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1 Introduction

Safe navigation in port and waterways is ensured by setting a minimum distance between the ship’s keel
and the bottom, known as the under keel clearance (UKC). However, in ports situated at the estuary,
the bottom is often covered by a layer of mud. Under these circumstances, the UKC is no longer un-
equivocally determined and the prediction of ship’s manoeuvring behaviour becomes more challenging.
Understanding the ships’ behaviour in presence of mud layers is necessary both to improve safety during
navigation and to optimize dredging operations in the interest of reducing the associated costs.

Fig. 1: Shear stress/Shear rate flow curves for different mud concentrations.
In blue is shown the Newtonian model.
Picture adapted from Whitehouse (2000).

Model-scale experiments were done
to link mud properties and ship’s
manoeuvrability (Delefortrie et al. (2005)).
The large number of parameters to be
addressed and the complex time depen-
dent non-Newtonian behaviour of mud
made very difficult to apply model-
scale results to full-scale. CFD ap-
proach seems to be a good choice to
overcome these obstacles (Toorman et
al. (2015)).

The Newtonian model is widely
used as constitutive equation for many
fluids, such as water and air. However,
it is not suitable to represent the flow
behaviour of fluid mud1, which acts like
a solid at low stress levels, but starts to
flow when the stress exceeds a critical value, the yield stress, τ0 (see Figure 1). Rheological measure-
ments (e.g.,Wurpts (2005)) have revealed that the Herschel-Bulkley model (Herschel and Bulkley (1926))
is appropriate to represent the flow behaviour of fluid mud. Thus, this non-Newtonian model has been
implemented in a viscous-flow multiphase open-source code ReFRESCO (www.refresco.org).

The procedure and results of a Code Verification exercise are presented in this paper for the case of
steady, laminar, two-dimensional Poiseuille flow with Herschel-Bulkley fluid.

2 A non-Newtonian constitutive equation for fluid mud: the Herschel-Bulkley model

The deviatoric stress tensor τ obeys the following constitutive equation for Herschel-Bulkley fluids:τ = 2
(
τ0
|γ̇| + K |γ̇|n−1

)
D , τ0 ≤ |τ| ,

D = 0 , |τ| < τ0 ,
(1)

where D = 1
2 (∇u+∇uT ) is the rate of strain tensor, τ0 [Pa] is the yield stress which represents the initial

stress below which the fluid behaves as solid, K [Pa · sn] is the consistency parameter, |τ| =
√

2τi jτi j and
|γ̇| =

√
2Di jDi j are the second invariant of the shear stress and rate of strain tensor respectively, which

in some way are representative of the magnitude of the respective tensor. The parameter n is called flow
index because it characterizes the flow behaviour of the fluid.

1The definition of fluid mud in not univocal. Here fluid mud is referred to as intermediate state between ”black water”,
which has Newtonian flow characteristics, and consolidated mud, which behaves more like as an visco-elastic material.



0 2 4 6 8 10
0

5

10

15

20

n > 1 n = 1

n < 1

m

γ̇ [s−1]

τ
[P
a
]

regulariz. (n < 1)

Equation (2)

Fig. 2: Shear stress versus shear rate for τ0 = 10 [Pa], K = 1[Pa · sn]
and different values of the flow index n. The Papanastasiou regular-
ization is plotted varying the parameter m.

Depending on whether n < 1 (shear-
thinning behaviour) or n > 1 (shear-
thickening behaviour) the fluid displays dif-
ferent flow curves (Figure 2). Note that when
n = 1 and τ0 = 0 the model reduces to the
Newtonian model. In addition, when n = 1,
the consistency parameter K has dimensions
of dynamic viscosity.

2.1 Regularization approach
From the constitutive equation (1) two re-
gions can be distinguished: one, called un-
yielded region, where |τ| < τ0 and the fluid
does not experience any shear deformation;
the other, called yielded region, where τ0 ≤

|τ| and the fluid deforms. These two regions
are not known a priori, so the solver does not
know whether apply the first or the second
relation in the equation (1).

