt

∆Tw =
Lw
Ls

Cps
Cpw

∆Ts = 56.5
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Chapter 3

Analytical Solution

3.1 A simplified Model

The process described from equations (2.1) to (2.5) represent a time dependant boundary
condition. Further one of the boundary, the interface position δ(t), changes with time
itself. These conditions are to be further simplified to derive an analytical solution. It is
also represent in fig( 3.1)

Figure 3.1: Further simplification of the model incorporates assumption of constant tem-
perature of the liquid.

The following assumptions are made to solve the analytical solution:

i The properties of the solid phase and liquid phase are different, but they don’t
change with the operating temperature range for the freeze plug and over the time
of melting.

ii Heat is transferred only in x-direction via conduction. Conduction is indeed the
dominant heat transport mechanism. The assumption also implies that the density
changes due to phase change is neglected. For water, phase change will cause volume
compression ρw > ρi, but this should be negligible compared to the water already
present in the initial liquid layer above the plug (neglecting the convection effects).
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iii The temperature of the reactor is constant during the melting time of the freeze
plug. This is the most unrealistic assumption of the problem. This also means that
now the source of heat is simply the temperature difference between liquid in the
reactor and solid plug.

iv The melting point of the solid is considered to be constant. Based on the phase
change understanding, this is a valid assumption for water/ice system but not for
the fuel salt.

v Solid plug is a semi-infinite medium with x→∞, T(x,t) = T2. This is a conservative
approach, compared to the actual physical process, applied to derive the analytical
solution. This temperature would be expected to be higher than T2, since the solid
is of finite size and the penetration of heat into the solid plug would result in an
increase of temperature at x=l.

The equation governing this transport mechanism is given by equation (3.1) and (3.2)

∂T (x, t)

∂t
= αs

∂2T (x, t)

∂x2

∣∣∣∣
solid

(3.1)

∂T (x, t)

∂t
= αl

∂2T (x, t)

∂x2

∣∣∣∣
liquid

(3.2)

The boundary conditions for the this equation can be summed as below:
For liquid phase:

T (x, 0) = T1 (3.3)

For solid phase:

lim
x→∞

T (x, t) = T2 (3.4)

Common boundary conditions for liquid-solid interface (x = δ) is:

Ts = Tl = Tm (3.5)

The energy balance at this interface:

λl
∂T (x, t)s

∂x

∣∣∣∣
x=δ

+ Lρs
dδ

dt
= λs

∂T (x, t)l
∂x

∣∣∣∣
x=δ

(3.6)

Solving, the liquid phase temperature can derived to be :

Tliquid(x, t) = T1 +
(Tm − T1) erf

(
x

2
√
αlt

)
erf(p)

(3.7)

in eq. (3.7), erf is the error function which is defined as:

erf(z) =
2√
π

∫ z

0
e−x

2
dx

The equation for the solid phase is,

T (x, t)solid = T2 − (T2 − Tm)
erfc

(
x

2
√
αst

)
erfc

(
p
√

αl
αs

) (3.8)
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where erfc is the complementary error function. This is defined as:

erfc(z) = 1− erf(z)

The position of interface as a function of time is given by :

δ = 2p
√
αlt (3.9)

where p is a constant, independent of time. It is defined by the following transcendental
equation:

λl

(
Tm − T1√

παl

exp(−p2)
erf(p)

)
+ Lρs(p

√
αl) = λs

T2 − Tm√
παs

exp
(
−p2 αl

αs

)
erfc

(
p
√

αl
αs

)
 (3.10)

As seen from the equation, the thickness of ice melted depends on the constant p
and thermal diffusivity of the source(liquid in this case). Also p is further dependant on
thermal properties of solid and liquid, as well as the latent heat of fusion. The derivation
of equation (3.10) can be found in A.1

In order to develop further understanding, the previous equations can also be expressed
in terms of non dimensional parameters. The various non dimensional parameters involved
in the process are :

Stefan No (Ste) =
sensible heat

Latent heat
=
Cp∆T

L

Fourier No (Fo) =
process time

effective time for heat conduction
=
αt

l2

σ(dimensionless melt thickness) =
δ

l

Stefan number is specifically for phase change problems whereas Fourier Number (Fo)
is a common parameter to study transient heat conduction problems. The significance
of Stefan No is already explained in section(2.1). Fo is the ratio of square of two length
scales, thermal length (the length up to to which temperature changes are noticeable) to
the actual dimensions of the body.

Re-expressing the required equations [3.7, 3.8, 3.9] in non dimensional form , we have:

θl =
T(x,t) − T1
Tm − T1

=
erf
(

1
2
√
Fol

)
erf(p)

θs =
T(x,t) − T2
Tm − T2

=
erfc

(
1

2
√
Fos

)
erfc

(
p
√

αl
αs

)

−Stel
ρl
ρs

exp(−p2)
erf(p)

= −p
√
π + Stes

√
αs
αl

exp
(
−p2 αl

αs

)
erfc

(
p
√

αl
αs

)
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3.2 Reference Experiment

Various experiments were studied from literature and the paper published by Ramazan
Kahraman et al. [9] was found to be most effective to establish a correlation with the model
described earlier. In this paper, both numerical simulation and experiments are performed
for two-dimensional ice melting configuration in a rectangular enclosure. Initially water
is frozen in a box (0.2 x 0.2 x 0.005 m3) to -30 ◦C. It is then placed in an ice/water
bath as shown in figure. Although there is heat loss, in the paper this is mathematically
modelled as constant flux conditions at the boundaries at which ice bath and frozen ice
are in contact with each other. The top surface of ice is placed in thermal contact with
a copper box with hot water at 70 ◦C. This is maintained at constant temperature with
the help of circulating reservoir.

Figure 3.2: Setup of the experiment performed by Ramazan to validate the numerical
model presented in [9].

The results obtained from these experiments and numerical simulation will be com-
pared with the results obtained from the analytical model.

3.3 Sensitivity Analysis

Till now, the physical phenomena has been described and it has been translated into
a mathematical model. The physical parameters of importance are related to output
through mathematical equations. Sensitivity analysis enables to describe the change in
output parameter with respect to change in the input parameter [12]. In this case, one of
the output is the position of the interface which is described by

δ = 2p
√
αlt

Further dependence of p on other parameters is expressed as :

λl
Tm − T1√

παl

exp(−p2)
erf(p)

+ Lρs(p
√
αl) = λs

T2 − Tm√
παs

exp
(
−p2 αl

αs

)
erfc

(
p
√

αl
αs

)
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The only independent parameter in the physical model is time. Temperature and the
interface position δ is dependent variable. They depend on the material parameters, such
as α, λ, ρ, Cp, L etc. The dependent variable of interest here is the position of interface,
since total time to melt the plug and the final flow of liquid salt from the core to the drain
tank is to be calculated. Since the physical model is translated from material of LiF4-
ThF4 to water/ice, it is important to understand the change in interface position with
respect to changes in material properties.

The parameters chosen for sensitivity analysis are initial temperature of ice (T2), ther-
mal conductivity of water (λw), and Latent Heat(L). Initial temperature for the actual
plug design and water/ice model are unknown, hence it would be important to study
sensitivity of the interface position with respect to these parameter. Thermal conduc-
tivity is chosen because δ is directly dependent on λ and heat transport is dominated
by conduction. Finally latent heat is evaluated because its theoretical value for salt was
approximated to calculate the Stefan number. It also represent the energy required for
the phase change.