To circumnvent this issue there are mainly two solution methods (Saramito et al. (2017)): the aug-
mented Lagrangian algorithm and the regularization approach. The second method has been adopted
because of its relatively simple implementation. It consists in approximating the curve described by
Eq.(1) by a single smooth curve (Figure 2). Among the several regularizations that have been proposed
by different authors, the most widely used is the one proposed by Papanastasiou (1987), which yields

τ = 2
[τ0

|γ̇|

(
1 − e−m|γ̇|

)
+ K |γ̇|n−1

]
D . (2)

The term in the square brackets can be seen as one non-constant viscosity, generally called apparent
viscosity:

µapp =
τ0

|γ̇|

(
1 − e−m|γ̇|

)
+ K |γ̇|n−1 . (3)

The main advantage of the regularization approach is that ReFRESCO was already developed to solve
flows with non-constant viscosity 2, therefore the solver algorithm does not require major modifications.
The implementation of the apparent viscosity then becomes quite straightforward.

It can be demonstrated that as m→ ∞ the Eq.(2) tends to Eq.(1) and the solution with the regularized
model tends to the exact solution of the Herschel-Bulkley model. However, with large values of m the
iterative solver might not converge. Hence, a good compromise between accurate representation of the
Herschel-Bulkley model and convergence must be found, depending on the objective of the computation.

3 Two-dimensional Poiseuille laminar flow

Poiseuille flow is the pressure driven, incompressible, steady, unidirectional and laminar flow that takes
place in a duct when the Reynolds number is in the laminar range. Let consider x-y Cartesian reference
system with the origin a the bottom of the duct and x axis pointing in the flow direction. Then the velocity
field is like u = ( u(y), 0, 0) and the momentum equations written in a Cartesian coordinate system reduce
to only one equation in the x direction:

dp
dx
=

dτxy

dy
(4)

where p is the pressure which incorporates also the gravity term. Imposing the no-slip condition at the
walls, i.e. u(y) = 0 at y = 0 and y = H, where H is the height of the duct, the analytical solution of Eq.(4)

2Non-constant viscosity with Newtonian fluid occurs when using, for instance, the Volume of Fluid method for multiphase
problems, or eddy turbulent viscosity in the RANS equations.



combined with Eq.(1) yields (Ferrás et al. (2012)):

u(y) =


n

n+1 (−dp
dx /2K)1/n [(H/2 − H0)(n+1)/n − (|y − H/2| − H0)(n+1)/n], H0 ≤ |y − H/2|

n
n+1 (−dp

dx /2K)1/n (H/2 − H0)(n+1)/n, |y − H/2| ≤ H0

(5)

where dp
dx < 0 is given as the flow is pressure driven, H0 = τ0/|

dp
dx | is the height of half portion of the

unyielded region (i.e., the region where |τ| < τ0).
In contrast with Newtonian fluids, Poiseuille flows of Herschel-Bulkley fluids are characterized by

two non-dimensional numbers, the generalized Reynolds and Bingham numbers, defined respectively as

Re∗ = ρ
Ū2−nLn

K
, Bi∗ =

τ0

K(Ū/L)n
(6)

where Ū is the reference velocity, ρ is the fluid density and L is the reference length of the flow. In case of
Poiseuille flow L is defined as the duct height and Ū is the average velocity along the cross section. The
Bingham number represents the non-dimensional yield stress. When n = 1 and Bi∗ = 0, the Newtonian
case is retrieved. Note that when Poiseuille flow is in laminar regime the Reynolds number is irrelevant.

4 Discretization error estimation

Performing a Code Verification exercise (which must be distinguished from Solution Verification and
Validation) aims to check that (Eça et al. (2016)):

• the discretization error tends to zero as the grid reference spacing h tends to zero3.

• the rate of convergence p of the discretization error with the grid refinement tends to the order of
the scheme adopted for the computations.

The discretization error is the difference between the exact solution of the original differential equa-
tion, φexact, and the solution of the discretized equation, φh, on a grid h. The other two components of
numerical errors, the iterative and round-off error, must be kept as low as possible is order to have the
best possible estimation of the discretization error. The iterative error can be neglected by dropping the
solution residuals by at least three or four order of magnitude, whereas the round-off error is negligible
as nowadays almost every computer uses double precision number format.

Although Eq.(5) is theoretically the exact solution, the use of the regularized approach in place of the
original Herschel-Bulkley model makes it no longer appropriate for the estimation of discretization error.
Thus, the exact solution has been computed numerically by solving Eq.(4), combined with the regularized
Herschel-Bulkley model, Eq.(2). The equations have been discretized with the Finite Difference Method,
dividing the height of the duct by approximately 105 points, a very large number of points compared to
the finest grid used for the grid refinement study. For this reason, this solution is still referred to as “exact”
even though it was computed numerically.