The equation of properties of liquid LiF − ThF4 as function of temperature are given
in [16]. These are described as below:

ρsalt = 4.094− 8.82 · 10−4 · (T )− 1008)

ρ is g/cm3

λsalt = 0.928 + 8.397 · 10−5 · T

λ is W/mK

Cpsalt = (−1.111 + 0.00278 · T ) · 103

Cp is in J/kgK. Here all the temperature T are substituted in kelvin. The temperature
dependence of properties of molten salt and water is plotted below 3.3 and 3.4. The
temperature range for salt is between 798 K to 1073 K while for water the temperature
range between 273 K to 373K. The properties of salt and water exhibit similarity in
nature i.e thermal conductivity increases with temperature while the density decreases
with increase in temperature. Based on this it possible to say that sensitivity behaviour
with respect to these parameter could be approximated.

(a) thermal conductivity of molten salt as a
function of temperature

(b) thermal conductivity of water as a func-
tion of temperature

Figure 3.3: Comparative study of thermal conductivity of water and salt for respective
temperature range.
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(a) thermal conductivity of molten salt as a
function of temperature

(b) thermal conductivity of water as a func-
tion of temperature

Figure 3.4: Comparative study of density of water and salt for respective temperature
range.

Approach for sensitivity analysis is as follows:

i Change the required parameter over a range of values. For example λ is varied over
the range of 0.2 to 1.5 W/mK

ii Calculate the constant p due change in parameter and determine the new interface
position.

iii Based on this ∆δ/∆λ is calculated which represent the sensitivity of δ with change
in λ. This slope is then plotted versus λ itself. This process is repeated for other
parameters.
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Chapter 4

Results

4.1 Results and Discussion

In order to solve the equation for p, a Matlab code (A.2) is used. The thermal properties of
ice are calculated according to the equation given in [6] while values for thermal properties
of water are extrapolated from the data given in [11]. In figure (4.2a) the ratio of δ/l is
plotted on the y-axis and simulation time is plotted on x-axis. In the figure (4.2b), reference
experiment graph of melting thickness vs time is plotted. For all the matlab calculations,
a finite length of 10 cms of salt is assumed. The temperature values used in the analytical
model Twater = 56.5◦C whereas in the experiment it was 70◦C as for Tice, in the analytical
model it is −20◦C whereas for experiment it is −30◦C. Hence, for the analytical solution,
the temperature values are modified to experiment values to have exact comparison.

(a) Analytical result (b) Reference result from [9]

Figure 4.1: Comparative study of temperature distribution of ice with respect to position
for different methods. Fig.(a)Simulation result for 1D analytical model computed from
Matlab Fig.(b) Comparison of numerical model at the midway along the width (t= 3000
secs) of the melting ice block from the reference paper.

Temperature Distribution: Figure(4.1a) shows the temperature distribution in the
ice obtained from the analytical solution while figure(4.1b) shows the temperature distri-
bution in the ice obtained from the experiment results. Both plots correspond to t=3000
secs. The temperature distribution profiles obtained from analytical and experimental re-
sults is indeed similar. Two distinct gradients can be seen in the graph due to variation in
conductivities of the water and ice. Both analytical and experimental results show steep
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temperature gradient for water layer. Also, the interface position is indeed identified by
the T=Tm. Since experiment model allows heat loss at x=0.2 end, the temperature at this
end rises whereas for analytical result ice is assumed to be semi infinite solid layer. This
also facilitates faster melting times in experimental model when compared to analytical.

In order to obtain a better correlation with above experimental results, one of the
boundary condition: T(x,t) = T2, x → ∞ has to replaced with a new boundary condition,
at x=L for a finite plug. For the plug, it is expressed in eq. 2.4. The solution for this type
of boundary condition can no longer be solved analytically. Temperature profile can be
assumed based on recommendations by [1] and [13] and solved approximately by integral
heat balance method. This temperature profile is a polynomial expression. Since the error
function provides good correlation with experimental results, it could be also possible to
obtain a polynomial fit through Taylor series expansion of the error function given below:

erf(z) =
2√
π

[
z − z3

3
+
z5

10
.....

]
Hence, a polynomial approximation of temperature in solid would be:

Tsolid(x, t) = a(t) + b(t)
2√
π

(x− δ(t)) + c(t)
2(x− δ(t))3

3
√
π

(4.1)

where l is the length of the plug. a(t), b(t), c(t) are the coefficients of polynomial which
should be found using the boundary conditions defined for the problem.

Melting Thickness: Figure (4.2a) shows the melting thickness vs time for analytical
model, while (4.2b) shows the results from experimental and numerical results. One of
the main drawback of neglecting an external heat source is evident in fig(4.2a). Melting
times are much higher than design requirement of 11 minutes.

(a) Analytical result (b) Reference result from [9]

Figure 4.2: Comparative study of melting thickness of ice with respect to time for different
methods. Figure(a) shows the simulation result for 1D analytical model computed from
matlab. Figure(b) shows the comparison of numerical model at the midway along the
width (x=10 cm) of the melting ice block from the reference paper.

As per analytical derivation, δ is F (
√
t) and hence the velocity of the interface is

F (1/
√
t). This implies that as time increase, the velocity of the interface decreases. As

explained in the section (2.1.2), the heat transfer experiences three different resistances.
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Resistance to conductive heat transfer can be calculated as :

Rheat =
l

λA

where l is the length dimension and A is the area of cross section.

Rw =
l(t)

λwA

In case of water/ice system λw = λi/3, hence the resistance R, F (1/λ), offered by water
layer is 3 times more than ice. As time increases, the water layer thickness increases, the
resistance offered by water layer increases and hence the melting process becomes slower
as time progress. This is also significant because only conduction is considered as primary
mechanism of heat transfer.

Further, the nature of the curve in analytical model is also quite different from the
experimental results. The melting thickness predicted by analytical model after t=1 hr is
0.0322m while in the experiment it is less than 0.03m. Moreover, the melting thickness at
the end of 4 hrs as predicted by analytical solution is 0.0628m whereas from the experimen-
tal results it is 0.08m. It seems that if two curves were to be plotted together, experimental
time of melting would be lower initially and then be higher than analytical model. Thus
additional natural heat transfer mechanism must be present in the experimental setup
which is the onset of natural convection due to temperature variation in the liquid layer
and volumetric compression caused by melting of ice. Clearly, in absence of external heat
source, conduction is not the only dominant phenomenon. Insulated boundary condition
also have effect on heat transfer inside the ice, hence the temperature distribution and
subsequently the melting times.

4.1.1 Sensitivity Analysis

Thermal Conductivity: In the figure 4.3, a two y-axis graph is plotted.The x-axis
represents the range of λ, while the right y-axis represents the interface position and the
left y axis represent the slope of this curve. As discussed, this slope represent the sensitivity
of δ with respect to λ. As seen from the graph, interface position increases with the thermal
conductivity. This is evident from the eq(3.9) since interface position directly proportional
to
√
λ. The sensitivity of this change is higher for lower values of λ and it decreases as λ

increases. Thermal conductivities can be conceptualised same as electrical conductivities
but for heat transport. Hence a material with low thermal conductivity (for example water
λwater= 0.65 W/mK) would be an thermal insulator while a material with high thermal
conductivity would a conductor of heat.(for ex ice λice= 1.8973 W/mK). Since a conductor
would allow easier transport of heat, the sensitivity of interface position is quite low for
high values of λ. Also, the assumption of assuming λw as independent of temperature still
provides good approximation. λw varies from 0.5 to 0.682 over a temperature range of
273K to 373K and in this region change in δ is less than 1%. Furthermore, the λsalt > 1
W/mK hence plug of salt would expect to melt faster than that of ice.
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Figure 4.3: Sensitivity analysis for thermal conductivity (λ)

Latent heat of Fusion: Similarly, figure 4.4 shows the sensitivity of latent heat with
interface position on a two axis graph. Due to the assumption of constant temperature
difference between the liquid and the solid plug, the amount of energy available for melting
via conduction is constant. As the latent heat of fusion increases, the interface position
becomes lower as more energy is required to melt the plug. This also implies that ∆δ is
negative. It also implies that, as observed in the graph, the sensitivity decreases for higher
values of L. The approximated value of Lsalt is equal to 1.71 x 105 J/kg which is much
lower than that of ice. Based on δ vs L curve, this would imply that the plug would melt
completely in 3 hrs for a length of 8 cm. Also, the sensitivity of interface position is quite
high in this region, hence it would be required to accurately determine the latent heat for
salt.

Figure 4.4: Sensitivity analysis for Latent Heat of Fusion (L)
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Initial Temperature of the plug: The temperature changes of ice for the calculation
of sensitivity varies from −3◦C to −20◦C. The time of simulation is 3000 seconds. Fol-
lowing the same procedure as for other parameters, figure (4.5a) shows the sensitivity plot
for variation in initial temperature of ice (T2). Although the graphs show increasing trend
with lowering T2, the changes are really insignificant. Mathematically, the dependence of
δ is implicitly defined with T2 through parameter p. The variation in this parameter p is
very low because of the variation in T2 which is reflected in δ.

(a) Sensitivity analysis for Initial Tempera-
ture of ice.

(b) Temperature profiles for ice from the matlab
code.

Figure 4.5: Figure(a) shows the effect of variation of initial temperature of ice and δ while
in figure(b) temperature distribution inside ice is plotted vs σ

An another interesting result from variation of T2 is that, there is no significant changes
in the temperature distribution as shown in fig(4.5b). The changes in the temperature of
ice influence the temperature of water only by virtue of shift in interface position. This
is also a confirmation of sensitivity analysis made above. One of the possible explanation
could be due low Stefan number on of ice. This implies that most of the energy is absorbed
as latent heat for ice.

Steice =
Cpi∆T

L
=

1.876 · (273− 253)

33400
= 0.1553

Another possible explanation could be that it is a limitation of 1D semi infinite pure
conduction model. It is unable to incorporate other form of heat transfer from liquid to
the plug via convection, which will eventually influence the temperature distribution and
interface position for the plug. In [5], a detailed experiment is performed for a different
phase change material and different geometry of plug, with varying initial temperature of
liquid to study the effect of convection. A simple equation describing energy balance at
the interface position is derived in both [5] and [9]:

ql = − λsA
∂T (x, t)

∂x

∣∣∣∣
x=δ

+ LρsA
dδ

dt

where ql is the heat flux from the liquid side. A possible approximation suggested in [5],
is dropping the heat flux term of the solid if the temperature of solid is close to Tm. This
result also resembles the boundary condition provided in eq: (2.5), as a part of first model
in which ql is replaced by Pdecay(t). Indeed, the assumptions made to further simply the
original model, in order to derive a mathematical expression, has caused deviation from
experimental results.
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Chapter 5

Conclusions and
Recommendations

5.1 Conclusions

In conclusion, based on the simple 1D analytical model, the required melting time for a
plug of 10 cms was beyond the requirement of 10 min. In analytical model the plug, was
infinite but in reality it has to be of finite length. Primary requirement to model this would
be to replace the condition: T(x,t) = T2, x → ∞ with a new boundary condition given by
eq:(2.4) at x=L for the plug. On comparison of the analytical model with an reference
experiment, the temperature distribution were in agreement and similar in nature. But
the results of interface position in analytical model is a F (

√
t) while in experimental result

they are linear in nature. This is attributed to the increase in the heat resistance from
the water layer over time. As discussed in 3.3, results from sensitivity analysis can be
extrapolated to molten LiF − ThF4 properties for the 1D conduction model . Based on
this, it would be expected that the freeze plug made of solidified LiF − ThF4 has the
potential to melt faster due to higher thermal conductivity and lower latent heat of fusion
of the molten salt. Further sensitivity analysis show very little dependence of δ on the
initial temperature of ice (T2). Change in T2 also does not show a significant influence
on the temperature distribution. This is attributed to very low Stefan number of ice and
neglecting effects of convection.

5.2 Recommendations

The phase change process of freeze plug is complex phenomena dependant on many dif-
ferent parameters such as:

• how LiF − ThF4 undergoes phase change ;

• thermal properties of liquid and solid LiF − ThF4 system ;

• different assumptions and subsequent boundary conditions to model this phenomena

Based on this following recommendations are made

• Materials: Since the properties of the solid LiF−ThF4 are still unknown, the scope
for using other materials for freeze plug, should be studied. Ice is modelled as freeze
plug in this report, since its properties and behaviour with LiF − ThF4 is known.
If it were to be actually used a plug, then due to the large temperature difference
between the reactor core (T1 = 973) and the melting temperature of ice (Tm = 273),
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it would require enormous cooling power, during normal operating conditions, in
order to be maintained at Tm. Also, other molten salts such as LiF,BeF2 or NaF
could be consider for the freeze plug application.

• Experiments: The experiments from reference literature [9] and [5] utilized to
establish a correlation, are different from the actual reactor core- freeze plug system.
They do not have an external heat source to melt the phase change material which
could influence the dominant mechanism of heat transfer. Also, the experiments
performed to validate the original freeze plug design [3], involved uniform heating
of the plug which allows faster melting times. Hence, an experiment should be
performed to be mimic the actual behaviour of this system.

• Mathematical Model: The main difficulty in solving the melting problem analyt-
ically is incorporating time dependent boundary conditions. Based on correlation,
in eq: (4.1), an approximate temperature profile in polynomial form is provided.
It should be further evaluated by solving using the boundary conditions described
from eq:(2.2 to 2.5). This could be then validated with either new experiments or
experiment performed in [3].
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Appendix A

Appendix

A.1 Analytical Solution

The equation governing this transport is given by equation [A.1] and [A.2]

∂T

∂t
= αs

∂2T

∂x2

∣∣∣∣
solid

(A.1)

∂T

∂t
= αl

∂2T

∂x2

∣∣∣∣
liquid

(A.2)

where,

αs =
λs
ρsCp

αl =
λl
ρlCp

The boundary conditions for the this equation can be summed as below:
For liquid phase:

T(x,0) = T1 (A.3)

For solid phase:

As,x→∞, T(x,t) = T2 (A.4)

The implies that temperature much further away from the front is T2. This temperature
would be expected to be higher than T2, since the solid is of finite size and the penetration
of heat would result in increase in temperature at the far end.

Common boundary conditions (x = δ):

Ts = Tl = Tm (A.5)

This implies that the interface temperature of the boundary is equal to the melting
temperature.