5 Computational setup

The computation was set up to solve (steady) 2D computations. The duct considered for the grid refine-
ment study has a length that is twice the height and has been discretized with Cartesian uniform grids
having hx

hy
= 1.5, where hx and hy are the cell size in the x and y direction respectively (see Figure 3). The

coarsest grid, consisting of 24 cells, is systematically refined six times, halving both hx and hy, for a total
of seven grids. Dividing hx and hy by the same factor is of utmost importance to preserve geometrical
similarity between the grids.

The exact velocity profile is imposed at the inlet boundary. Fixed pressure and the no-slip condition
are imposed at the outlet and wall boundaries respectively. The boundary conditions for both velocity
and pressure are summarized in Table 1. The calculations on the seven grids were conducted for several
combinations of Bingham number, Bi∗, and flow index, n. The regularization parameter, m, was to set
equal to 10 [s] for all the cases to facilitate iterative convergence.

3for unsteady problems also time refinement should be performed



Boundary conditions
Inlet Outlet Wall Side

u = uexact(y) ∇u · n = 0 u = 0 ∇u · n = 0

∂p
∂n = 0 p = const. ∂p

∂n = 0 ∂p
∂n = 0

Table 1: Boundary conditions for velocity and pressure
on the computational domain

x

y

z

Inlet Outlet

Wall

WallSide

H

L = 2H

Fig. 3: Example of computational domain with 96 cells.

6 Results and discussion

Figure 4 shows how the iterative convergence of velocity along the x direction is influenced by Bi∗ and n
on the grid 64x96, which has an intermediate resolution. As a convergence criteria, the iterative solution
was considered to be converged when the infinity norm of all the residuals was less than 10−11. Note that
the least amount of iterations to find the converged solution are required for Bi∗ = 0.
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Fig. 4: Infinity norm of the velocity residuals in the x direction for the nine test cases.
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Fig. 5: Velocity profiles obtained with ReFRESCO and ex-
act solution for different Bn∗. The duct has L = 20H and
was discretized with a grid 640x96.

As additional verification, the velocity profile on a
duct having length L = 20H was also computed, im-
posing this time an uniform velocity profile at the in-
let boundary, providing no hints to the solver about the
exact solution. The comparison between CFD solution
and the exact solution reveals a very good agreement
(Figure 5), with a maximum percentage error4 below
0.2%.

The results of the grid refinement study are pre-
sented in Figure 6, showing the discretization errors
of the velocity. As expected, the curves of discretiza-
tion error converge to second order (i.e., converge to
the line having slope p = 2) as the grid spacing hi/h1
tends to 1, with h1 the grid spacing of the finest grid.
It can also be seen that, for higher Bi∗, finer grids are
required to obtain the same accuracy as for Bi∗ = 0.
Similar results were found also for pressure and veloc-

4normalized with the velocity at y = H/2



ity gradient. Other combinations of Bi∗ and n, which are not reported here, were also tested, providing
analogous results. The agreement of the observed order of convergence and the theoretical order of con-
vergence demonstrates the correct implementation of the Herschel-Bulkley model.

Ultimately, it was found that when n . 0.7, or m & 102, the solution did not converge anymore. If
values beyond these thresholds need to be used in more realistic scenarios, (under-)relaxation methods
should be considered to facilitate convergence.

7 Conclusions

In this study, a code verification exercise was performed on the implementation of the Herschel-Bulkley
model, which was adopted as non-Newtonian model to simulate the dynamics of fluid mud.

Results showed that the code is able to find an accurate solution (Figure 5), at least for a steady
two-dimensional test case. In addition, this work highlighed that not only the discretiziation errors tends
to zero as the grid is refined, but also that decreases with the expected second order (Figure 6). This
seems to be a valid proof that the Herschel-Bulkley model is correctly implemented in ReFRESCO and
thus that the code can be considered ready to solve problems with higher level of complexity (e.g., 3D
domain, unsteady and multi-phase flows.).
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(d) n = 1.0 , Bi∗ = 0 (Newtonian case)
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Fig. 6: L2 and L∞ norm of the discretization error of the velocity for different combinations of Bi∗ and n. uh is the solution
computed on the grid h.
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L.L. Ferrás, J.M. Nóbrega and F.T. Pinho (2012). Analytical solutions for Newtonian and inelastic non-
Newtonian flows with wall slip. Journal of Non-Newtonian Fluid Mechanics, 175-176, 76-88.

W.H.Herschel, R. Bulkley (1926). Konsistenzmessungen von Gummi-Benzllösungen, Kolloid
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