Now consider the energy balance at this interface:

φin − φout + Production/Destruction = 0

(
−λlA

∂T

∂x

∣∣∣∣
x=δ

)
−
(
−λsA

∂T

∂x

∣∣∣∣
x=δ

)
− Ldms

dt
= 0

where,
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A : the cross section area for heat transfer

L : the latent heat of fusion

λ : thermal heat conductivity

The second term determines the amount of heat utilized in melting of the solid phase.
The negative sign for this, signify decrease in the mass of solid with increasing time.
Substituting,

Ldms

dt
= L

d(ρsV )

dt
= L

d(ρsAδ)

dt
= LρsA

dδ

dt

and cancelling out A and minus sign, we get

λl
∂Tl
∂x

∣∣∣∣
x=δ

+ Lρs
dδ

dt
= λs

∂Ts
∂x

∣∣∣∣
x=δ

(A.6)

The procedure to solve the equation with these boundary conditions is followed from
the textbooks [14] and [10]. One can use Laplace transformation, to solve the system of
equation, as follow:

L

(
∂T

∂t

)
= −T(x,0) + sT̄(x,s)

L

(
∂2T

∂x2

)
=
∂2T̄

∂x2

Hence the equation after transformation becomes,

−T(x,0) + sT̄(x,s) = α
∂2T̄

∂x2

This can solved with the substitution :

−T(x,0) + sT̄(x,s) = u

then,
∂2T̄

∂x2
= u′′

u′′ =
s

α
u

The solution to this equation is given by:

u = A exp
( s
α
x
)

+B exp
(
− s
α
x
)

A and B are constants of integration. Since the solution is finite even if x→∞ A=0.
Hence equation reduces to

u = B exp
(
− s
α
x
)

Re-substituting value of u, we get

−T(x,0) + sT̄(x,s) = B exp
(
− s
α
x
)

Dividing the equation by s and rearranging terms,

T̄(x,s) =
T(x,0)

s
+
B exp

(
− s
αx
)

s

transforming this equation back using Laplace transformation tables , we get
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T(x,t) = T(x,0) +B erf

(
x

2
√
αt

)
where erf is the error function. the error function is defined as:

erf(z) =
2√
π

∫ z

0
e−x

2
dx

For liquid phase, solving with boundary conditions A.5, we have,

T(x,0) = T1

and using condition A.6 we have,

Tm = T1 +B erf

(
δ

2
√
αlt

)
The left hand side of the equation is constant , while the right hand side of the equation

is function of time. To satisfy this condition , δ ∝
√
t must be satisfied. Introducing a

parameter p (constant) such that,

p ≡ δ

2
√
αlt

therefore, the value of B is given by,

B =
Tm − T1
erf(p)

So, the solution for liquid phase becomes,

T(x,t)
∣∣
liquid

= T1 +
(Tm − T1) erf

(
x

2
√
αlt

)
erf(p)

(A.7)

we can rewrite the solution for solid phase:

T(x,t) = C +D erf

(
x

2
√
αst

)
Similarly for solid phase the boundary conditions are governed by A.4 and A.5 , we

get

C +D = T2

Tm = C +D erf

(
δ

2
√
αst

)
Subtraction these conditions to eliminate C,

T2 − Tm = D erfc

(
δ

2
√
αst

)

D =
T2 − Tm

erfc
(

δ
2
√
αst

)
Substituting the value of δ from the previous reasoning, we get

D =
T2 − Tm

erfc
(
p
√

αl
αs

)
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C = T2 −
T2 − Tm

erfc
(
p
√

αl
αs

)
So, the solution for solid phase becomes,

T(x,t)
∣∣
solid

= T2 −
T2 − Tm

erfc
(
p
√

αl
αs

) +
(T2 − Tm) erf

(
x

2
√
αst

)
erfc

(
p
√

αl
αs

) (A.8)

The constants in the temperature equation of solid phase and liquid phase do depend
on properties of the liquid and solid respectively.

The only unknown in both the temperature equation A.7 and A.8 is p. It can be found
using the final interface boundary condition:

λl
∂Tl
∂x

∣∣∣∣
x=δ

+ Lρs
dδ

dt
= λs

∂Ts
∂x

∣∣∣∣
x=δ

Now,

∂Tl
∂x

∣∣∣∣
x=δ

=
Tm − T1
erf(p)

d
(

erf x
2
√
αlt

)
dx

by definition,
d(erf(x))

dx
=

2√
π

exp(−x2)dx

=
2√
π

exp(− δ2

4αlt
).

1

2
√
αlt

Substituting value of δ , we have

=
1√
παlt

exp(−p2)

thus,

∂Tl
∂x

∣∣∣∣
x=δ

=
Tm − T1
erf(p)

1√
παlt

exp(−p2)

similarly ,

∂Ts
∂x

∣∣∣∣
x=δ

=
T2 − Tm

erfc
(
p
√

αl
αs

) 1√
παst

exp

(
−p2 αl

αs

)
Also,

dδ

dt
=
d(2p
√
αlt)

dt
= p

√
αl
t

Substituting all the values , and cancelling
√
t we have a transcendental equation for

the constant p :

λl

(
Tm − T1√

παl

exp(−p2)
erf(p)

)
+ Lρs(p

√
αl) = λs

T2 − Tm√
παs

exp
(
−p2 αl

αs

)
erfc

(
p
√

αl
αs

)
 (A.9)
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In order to verify the derivation , we can substitute the conditions for same material
properties λs = λl = λ ; αs = αl = α and ρs = ρl = ρ. hence the equivalence of p changes
to δ

2
√
αt

.

Hence the equation A.7 reduces to :

λ

(
Tm − T1
erf(p)

exp(−p2)√
πα

)
+ Lρp

√
α = λ

(
T2 − Tm
erfc(p)

exp(−p2)√
πα

)
Multiplying throughout by

√
πα, substituting α as λ

ρCp
and then cancelling lambda

throughout the equation :

exp(−p2)Tm − T1
erf(p)

+ p
√
π
L

Cp
= exp(−p2)T2 − Tm

erfc(p)

The results are in agreement with [10, 14, 13]

A.2 Matlab Code

A.2.1 Fourier Number

% %
clear
clc
% Program to s o l v e non dimensiona l a n a l y t i c a l s o l u t i o n o f the moving f r o n t problem
% i c e and water as an example
%E f f e c t o f Fourier Number

l= 0 . 1 ; %Length o f i c e in s o l i d
T2= −20+273; % i n t i a l temperature o f i c e
T1= 56.5+273; %Liquid temperature (K)
Tm = 0+273; %Melt ing p o i n t o f S o l i d (K)

%P r o p e r t i e s o f Ice
r h o i = 917∗(1− ( (T2−273)∗1.17∗10ˆ−4)); %d e n s i t y ( T : c e l s i u s )
lambda i = 1.16∗(1 .91−(8 .66∗(10ˆ−3)∗T2)+(2.97∗(10ˆ−5)∗T2 ˆ 2 ) ) ;
% thermal c o n d u c t i v i t y W/mK
Cp i = (0.85+ (0.689∗(10ˆ−2)∗T2) )∗10 ˆ3 ;
%Heat c a p a c i t y o f i c e J/kgK
a l p h a i= lambda i /( Cp i∗ r h o i ) ;

%P r o p e r t i e s o f water
%p r o p e r t i e s o f water from data companion
R w = [ 9 9 9 . 8 7 , 9 9 9 . 7 3 , 9 9 8 . 2 3 , 9 9 5 . 6 8 , 9 9 2 . 2 5 , 9 8 8 . 0 7 , 9 8 3 . 2 3 , 9 7 7 . 9 3 , 9 7 1 . 8 2 , 9 6 5 . 3 4 , 9 5 8 . 3 8 ] ;
T w = 2 7 3 : 1 0 : 3 7 3 ;

l w = [ 0 . 5 5 2 , 0 . 6 0 7 , 0 . 6 4 1 , 0 . 6 6 5 , 0 . 6 8 2 ] ;
T l =273:25:373 ;

Cp 1= [ 4 2 2 1 , 4 1 8 5 . 0 , 4 1 8 1 . 6 , 4 1 8 7 . 5 , 4 1 9 9 . 6 , 4 2 1 9 . 3 ] ;
T cp =273 :20 :373 ;

%p r o p e r t i e s o f water ;

30



rho w = interp1 (T w , R w , T1 ) ;
Cp w = interp1 ( T cp , Cp 1 , T1 ) ;
lambda w =interp1 ( T l , l w , T1 ) ;
alpha w= lambda w . / ( Cp w .∗ rho w ) ;

L = 3 .34∗10ˆ5 ; %Latent heat o f evapora t ion J/ kg ;

%%
% Non dimensiona l Numbers
S t e s = Cp i ∗( Tm−T2)/ L ; % s t e f a n no f o r i c e
S t e l= Cp w∗( T1−Tm)/ L ; %s t e f a n no f o r water

% c a l c u l a t i n g the cons tant o f the s o l t u i o n
A = S t e l ∗ rho w/ r h o i ;
B = S t e s ∗sqrt ( a l p h a i / alpha w ) ;
C = sqrt (pi ) ;
D = @(p)p∗ a l p h a i ;
E = @(p)p∗alpha w ;

X1= @(p)A.∗exp(−p ˆ 2 ) . / erf (p ) ; %Liquid
X2= @(p)C.∗p ; %Latent Heat
X3= @(p)B.∗exp(−pˆ2∗( alpha w / a l p h a i ) ) . / erfc (p∗sqrt ( alpha w / a l p h a i ) ) ;
%S o l i d

f 1=@(p)(−X1(p)+ X2(p)+ X3(p ) ) ;
x0 = [ 0 . 1 1 0 ] ; % i n i t i a l i n t e r v a l
opt ions = opt imset ( ’ Display ’ , ’ i t e r ’ ) ; % show i t e r a t i o n s
[ p1 , f va l , e x i t f l a g , output ] = fzero ( f1 , x0 , opt ions ) ;

t =0 :1 :300 ;
Fo1 = a l p h a i ∗ t / l ˆ2 ; %f o u r i e r No

% c o n s t a n t s f o r temperature p r o f i l e :
Z = (T2−Tm)/ erfc ( p1∗sqrt ( alpha w / a l p h a i ) ) ;
Q = (Tm−T1)/ erf ( p1 ) ;
d1 =length ( t ) ;
for r =1:1 : d1

de l t a1 ( r)= 100∗2∗p1∗sqrt ( alpha w∗ t ( r ) ) ; % t h i c k n e s s in cm

end
v= 100∗2∗p1∗sqrt ( alpha w∗ t ( r ) ) ;

%Now have to d e f i n e x such t h a t x −−> d e l t a f o r s o l i d
% and d e l t a <x−−> f o r l i q u i d

y = linspace (v , 1 0 , d1 ) ;
x = linspace (0 , v , d1 ) ;
x1 ( 1 : d1 ) = T1 ;
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y1 ( 1 : d1 ) = T2 ;
t1=t ( r ) ;
for n=1:1: length ( t ) ;
q (n)=erf ( x (n )/(100∗2∗ sqrt ( alpha w∗ t1 ) ) ) ;
Tw(n) = x1 (n) + (Q∗q (n ) ) ;
thetaw (n) = (Tw(n)−T1)/(Tm−T1 ) ; %nondimensional temperature
r (n) = ( erfc ( y (n )/(100∗2∗ sqrt ( a l p h a i ∗ t1 ) ) ) ) ;
Ti (n) = y1 (n) − (Z∗ r (n ) ) ;
t h e t a i (n) = ( Ti (n)−T2)/(Tm−T2 ) ; %nondimensional temperature
end
Fo 1=Fo1 (n ) ;

%%
t2 =0:1 :60∗12 ;
d2=length ( t2 ) ;
Fo2 = a l p h a i ∗ t2 / l ˆ2 ; %f o u r i e r No
for k =1:1: d2

de l t a2 ( k)= 100∗2∗p1∗sqrt ( alpha w∗ t2 ( k ) ) ; % t h i c k n e s s in cm

end
w2= de l ta2 ( k ) ;
%Now have to d e f i n e x such t h a t x −−> d e l t a f o r s o l i d
% and d e l t a <x−−> f o r l i q u i d

y2 = linspace (w2 , 1 0 , d2 ) ;
x2 = linspace (0 ,w2 , d2 ) ;
u2 ( 1 : d2 ) = T1 ;
v2 ( 1 : d2 ) = T2 ;
tau2=t2 ( k ) ;
for n=1:1: k ;
q2 (n)=erf ( x2 (n )/(100∗2∗ sqrt ( alpha w∗ tau2 ) ) ) ;
Tw2(n) = u2 (n) + (Q∗q2 (n ) ) ;
thetaw2 (n) = (Tw2(n)−T1)/(Tm−T1 ) ;
r2 (n) = ( erfc ( y2 (n )/(100∗2∗ sqrt ( a l p h a i ∗ tau2 ) ) ) ) ;
Ti2 (n) = v2 (n) − (Z∗ r2 (n ) ) ;
t h e t a i 2 (n) = ( Ti2 (n)−T2)/(Tm−T2 ) ;
end
Fo 2= Fo2 ( k ) ;

%%
t3 =0 :1 :1500 ;
d3=length ( t3 ) ;
Fo3 = a l p h a i ∗ t3 / l ˆ2 ; %f o u r i e r No
for j =1:1 : d3

de l t a3 ( j )= 100∗2∗p1∗sqrt ( alpha w∗ t3 ( j ) ) ; % t h i c k n e s s in cm
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end
w3= de l ta3 ( j ) ;
%Now have to d e f i n e x such t h a t x −−> d e l t a f o r s o l i d
% and d e l t a <x−−> f o r l i q u i d

y3 = linspace (w3 , 1 0 , d3 ) ;
x3 = linspace (0 ,w3 , d3 ) ;
u3 ( 1 : d3 ) = T1 ;
v3 ( 1 : d3 ) = T2 ;
tau3= t3 ( j ) ;
for n=1:1: j ;
q3 (n)=erf ( x3 (n )/(100∗2∗ sqrt ( alpha w∗ tau3 ) ) ) ;
Tw3(n) = u3 (n) + (Q∗q3 (n ) ) ;
thetaw3 (n) = (Tw3(n)−T1)/(Tm−T1 ) ;
r3 (n) = ( erfc ( y3 (n )/(100∗2∗ sqrt ( a l p h a i ∗ tau3 ) ) ) ) ;
Ti3 (n) = v3 (n) − (Z∗ r3 (n ) ) ;
t h e t a i 3 (n) = ( Ti3 (n)−T2)/(Tm−T2 ) ;
end
Fo 3=Fo3 ( j ) ;

%%

f igure (2 )
plot ( y/(100∗ l ) , the ta i , y2 /(100∗ l ) , the ta i2 , y3 /(100∗ l ) , t h e t a i 3 )
xlabel ( ’ \ d e l t a ( l ength s c a l e ) ’ )
ylabel ( ’ \ theta (Non dimens iona l temperature ) ’ )
t i t l e ( ’ Temperature p r o f i l e f o r i c e ’ )
legend ( sprintf ( ’ Fo 1 (%0.2 f ) ’ , Fo 1 ) , sprintf ( ’ Fo 2 (%0.2 f ) ’ , Fo 2 ) ,
sprintf ( ’ Fo 3 (%0.2 f ) ’ , Fo 3 ) )

A.2.2 Sensitivity Analysis of Lambda

The code has a similar structure to other parameters.

% %
clear
clc
% Program to s o l v e non dimensiona l a n a l y t i c a l s o l u t i o n o f the moving
%f r o n t problem
% i c e and water as an example

%%
% s t u d y i n g the e f f e c t o f lambda on the i n t e r f a c e p o s i t i o n :

T1 = 56.5+273; %Liquid temperature (K)
T2 = −20+273; %S o l i d Temperature (K) from −25 to −5 C
Tm = 0+273; %Melt ing p o i n t o f S o l i d (K)
l= 0 . 1 ; %Length o f i c e in s o l i d in m

%p r o p e r t i e s o f water from data companion
R w = [ 9 9 9 . 8 7 , 9 9 9 . 7 3 , 9 9 8 . 2 3 , 9 9 5 . 6 8 , 9 9 2 . 2 5 , 9 8 8 . 0 7 ,

33



9 8 3 . 2 3 , 9 7 7 . 9 3 , 9 7 1 . 8 2 , 9 6 5 . 3 4 , 9 5 8 . 3 8 ] ;
T w = 2 7 3 : 1 0 : 3 7 3 ;

l w = [ 0 . 5 5 2 , 0 . 6 0 7 , 0 . 6 4 1 , 0 . 6 6 5 , 0 . 6 8 2 ] ;
T l =273:25:373 ;

Cp 1= [ 4 2 2 1 , 4 1 8 5 . 0 , 4 1 8 1 . 6 , 4 1 8 7 . 5 , 4 1 9 9 . 6 , 4 2 1 9 . 3 ] ;
T cp =273 :20 :373 ;

%p r o p e r t i e s o f water ;
rho w = interp1 (T w , R w , T1 ) ;
Cp w = interp1 ( T cp , Cp 1 , T1 ) ;
%lambda w =i n t e r p 1 ( T l , l w , T1 ) ;
%alpha w= lambda w . / ( Cp w .∗ rho w ) ;

%P r o p e r t i e s o f Ice
r h o i = 917∗(1− ( (T2−273)∗1.17∗10ˆ−4)); %d e n s i t y ( T : c e l s i u s )
lambda i = 1.16∗(1 .91−(8 .66∗(10ˆ−3)∗T2)+(2.97∗(10ˆ−5)∗T2 ˆ 2 ) ) ;
% thermal c o n d u c t i v i t y W/mK
Cp i = (0.85+ (0.689∗(10ˆ−2)∗T2) )∗10 ˆ3 ;
%Heat c a p a c i t y o f i c e J/kgK
a l p h a i= lambda i /( Cp i∗ r h o i ) ;

L = 3 .34∗10ˆ5 ; %Latent heat o f evapora t ion J/ kg ;

t =0:10 :3∗60∗60 ;

d e l t a= ones (5 , length ( t ) ) ;
w= ones ( 5 , 1 ) ;
x=ones (5 , length ( t ) ) ;
y=ones (5 , length ( t ) ) ;
Ti= ones (5 , length ( t ) ) ;
Tw= ones (5 , length ( t ) ) ;
q=ones (5 , length ( t ) ) ;
s=ones (5 , length ( t ) ) ;

a = 20 ; %no o f p o i n t s
lambda w= linspace ( 0 . 2 , 2 , a ) ; %thermal c o n d u c t i v i t y (W/mk)

%s e n s i t i v i t y a n a l y s i s
%%
for m = 1 : 1 : a

%P r o p e r t i e s o f water
alpha w (m) = lambda w (m)/(Cp w∗ rho w ) ;
%thermal d i f f u s i v i t y m/ s ˆ2;
S t e i = Cp i ∗( Tm−T2)/ L ; % s t e f a n no f o r i c e
Ste w= Cp w∗( T1−Tm)/ L ; %s t e f a n no f o r water

% c a l c u l a t i n g the cons tant o f the s o l t u i o n
A = Ste w∗ rho w/ r h o i ;
B(m) = S t e i ∗sqrt ( a l p h a i / alpha w (m) ) ;
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C = sqrt (pi ) ;
D = @(p)p∗ a l p h a i ;
E = @(p)p∗alpha w (m) ;

X1= @(p)A.∗exp(−p ˆ 2 ) . / erf (p ) ; %Liquid
X2= @(p)C.∗p ; %Latent Heat
X3= @(p)B(m)
.∗exp(−pˆ2∗( alpha w (m)/ a l p h a i ) ) . / erfc (p∗sqrt ( alpha w (m)/ a l p h a i ) ) ;
%S o l i d

f 1=@(p)(−X1(p)+ X2(p)− X3(p ) ) ;
x0 = [ 0 . 1 2 0 ] ; % i n i t i a l i n t e r v a l
opt ions = opt imset ( ’ Display ’ , ’ i t e r ’ ) ; % show i t e r a t i o n s
[ p (m) , f va l , e x i t f l a g , output ] = fzero ( f1 , x0 , opt ions ) ;

% c o n s t a n t s f o r temperature p r o f i l e :
Z(m) = (T2−Tm)/ erfc (p(m)∗ sqrt ( alpha w (m)/ a l p h a i ) ) ;
Q(m) = (Tm−T1)/ erf (p(m) ) ;
d1 =length ( t ) ;

for r =1:1 : d1

d e l t a (m, r)= 2∗p(m)∗ sqrt ( alpha w (m)∗ t ( r ) ) ; % t h i c k n e s s in cm

end
v (m)= d e l t a (m, r ) ; %f i n a l boundary p o s i t i o n

%Now have to d e f i n e x such t h a t x −−> d e l t a f o r s o l i d
% and d e l t a <x−−> f o r l i q u i d
n=1:1: length ( t ) ;
y (m, n) = linspace ( v (m) , l , d1 ) ;
x (m, n) = linspace (0 , v (m) , d1 ) ;
x1 ( 1 : d1 ) = T1 ;
y1 (m, 1 : d1 ) = T2 ;
t1=t ( r ) ;

for n=1:1: length ( t ) ;
q (m, n)=erf ( x (m, n )/(2∗ sqrt ( alpha w (m)∗ t1 ) ) ) ;
Tw(m, n) = x1 (n) + (Q(m)∗q (m, n ) ) ;
thetaw (m, n) = (Tw(m, n)−T1)/(Tm−T1 ) ;
%nondimensional temperature f o r water
e (m, n) = ( erfc ( y (m, n )/(2∗ sqrt ( a l p h a i ∗ t1 ) ) ) ) ;
Ti (m, n) = y1 (m, n) − (Z(m) . ∗ e (m, n ) ) ;
t h e t a i (m, n) = ( Ti (m, n)−T2)/(Tm−T2 ) ;

%nondimensional temperature f o r i c e

Fo(m, n) = a l p h a i ∗ t (n )/ ( l ) ˆ 2 ; %f o u r i e r No
end
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end
Fo 1=Fo(n ) ;

Theta=horzcat (Tw, Ti ) ;
z=horzcat (x , y ) ;

dde l ta = zeros (1 , a−1);
dlambda = zeros (1 , a−1);
s l ope= zeros (1 , a−1);

for m=1:1: a−1
dde l ta (1 ,m)= de l t a (m+1, r)−d e l t a (m, r ) ;
dlambda (1 ,m)= lambda w (1 ,m+1)−lambda w (1 ,m) ;
s l ope (1 ,m) = dde l ta (1 ,m)/ dlambda (1 ,m) ;

end
%%
xmarkers =0.6752 ; %thermal c o n d u c t i v i t y (W/mk) o f water .

f igure (1 )
plot ( ( y ( 1 , 1 : d1 ) ) / ( l ) , t h e t a i ( 1 , 1 : d1 ) , ( y ( 2 , 1 : d1 ) ) / ( l ) ,
t h e t a i ( 2 , 1 : d1 ) , ( y ( 3 , 1 : d1 ) ) / ( l ) , t h e t a i ( 3 , 1 : d1 ) , ( y ( 4 , 1 : d1 ) ) / ( l ) ,
t h e t a i ( 4 , 1 : d1 ) )
ylabel ( ’ \ theta (Non dimens iona l temperature ) ’ )
xlabel ( ’ \ sigma ( x/L) ’ )
t i t l e ( ’ Temperature p r o f i l e f o r i c e ’ )
legend ( sprintf ( ’ lambda {w1}(%0.2 f ) ’ , lambda w ( 1 ) ) ,
sprintf ( ’ lambda {w2}(%0.2 f ) ’ , lambda w ( 2 ) ) ,
sprintf ( ’ lambda {w3}(%0.2 f ) ’ , lambda w ( 3 ) ) ,
sprintf ( ’ lambda {w4}(%0.2 f ) ’ , lambda w ( 4 ) ) ,
sprintf ( ’ lambda {w5}(%0.2 f ) ’ , lambda w ( 5 ) ) )

f igure (2 )
plot ( t /60 , d e l t a ( 1 , 1 : d1 )/ l , t /60 , d e l t a ( 2 , 1 : d1 )/ l ,
t /60 , d e l t a ( 3 , 1 : d1 )/ l , t /60 , d e l t a ( 4 , 1 : d1 )/ l ,
t /60 , d e l t a ( 5 , 1 : d1 )/ l )
xlabel ( ’ time ( mins ) ’ )
ylabel ( ’ \ d e l t a /L ’ )
t i t l e ( ’ Penetrat ion depth f o r var i ous s t e f a n numbers ’ )
legend ( sprintf ( ’ lambda {w1}(%0.2 f ) ’ , lambda w ( 1 ) ) ,
sprintf ( ’ lambda {w2}(%0.2 f ) ’ , lambda w ( 2 ) ) ,
sprintf ( ’ lambda {w3}(%0.2 f ) ’ , lambda w ( 3 ) ) ,
sprintf ( ’ lambda {w4}(%0.2 f ) ’ , lambda w ( 4 ) ) ,
sprintf ( ’ lambda {w5}(%0.2 f ) ’ , lambda w ( 5 ) ) )

f igure (3 )
plot ( z ( 1 , 1 :end ) , Theta ( 1 , 1 :end ) , z ( 2 , 1 :end ) ,
Theta ( 2 , 1 :end ) , z ( 3 , 1 :end ) ,
Theta ( 3 , 1 :end ) , z ( 4 , 1 :end ) , Theta ( 4 , 1 :end ) ,
z ( 4 , 1 :end ) , Theta ( 4 , 1 :end ) ,
z ( 5 , 1 :end ) , Theta ( 5 , 1 :end ) )
ylabel ( ’ \ theta (Non dimens iona l temperature ) ’ )
xlabel ( ’ \ sigma ( x/L) ’ )
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t i t l e ( ’ Temperature p r o f i l e f o r i c e ’ )
legend ( sprintf ( ’ lambda {w1}(%0.2 f ) ’ , lambda w ( 1 ) ) ,
sprintf ( ’ lambda {w2}(%0.2 f ) ’ , lambda w ( 2 ) ) ,
sprintf ( ’ lambda {w3}(%0.2 f ) ’ ,
lambda w ( 3 ) ) , sprintf ( ’ lambda {w4}(%0.2 f ) ’ ,
lambda w ( 4 ) ) , sprintf ( ’ lambda {w5}(%0.2 f ) ’ , lambda w ( 5 ) ) )

f igure (4 )
[ ax , p1 , p2]= plotyy ( lambda w ( 2 : a ) , s lope ,
lambda w ( 2 : a ) , d e l t a ( 2 : a , d1 ) ) ;
ylabel ( ax ( 1 ) , ’ \Delta \ d e l t a / \Delta \ lambda ’ )
ylabel ( ax ( 2 ) , ’ \ d e l t a (m) ’ )
xlabel ( ax ( 1 ) , ’ \ lambda (W/mK) ’ )
grid on
t i t l e ( ’ S e n s i t i v i t y o f i n t e r f a c e p o s i t i o n (\ d e l t a )
v/ s thermal conduc t i v i ty (\ lambda ) ’ )
legend ( ’ \Delta \ d e l t a / \Delta \ lambda ’ , ’ \ d e l t a ’ )

A.2.3 Temperature Analysis

A common code for both temperature distribuio and Sensitivity Analysis.

% %
clear
clc
% Program to s o l v e non dimensiona l a n a l y t i c a l s o l u t i o n o f the moving
% f r o n t problem
% i c e and water as an example

%%
% s t u d y i n g the e f f e c t o f temperature o f i c e :
% changing s t e f a n no with changes in p r o p e r t i e s o f i c e

T1 = 95+273; %Liquid temperature (K)
T2 = linspace (273−20 ,270 ,20) ;
%S o l i d Temperature (K) from −25 to −5 C
Tm = 0+273; %Melt ing p o i n t o f S o l i d (K)
l= 0 . 1 ; %Length o f i c e in s o l i d in cm

%p r o p e r t i e s o f water from data companion
R w = [ 9 9 9 . 8 7 , 9 9 9 . 7 3 , 9 9 8 . 2 3 , 9 9 5 . 6 8 , 9 9 2 . 2 5 , 9 8 8 . 0 7 ,
9 8 3 . 2 3 , 9 7 7 . 9 3 , 9 7 1 . 8 2 , 9 6 5 . 3 4 , 9 5 8 . 3 8 ] ;
T w = 2 7 3 : 1 0 : 3 7 3 ;

l w = [ 0 . 5 5 2 , 0 . 6 0 7 , 0 . 6 4 1 , 0 . 6 6 5 , 0 . 6 8 2 ] ;
T l =273:25:373 ;

Cp 1= [ 4 2 2 1 , 4 1 8 5 . 0 , 4 1 8 1 . 6 , 4 1 8 7 . 5 , 4 1 9 9 . 6 , 4 2 1 9 . 3 ] ;
T cp =273 :20 :373 ;

L = 3 .34∗10ˆ5 ; %Latent heat o f evapora t ion J/ kg ;
rho w = interp1 (T w , R w , T1 ) ;
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Cp w = interp1 ( T cp , Cp 1 , T1 ) ;
lambda w =interp1 ( T l , l w , T1 ) ;
alpha w= lambda w . / ( Cp w .∗ rho w ) ;

S t e l= Cp w∗( T1−Tm)/ L ; %s t e f a n no f o r water

a= length (T2 ) ;
%p r o p e t i e s o f i c e
%%
for m = 1 : 1 : a
r h o i (m) = 917∗(1− ( (T2(m)−273)∗1.17∗10ˆ−4));

%d e n s i t y o f i c e ( T : c e l s i u s )
lambda i (m) = 1.16∗(1 .91−(8 .66∗(10ˆ−3)∗T2(m) )
+(2.97∗(10ˆ−5)∗T2(m) ˆ 2 ) ) ;
% thermal c o n d u c t i v i t y W/mK
Cp i (m) = (0.85+ (0.689∗(10ˆ−2)∗T2(m) ) )∗1 0 ˆ 3 ;
%Heat c a p a c i t y o f i c e J/kgK
a l p h a i (m) = lambda i (m)/( Cp i (m)∗ r h o i (m) ) ;

S t e i (m) = Cp i (m)∗ (Tm−T2(m))/ L ; % s t e f a n no f o r i c e

% c a l c u l a t i n g the cons tant o f the s o l t u i o n
A(m) = S t e l ∗ rho w/ r h o i (m) ;
B(m) = S t e i (m)∗ sqrt ( a l p h a i (m)/ alpha w ) ;
C = sqrt (pi ) ;
D = @(p)p∗ a l p h a i (m) ;
E = @(p)p∗alpha w ;

X1= @(p)A(m) . ∗ exp(−p ˆ 2 ) . / erf (p ) ; %Liquid
X2= @(p)C.∗p ; %Latent Heat
X3= @(p)B(m)
.∗exp(−pˆ2∗( alpha w / a l p h a i (m) ) ) . / erfc (p∗sqrt ( alpha w / a l p h a i (m) ) ) ;
%S o l i d

f 1=@(p ) (X1(p)− X2(p)− X3(p ) ) ;
x0 = [ 0 . 1 2 0 ] ; % i n i t i a l i n t e r v a l
opt ions = opt imset ( ’ Display ’ , ’ i t e r ’ ) ; % show i t e r a t i o n s
[ p (m) , f va l , e x i t f l a g , output ] = fzero ( f1 , x0 , opt ions ) ;

t =0 :10 :3000 ;

% c o n s t a n t s f o r temperature p r o f i l e :
Z(m) = (T2(m)−Tm)/ erfc (p(m)∗ sqrt ( alpha w / a l p h a i (m) ) ) ;
Q(m) = (Tm−T1)/ erf (p(m) ) ;
d1 =length ( t ) ;

for r =1:1 : d1

d e l t a (m, r)= 2∗p(m)∗ sqrt ( alpha w∗ t ( r ) ) ; % t h i c k n e s s in cm
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end
v (m)= d e l t a (m, r ) ; %f i n a l boundary p o s i t i o n

%Now have to d e f i n e x such t h a t x −−> d e l t a f o r s o l i d
% and d e l t a <x−−> f o r l i q u i d
n=1:1: length ( t ) ;
y (m, n) = linspace ( v (m) , l , d1 ) ;
x (m, n) = linspace (0 , v (m) , d1 ) ;
x1 ( 1 : d1 ) = T1 ;
y1 (m, 1 : d1 ) = T2(m) ;
t1=t ( r ) ;

for n=1:1: length ( t ) ;
q (m, n)=erf ( x (m, n )/(2∗ sqrt ( alpha w∗ t1 ) ) ) ;
Tw(m, n) = x1 (n) + (Q(m)∗q (m, n ) ) ;
thetaw (m, n) = (Tw(m, n)−T1)/(Tm−T1 ) ;
%nondimensional temperature
e (m, n) = ( erfc ( y (m, n )/(2∗ sqrt ( a l p h a i (m)∗ t1 ) ) ) ) ;
Ti (m, n) = y1 (m, n) − (Z(m) . ∗ e (m, n ) ) ;
t h e t a i (m, n) = ( Ti (m, n)−T2(1 ,m) ) / (Tm−T2(1 ,m) ) ;

%nondimensional temperature

Fo(m, n) = a l p h a i (m)∗ t (n )/ ( l ) ˆ 2 ;
%f o u r i e r No

end

end
Fo 1=Fo(n ) ;
Theta=horzcat (Tw, Ti ) ;
z=horzcat (x , y ) ;

dde l ta = zeros (1 , a−1);
dT2 = zeros (1 , a−1);
s l ope= zeros (1 , a−1);

for m=1:1: a−1
dde l ta (1 ,m)= de l t a (m+1, r)−d e l t a (m, r ) ;
dT2(1 ,m)= T2(1 ,m+1)−T2(1 ,m) ;
s l ope (1 ,m) = dde l ta (1 ,m)/(dT2(1 ,m) ) ;

end

figure (1 )
plot ( ( y ( 5 , 1 : d1 ) ) / ( l ) , t h e t a i ( 5 , 1 : d1 ) , ( y ( 1 2 , 1 : d1 ) ) / ( l ) ,
t h e t a i ( 1 2 , 1 : d1 ) , ( y ( 2 0 , 1 : d1 ) ) / ( l ) , t h e t a i ( 2 0 , 1 : d1 ) )
ylabel ( ’ \ theta (Non dimens iona l temperature ) ’ )
xlabel ( ’ \ sigma ( x/L) ’ )
t i t l e ( ’ Temperature p r o f i l e f o r i c e ’ )
legend ( sprintf ( ’T2(%0.2 f ) ’ ,T2 ( 5 ) ) , sprintf ( ’T2(%0.2 f ) ’ ,
T2 ( 1 2 ) ) , sprintf ( ’T2(%0.2 f ) ’ ,T2 ( 2 0 ) ) )
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f igure (2 )
plot (Fo ( 1 , 1 : d1 ) , d e l t a ( 1 , 1 : d1 )/ l , Fo ( 2 , 1 : d1 ) , d e l t a ( 2 , 1 : d1 )/ l ,
Fo ( 3 , 1 : d1 ) , d e l t a ( 3 , 1 : d1 )/ l , Fo ( 3 , 1 : d1 ) , d e l t a ( 4 , 1 : d1 )/ l )
xlabel ( ’ ( f o u r i e r No) ’ )
ylabel ( ’ \ d e l t a ’ )
t i t l e ( ’ Penetrat ion depth f o r var i ous s t e f a n numbers ’ )
legend ( sprintf ( ’ S t e i (%0.2 f ) ’ , S t e i ( 1 ) ) ,
sprintf ( ’ S t e { i 2 }(%0.2 f ) ’ , S t e i ( 2 ) ) , sprintf ( ’ S t e { i 3 }(%0.2 f ) ’ ,
S t e i ( 3 ) ) , sprintf ( ’ S t e { i 4 }(%0.2 f ) ’ , S t e i ( 4 ) ) )

f igure (3 )
plot ( z ( 1 , 1 :end ) , Theta ( 1 , 1 :end ) , z ( 1 0 , 1 :end ) , Theta ( 1 0 , 1 :end ) ,
z ( 2 0 , 1 :end ) , Theta ( 2 0 , 1 :end ) )
ylabel ( ’ temperature [K] ’ )
xlabel ( ’ \ sigma ( x/ l ) ’ )
t i t l e ( ’ Temperature p r o f i l e f o r i c e ’ )
legend ( sprintf ( ’T2(%0.2 f ) ’ ,T2 ( 1 ) ) , sprintf ( ’T2(%0.2 f ) ’ ,
T2 ( 1 0 ) ) , sprintf ( ’T2(%0.2 f ) ’ ,T2 ( 2 0 ) ) )

f igure (4 )
[ ax , p1 , p2]= plotyy (T2 ( 2 : a ) , s lope , T2 ( 2 : a ) , d e l t a ( 2 : a , d1 )/ l ) ;
ylabel ( ax ( 1 ) , ’ \Delta \ d e l t a / \Delta L ’ )
ylabel ( ax ( 2 ) , ’ \ d e l t a / l ’ )
xlabel ( ax ( 1 ) , ’ I n t i a l Temperature ( T 2 (K) ) ’ )
p1 . LineWidth = 2 ;
p2 . LineWidth = 2 ;
grid ( ax ( 1 ) , ’ on ’ )
t i t l e ( ’ S e n s i t i v i t y o f i n t e r f a c e p o s i t i o n (\ d e l t a )
v/ s I n i t i a l Temperature ( T 2 ) ’ )
legend ( ’ \Delta \ d e l t a / \Delta \ lambda ’ , ’ \ d e l t a ’ ,
sprintf ( ’ time ( mins ) =(%0.1 f ) ’ , t (1 ,end )/60 ) )
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